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FRESRIECETOR

(TpencraBireHa xadeapoil HHXEHEPHO-BBIYHCAUTEJIbHON MaTeMaTHKH)

B psne paGor, onyGAHKOBaHHBIX B mocaenuue roawt [1], [2], [3]
[4], [5], [6], usyualoTCsi KOHEUHHIE MHOXECTBA TOUEK, PACHOJO0XKEHHBIX
Ha 3BKJIMAOBOH MI0cKOCTH. B aTux paborax mnpeamosaraetcs, 4TO HHKa-
KHe TP TOUKHM M3 JAHHOTO MHOXKECTBa HE JexaT Ha OJHOH HpaAMOoil.
Kaxnass mpsimasi, mpoxojsias yepes ABe TOUKH TAKOTO MHOXKECTBA, OCY-
IEeCTB/IsAeT pa3bHeHne MHOXeCTBA TOUEK Ha JBa NOoAMHOxKecTBa. [Ipu 3aToM
BCE pe3y./bTAaThl HA3BaHHBIX PabOT, OTHOCSAIIHECH K KOHEUHBIM MHOXKECT-
BAM Ha 3BKJHIOBOH IVIOCKOCTH, MOTYT GHITh CHOPMYJAHPOBAHB B TEPMHU-
HaX TaKkoro poja pasOHeHHi.

[ToaTomy mpejcTaBasieTcss Pa3yMHBLIM OCBOOOJHTBLCS OT IPEANOJI0kKe-
HHS O TOM, UTO KOHEUHbIe MHOXECTBa WJIH KOHEUYHAs TOUeuHasd CHCTeMa,
KaKk Mbl Oynem roBoputh, caenyd Kaprecu. [1], aexkur B 3BKAHAOBOMH
naockocTH. Lleap nacrosimieit cTaTbh-—CcPOPMYJIHPOBATH aKCHOMATHKY KO-
HEUHBIX CHCTEM, MOJYUHUTh HEKOTOpPhble CJEJCTBUSI M3 ITHX aKCHOM U BBeC-
TH IPOCTeflIHe MOHATHS.

Besne, rae 3ToO BO3MOXKHO, MBI CTapaeMcsi yAepkKarh TepMuHOJxormo
1 0003HauUeHHs, HCIOJb30BAHHBIE B YK€ LHUTHPOBaHHBIX paGorax [1], [2],
[31, [4], [5], [6] a Takxe B NPHMBIKAIONIMX K 3TOMY HANPABAEHHIO pa-
6orax [7],

Jlano HeKOTopoe KOHEUYHOEe MHOXKECTBO TOYeK a, b, c,..., KoTOopoe
Mbl o6o3HauuM S. Jlana ¢yukuus N(a, b), npuHMMaOmAd LeJ10YHCAeHHbE
3HAYEHHf, IMOJOXKHUTENbHBIE HJAH OTPHLATE/NbHBIE, M YAOBJAETBOPAIONIAS
CAEAYIOIHM YCJIOBHSAM:

a) —n<< N, b)<n, N(a, b) + 0; -
[N(a,b)| + |IN(a,d)|, ecan b+ d;
5) N(a,b)N(a,c) [N*(a,c)—N?(a,b)] e
Nb,a)N(b,c)[N*(b,c)—N?3(b,a)] ;

r) B J1060M TO/IMHO K eCTBe S’cS nafinyrca Takue TOUKM @ um b, 4TO Aa4

BCcex cES’
N(a,c) N(a,b) [N*(a;c) — N*(a,b)] > 0.

Onpepenenne. Koneunoe MHOXeCTBO TOYEK, JIs KOTOPOrO 3ajaHd
ABOHAs uukandeckaa Qynxkuusa N(a,b), HaspBaeTCSd KOHEYHOH TOYEUHOIL
CUCTEMOTL.

Onpenenum  QyHKUHIO .NOPSAAKA, NPUHHMAIOMIYIO ABa 3Hauenus -1
u —1, W 3a1aHHYI0 A4 KamAOH TPOHKH TOueK u3 S:

ta, b,c) = Sgn {(N(a, b) N(a, 0)[N*(a, c) — N*(a, b)]}.

