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The two m-dimensional surfaces in n-dimensional projective space between which points a point conformity is establishedis studied. The
network of lines is given on surfaces. Some geometrical images connected with the network are considered. Consideration has everywhe-
re local character. All functions considered in the given work are assumed analytical.

The multidimensional differential geometry of vario-
us varieties for a long time draws attention of mathemati-
cians in connection with its various applications. In par-
ticularly, multidimensional surfaces and networks of lines
on them [1, 2] are studied. In the middle of the twentieth
century one began to study pairs of surfaces and various
conformity between them [3]. The given work belongs to
this direction and is devoted to pair of m-dimensional
surfaces in n-dimensional projective space.

1. Let S, and S;? — are two surfaces in projective spa-
ce P,and IT: S)— S} — is smooth one-to-one conformi-
ty between them.

Let’s attach to the considered pair of m-surfaces so-
me projective reference point R={4,,4,,...,A4,} with deri-
vational formulas dA~wjA; (1,J,...=0,1,...,n) and the
structural equations Dwj=wfAw{, and o/=0.

Let’s carry out the following partial canonization of
a reference point: let’s place points 4, and 4,=I1(4,) in
corresponding points of the surfaces and of the pairs;
points A,,...,A, — in the m-plane L, =(4,,...,4,) being
tangent to the m-surface S, in point A4,, and points
A, _pye-yA,, — in the m-plane L=(4,_,,...,A,.,) being
tangent to the m-surface S, in point A,.

Point conformity IT induces projective conformity
between binders of tangents the directions, associated to
two corresponding points A, and A,.

Let’s choose a reference point of pair so that direc-
tions 4,4, corresponded in this projectivitat to directions
A,A, . Then the basic equations of our problem become

ol =0, o =0, " =0, )

a 0 i
o =0, o,=0, o, =0,
oy =" (2)

(ij, ..=1,2,....m; a,b,c,...=2,3,....m
o, B,..=m+1, m+2, .. .,n—m—1).
Let’s designate for brevity further o= o
Contmumg the equations (1, 2) we obtain

=Ajo’,0! = Ajo’ cok =\,
_Agt/ _A:tk/ _AraH,/ o’
a)f.—coj+5j(a)0—a)n)=Aj.w ,
VA; =Aj0", VA +A 0l +A o) = Aj 0,
VA + Aol + A o)) = AZ,,'
VAZ i A‘,ff,-,,-kwka (3)

VA’ +AF

n—i,j "Ij n—i,j o
VA, o+ A 0= Ao = A,

n—k,ja n—1,j nk k,jlw’
VA, +8)(0, o) )-8 (o), —»])—
—-ASo, +AS o) Aj’k[ . 4)
Here the symbol V designates the covariant diffe-

rentiation operator.

From the equations (3) it follows, that systems of
functions Ay andA;_; are tensors in the G. E Laptev
sense [4, 5].

Continuing the equations (3, 4), we obtain the sy-
stem of the differential equations of a sequence of fun-
damental objects: A, Aj, A, A: i AS i Mgy A A,

yka 2/115 An ijko An ijko An il A/kls zjkb ykb

2. Let's the first and second normals of surfaces and
1, 3] are given, S, and S, surfaces are defined by points

a _ADO
o) +A", o) =A] Ijka)

=(4, 4,4, ,4), L, =(4,4,..4,)
and
L., =(A,A,4,4), L =(A,_.A . 54, ),
accordingly.

Let one-dimensional distribution A, and additional to
it distribution A,,_, are prescribed on a surface S, then if
the main parameters are fixed, apex 4, can move over the
straight line A,(4,), and apexes 4, — in the plane A,,_,(4,).

Hence, forms w{ and w, are main

o' =No' o =\ o' &)
Continuing the equations (5) we obtain
VA! -8lw) mja)j ,
VA{ -5o) = Aj,0’.

l!/
Hence, each of systems of functions Af; and A};
forms quasi-tensor [4].

Let's find on the straight line A,(4,) point F=A4,+4,
such that at displacement of point 4, in the direction
A, (A) displacement of point F did not leave from
(n—m+1) planes L, ,,,,=(4,,4,,4,4,-..,4,). Relation

dFel, ., (4) (6)
is fulfilled if and only if
A0 +of =0.