Ecau ¢(a,b,c¢) = +1, 6yseM TOBOPHTB, UTO TOYKA ¢ JEKHT CJleBa
oT npamoi (a,b). : : :
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COBOKYIMHOCTbh TOUYEK, Jexalmux caera ot (a,b), Gynem 00603HauaTh
L(a,b) CoBOKYyNHOCTb TOYEK, Jexkamux crnpaBa ot (a,b), Oyaem 00603-

Hayath R(a,b).
Jlemma TpeyrojbHHKa
C(C1 ba C) R C(b, c, a)’
C(a’ ¢, b) o C(a, bv C).

ITH paBeHCTBA CJAEAYIOT W3 AKCHOMH (¢).

Taxkum o0Opas3om, 3nHaueHHe (PYHKLUHM NOpSAKA /1S KaxXJI0H TPOHKH
TOYEK COXPAHSEeTCS NMPH HUKIHYECKOfl NepecTaHOBKE TOYEK.

Muorja yao6Ho 3amenutbh ¢yHkuHio N(x,y) Ha apyryio N, (x,y) Tak,
y1o0Obl (DYHKIHA NMOPsAAKA NPH 3TOM HE H3MEHHJach W JJIs1 JAHHOH mapsl
{a, b):N(a,b)=1.

Onpenenenne. Byaem rosoputb, 4TO0 GyHkuuun N(x,y) u Ni(x, y)
3KBUBAJEHTHBI, €CJAH NOPOKAaeMble UMH (YHKIHH NOPSIKAa COBIAMAIOT.

Teopema. [Iycts N(x, y) nBoiiHast nukanuyeckas Gyuxkuus. Onpemeum

byukuuio N;(x, y) ;
Ni(x,y) = N(x,y), x+a,
N, (a,y) = {Res [IN(a, y)| — IN(a, b)l + n + 1| (modn)} <(a, b, y).

Torna Ny(x,y) ecTb ABOfiHAdA LUK/IMUECKas (PYHKUHS, 3KBHBAJEHTHas
N(x,y) u Ny(a,b)=1; uepes Resm(modn) mp 0603HauaeM HaHMeHb-
M CTPOTO MOJIOXKHMTEJIbHBIH BbIYET YHCJAA 71 1O MOIYJIO 7.

JlokazarteabcTBO. Tpebyerca nokasarb, UTO

Cx, ¥,2) = Li(x, ¥, 2). (1)
Ecau x # a, 10 (1) caenyer u3 omnpenenenus N,(x,y). Ecan x =a, to
Li(a,y,2) = Sgn{Ny(a,y) Ni(a,z) [N*(a,z) — N*(a,y)]} =
=(a, b,y)C(a, b,2)-Sgn{Ni(a,z) — Ni(a,y)}.
Jlanee pacCMOTPHM TpH Caydas:
1) [N(@gz)|>|N(ab)| u  [N(ay) > [Nab).
Ci(a,y,2) = Sgn{N(a,y) N (a,2) [Ni(a,2) — Ni(a,y)|} =
= Sgn{N*a,y) — N*(a,b)} L (a,b,y) Sgn{N1 (a, z) —
— Ni(a,b)} t(a,b,2)-Sgn (Ni(a,2) — Ni(a,y)} =
= {(a,b,y) L (a,b,z)-Sgn {Ni(a,2) — Ni(a,y) =
= {(a,b.y) - U(a,b,2) Sgn {N?(a,z) — N*(a,y)} =
— Sgn{N (a, b) N(a,y)-[N*(a,y) — N*a,b)] N(a,b) N(a,z) X
X [N¥(a,2) — N%(a,b)] [N*(a,2) — N*(a,y)]} =
= Sgn{N(a,y) N(a,2)[N? (a,2)—(N*(a,y)]} =
={(a, y,2);
2) [N(az2)| <IN(ab), [N(ay) <[N(a5b).
%, (a,y,2) = Sgn{N(a,y) N(a.b)[N*(a,y) — N*(a,b)]-
-N(a,2) N (a,b) [N*(a,z) — N¥ab)]-[n+ |N(a,z) —
—[N(a,b)| — n—|N(a,y)| 4N (a,b)]1} =
= Sgn{N(a,y) N (a,z) [N*(a,z)—
— N¥(a,y)1} = Ua.y,2);
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3) [N(a,2)| > IN(a,b)l,  |N(a,y)l <|N(a,b)|.
Ya,y,2) = Sgn{N(a,y) N (a,b) [N*(a,y) — N*(a,b)] -
N(a,z) N(a,b):IN*(a,2) — N*(a,b)] - [|N(a,2)] —
— IN(a,b)| — n — |N(a,y)| + [N(a,b)]]} =
=Sgn{— N (a,y) N(a,?) [[N(a,z)| — IN(a,y) l~ n]} =
= Sgn{N(a,y) N (a,2) [N*a,z) — N*(a,)1} = U(a,y,?).

3amMeyaHue, AHAIOTHYHO MOXKHO MOCTPOUTH ABOHHYIO IHK/JIMYECKYIO
dbyukuuo N(x,y), yaosiaeTBopsaoimyio ycaosuio N,(a,b) = k.

Jlemma 1. Kaxpasd nojacucremMa ecThb CHCTeMa, HHBIMH CJOBaMH, €CJIH
jnaHa cucreMa S U 8’ NMOAMHOXKECTBO H3 S, TO MOXHO TaK OIpPeIe/]HTb
N'(a,b), uro <(a,b,c) = <'(a,b,c) aaa xaxjaoil Tpoiiku ToYeK a,b,c€S’.

JloxkasateabcTBO. B camom jnene, Ha 8’ MOXHO 3aaaTh JABOHHYIO
HHKJIHYECKYI0 DYHKIHIO, yIOBJAETBOPSIONYIO YCaAOBHAM a), 0), B):

N@o) = {1+ 3 - (SgnN(a.b) — N¥(a,)) + 1

-Sgn N(a, b)

[Tokaxem, 4TO
ta,b,c) = (a,b,c).

“(ab,c) = Sgn {(N'(a,b) N'(a,c) [N (a,c) — N (a,b)]} =
= Sgn { N (a,b) N(a,c) [ 2 [1 4 Sgn [N3*(a,c) —

X

—N¥a,x)]] —1— EE [Sgn[N%(a,b) — N*(a,y)] + 111} =

— Sgn{N(a,b) N(a,c) [|N(a,c)| — |N(a,b)]} = t(a,b,c).

Onpeneaenne. Touka a Ha3bIBaeTCS BHEIIHEH TOYKOH MO OTHOIIEHHIO
K S, ecin a€S’, rae S ectb moicucrema S’ W CyulecTByeT Takas TOYKa
bES, uro R(a,b) = 0.

Ecan a€S u a—BHemHsAs Mo oTHOWEHHI0O K S, TO OyaeM TOBOPHTD,
4YTO @—BHEHHAS Touka S. BysneM HaswBaTh @,0 CME@XKHBIMH BHEIIHUMH
toukamu, ecau L(a,b) =0 nan R(a,b) = 0.

Jemma 2. CyuectByer, 110 MeHblIeli Mepe, TPH BHEUIHHE TOUKH B S.

JlokasareabctBo. [locofictBy (¢) cymecrByer XoTs Obl 0JlHa TOU-
ka a taxasi, uto R(a,b)= 0. IlokaxeMm, uro b —rakxe BuemHssd. J[1g
ITOr0 BBeJeM JBOHHYIO LHKJAHUeCKYl0 ¢GyHknuio ycaosuem N'(b,a) = n.
Torna N(b,c)>0, c€S.

B camom nene

t(a,b,c) =
C/1e10BaTeNbHO,
\:(b,a,C) Tt 17

(b, a, ¢) = Sgn|N(b, a) N(b,c).[N*(b,c) — N*(b,a)]} < 0.

Orciona N(b,c) > 0.
CanenoBareabHo, N(b,c) npuHumaer 3Hauenus 1, 2,....7.
[ycrs d rakasi, uto N(b,d) = 1 (CJIe,ZLOBaTeJIbHO 1)
Torpaa
Ub,d,c) = Sgn{N(b,d) N (b,c) [N*b,c)— N¥b,d)]} = + 1.
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CaepoBareavno, R(b,d) =0, sHauut b — BHeuWIHssI, TaK XKe CJAEAYET,
uyTO d — BHEWIHSs, YTO M TPeOGOBaJOCH JA0KA3aTh.