Since relation (6) has to be carried out at »'=0, that,
using the equations (5), we
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(A, + 180" =0. )

So far as not all forms @ are simultaneously equal to
zero A has to satisfy to the equation

detHA” +8!=o0. ®)

Let’s assume, that all roots of the equation (8) are
simple, real. Then the system of the equations (7) defi-
nes m—1 linearly independent one-dimensional distri-
butions A¢ belonging to distribution A,,. Integral curves
of distributions A,,A¢ form a network of lines on the sur-
face S, which we shall designate X,. Locating each of
apex A, of a reference point on the corresponding
straight line A{(4,), we obtain A’=0, a=b. On the
straight line A,(4,) we obtain the m—1 point

= A;IaAO + Al :
(to not summarize on a)

3. The point F/ (i#)) is named pseudo-focus [7] of
the straight line A4, if at displacement of the point A0
in direction 4,4, the tangent to a line described by the
point F/, belongs to a hyperplane

L, =(A4A4.. A A, .. .A,..A).
Let the point
Fl=x]A,+ 4 (i=))
is a pseudo-focus of the straight line 4,4,. Then, from
(dF), L)z ez y™=0
We obtaln

X0 +o! ,0'\0,...,0

ot e"=0.
Hence
x/=—Nj; (i#], to not summarize on j)

and
F=—NAjA)+A4; (to not summarize on j). 9
From formula (9) it follows, that the point is the
pseudo-focus of straight line 4,4, corresponding to di-
rection A{(4,). Points

1
E= —A A0 + A, (to not summarize on j)
m—

are named harmonic poles of the point 4 in relation to
pseudo-focuses of the straight line A,A..

If /=0 (to summarize on j) apexes Ai of the reference
point are placed in harmonic poles of the straight lines 4,4..

By virtue of given projectivitet IT between pairs of
surfaces S, and S, on the surface S similar construc-

mo

tions take place which we shall not give here.

4. Let's designate through L,,., the (2m+1) -dimen-
sional plane stretched on tangents of the m-plane of
both surfaces of pair. Let's note, that L,,,, is a tangent
(2m+1)-dimensional subspace of m-parametrical varie-
ty which element is straight line A4)4,, i.e. it contains
straight line A,4, and all its first differential vicinity.
Crossing of equipping planes of each from surface pair
we designate L, ,,_». This plane is equipping plane of
m-surface pair. Equipping planes of surfaces and can be
given by the equations

10

(10)
(11)

accordingly, and normals of the first kind of surfaces and
can be given by the equations

X0 =20

x"—A'x"
2

=0;x -4/ x" =0,
1

=0,x"-A°x" =0,
2

x' =2 xh =0; (12)
x" = 22x" =0. (13)
(iyfiyer=m+ 1,15 bo,...=0,1,2,... . n—m—1;
byofsy...=H—m,...,n—1).
accordingly.

Here objects of equipment are covered by funda-
mental geometrical object of pair m-surfaces and satisfy
to the following differential equations:

Vi{ = —co,‘ +)J o7,

iy I i Jj

VA =—al + 2}, 0,
V/Ié’:—)L.%o o) Ao +4;,, 0
VA =2y - Ao -0l + 2o’

Components A} (/1“) of object of equipment form in-
dependent subobject which defines a field of invariant
(n—m)-dimensional planes being the field of normals of
the first kind surface

From (10) — (13) it follows, that the (n—2m—2)
plane L, ,, , is given by the equations (12), (13), and
(n—2m)-plane L, ,,,, attached invariantly to the pair and
having with the (2m+1) plane L,,,, the common points
A, and A,, is given by the equations (10), (11).

5. The fields of hyperquadric having the second or-
der contact with surfaces S, and S, can be attached to
surfaces of the pair

a;x'x’ —2b, x'x" +2b,cix'x" +b,ch, xx" = 0; (14)

a,; x"x" =2b x"x h +2b, c’2 x X"+

i Jaky
+b, 2 x”x" =0, (15)
where
b, = +mAl =N A A
/N
b, =2 +mAl ~ N 2B AP,
hi3y l3]3
— i — i
a,=bA;, a, =bA, .
If to consider that
o ANhyd _Shp0 ki _ AfqingJ k ky i
¢l =AIA =872, ¢y = AIAIA —ALSH s Al
i 7 iiqn
' /1 - A'x!x/ll 6 /’Lx
K By k K i
’lJl A’zh )"1 )‘/1 A(' 5/ ) + C’s(’] ll )

than from (14), (15) we obtain unique adjoining the hy-
perquadrics of surfaces S, and S2, accordingly.

These hyperquadrics have the following property:
polara of the first (second) normal of the surface S,.(S;?)
in relation of the hyperquadric (14), (15) passes through
the second ( first) normal of the surface S, (S?).
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Consequrntly, the hyperquadric (14), (15) esta-
blishes quasi-polar conformity [8, 9] between the nor-
mals of the surface S,(S?).

In m-planes L, and L? the tensors and the quasiten-
sors define the quadric

(g, + 20 20)x'x! ~22%%'x + (x") =0, x> =0; (16)
Accordingly, and
(@, + A2 )x"x? =22x5x" +(x")* = 0, x*=0.(17)

i3J3
Polara of the point A, (4,) in relation to the quadric
(27), (28) is the second normal of a m-surface S,)(S?).
6. The point X=x'(A+AA,) belonging to the second
normal L,,_, of the m-surface S, along the 1°-family
o' =1'0, DO=0A8,

dt' —t'o) +t'e) =tie’

(18)

describes a line with a tangent 7X(f). The linear space

stretched L,_,, on and TX(#), is crossed with L,_, in the

point Y. The point Y describes alongside (18) a line with

tangent TY(f). The linear space stretched on L. , and

TY(?), is crossed with in the point Z=z(A+A[A,), where
7= {6{(1,3, - /l,f/l;’ + Aipl,"lq")Jr

AL (A = NEAIA 1"

g )

(19)

Relationship (19) defines projective transformation
of (m—1)-plane L}, , in itself which is defined by a ma-
trix I/, where

I/ = {51{(&2 - /ll.o/lf + Afflxl,’z‘/l,? )+
b 2k
+AG (A, = A A A

This transformation will be transformation W, if
M=0.

Thus, in the (m—1)-plane L) , we obtain the quad-
ric, which each point is corresponded by transformation
W of the (m—1)-plane L), in itself [10]. This quadric
can be given by the equations

A =202 + N2 +
+A";j(/1if,. —Aga;x;j Nx'x’ =0,
x"=0, x'-2'x"=0. (20)

The quadric (20) in the m-plane L}, is corresponded

by a cone
{A; —/%io/l;’ + Aj}k,.’z%,f’ + Ajj,. A5 -A ;'f/l,.f&j’: Nx'x/ =0,
x> =0.

The similar cone we obtain in the m-plane L.

7. Let the point X=x"(4,+A]4,+AiA) belonging to
equipping plane L., , of the m-surface is given. The

space stretched on L! , , and TX(?), is crossed with L} in
the point

Y= (Ll,,
Then
X' = (Lln,TY(t)) (]LLW1 =x" (A,.] + /”t,.f’AO + /”t,.’l'A,.),

TX())N L, = y° A, + y' (A + ' A)).

—m-1°

where
s _ Ahq0Si | qi Kinkyi Npipp i
XN =N+ A, = A R X

LA

21

Hence, we obtain transformation (21) of the
(n—m—1)-plane L, , , in itself which is transformation
wif

Ajﬁj'.(kl.:é,i + A,,fk - Aﬁk/lif/lj’ll ' =0.
Thus, we obtain a cone
NS08, + 2, = AJAL )X X =0, x"=0,
in the m-plane: which generatrixes are corresponded

by the 1*-families (18) giving transformations W of the
(n—m—1)-plane L2_,_, in itself.

Similarly in the m-plane L2 we obtain a cone
. . _ i .
Ag/} ()“125/: + Ailzglq _Algl;)“'llI} )xbx = 0’ xll = 03

h o h

which generatrixes are corresponded by transformations
W of the (n—m—1) — [2 ,,_, in itself.

8. Let's consider the point
X=xX'A;+x"(4, A At i A)  belonging  to  the

I

(n—m—1)-plane L. ,. We have alongside (18)
Y=(L_ . TXO)NL, =y (A+A'A,),
where
V=X XN A~ N A
Let's find
X =(L,..TX(O)NL,., =
=x"4,+x" (4, + )Lif’AO + l,.fA,.),

where
X =y = AA] = NGA + A A A X" +
ALl = N AA O =400 = A A 11 (22)

X = N+ N (X 8, + A — N AL 2 X

Hence, (22) defines projective transformation of the
(n—m)-plane L, ,, in itself which will be transformation
Wit

(A =2+ Ny + Ny (A, — Ny AP X 't = 0.

Thus, we obtain the cone

D0 = 2020+ AR + AL O = 52720 ) xx! = 0,

yon nJ 2T
Il
x" =0,

in the m-plane L}, which generatrixes are corresponded
by the 1* — families (18) giving transformations W of the
(n—m)-plane L, ,. Transformation of the (n—m)-plane
L}, in itself and the corresponding cone in the m-plane
L2 which generatrixes are corresponded by transforma-
tions W (n—m) of the (n—m)-plane L2, in itself are ob-
tained by similar way.

9. Let's take the point X=x"4,+x/(4+A’A,) belonging
to the tangent of a m-plane to the m-surface .S,). We ha-
ve alongside (18)

Y =(L, TXO)NL,, =y (4 + 2 4,+ A/ A),
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where
Y= Alix'x/,
TOTrIa
X = (L‘nfm,TY(t))ﬂ Lin = x"oA0 +x"(A4,+ /I[OAO),
where
x0={A" - 2020 —A.OA,{/. +

ij W i

+A;;;(/1i°/1if/1j’il - /l,lejl’ M 1XE, (23)

x*i — Azj (/1_05[

i ji i j ok
3 Oyt A, =AY AIA N X"
Hence, (23) defines projective transformation of the
m-plane L}, in itself, which is transformation Wif
A",'.j(l‘.)é" +/ljﬁm — AN XX =0

hop kp” i, )
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x" =0,

in the m-plane L}, which generatrixes are corresponded
by the I families, giving transformations W of the m-
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