Jlemma Kapareomopu. Ecau d ¢S He ecTh BHEUIHSIST TOYKA CHCTEMBI
S, to nafmerca Aabe, copepxamnii d;a, b, cE€S.

ITpu 3TOM MBI TOBOPUM, 4TO A@,a.a; coaepxuT d, ecau CYUECTBYET
TAKON IUK/JIUUYECKHH MOPALOK @;Q;0Q;3, UTO

dc{L(a, az) (1 L(ay, a3) [ L(as, a,)}.

JlokaszaTeabCTBO.
d — He BHelnHdss Touka. Ecain A — ToueuHoe MHOXeCTBO, TO A Oyaem
00603HAYATh YHC/JAO 3JeMeHTOB A.
[Iyeres d= gnisn{L(d, b), R(d,Db)}.
€

Mycrs L(a,b) = o, crenoareanno, L(d,b) < L(d,c) n L(d,b) < R(d,c).
[lyctbs @ takas, uto a€l(a,d)

ITpousBegem HUK/IHYECKYIO Hymepauuio, npuusB N(d,0) =1. Torna
HAalMEeHbIlIee MOJOKHUTENbHOE 3HAUEeHHe, He paBHOE eJHHHIE

Nid; ¢} > 8.
B camowm gese, ecan Obl Hamiach Touka f rtakas, 4ro N(d,f) = 2,
TOT 14
L(d,f) = {e:N(d,e) N(d.f) [N*(d,e) — N*(d,f)] > 0} =
= {e:N(d,e) [N*(d,e) — 2] > 0} = L(d,D)/b,

caepoBarenvno, L(d,f) = L(d,b) — 1 =a—1, 4TO HEBO3MOKHO.
Mrak, HauMeHbllee U3 IO0J0KUTEJIbHLIX 3HAYEHHH, OOJBIINX €UHHILBL

N(d,e)>3.

CaepoBareabHO, CyliecTByer Touxka g Ttakas, uto N(d,g) =—2. Tpey-
rofbHUK Aaghb u eCcTb MCKOMBIH.

B camom jnene,
tg, b, dy=Ud, g, b)=
= Sgn{N(d, b) N(d,g) [N*(d,b) — N*(d,g)]} = +1,
g, b,d) =+ 1.
Jlanee
Ya,g,d) =1, a, g)= Sgn{N(d, a) N(d, g) [N*(d, g) —
— N*(d, a)]} = Sgn{(1 —2)N(d, a) [4 — N*(d, a)]} = + 1.

Taxum oGpasowm,
Ya, g, d) =+ 1.

Ua, d, b) = U(d, b, a) = Sgn{N*(d,a) — 1} = + .

KOHelIl,

Hrak,
Ua,d, b) = + 1.

PasencrBa (2), (3), (4) osnauaior, uto d CAabg.

Jlemma o BHeuiHel Touke. Ecau a,b,¢c ¢S u L(a, b) =c¢, TO ¢ — BHell-
HeAs TOYKA CHUCTeMHI S.

JlokasareabCTBO.

I. MMeeT MeCTO ORHO M3 PaBEHCTB

L(a,¢)=0 wum L(c,b)=0.
TOI‘IIa, o oIpeneseHuio, ¢ — BHEIIHAA TOYKa

2. L(a,c) # 0,L(c, b) 0.
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Bosbmem dGL(a,c) u e€L(c,b).
Bynem o6o3nauath uepe3 S, CHCTEMY, CGCTOSIIIYIO M3 7 TOUEK.

Paccmotpum S5, cocrosimyio u3 touek @, b,c¢,d,e. Torma a uHe MoO-
JKeT OBIThb BHEIIHeH TOUKOH B Si.

B camom JjeJse, BCAdKasd BHEHIHAA TOUKA HMEET JABe€ CMEXHBI€ BHell-

HHe TOukH, Mexny teMm L(a, ¢, d)= +1, {(a, ¢, b) = — 1, caemopate/nb-
HO, @ U ¢ — He cMexHuue; ((d,a,b)=—1, U(d,a,c)=+1, caeno-
BaTenbHO, @ U d — He cMexHue; ((a, b, ¢c)=-+1, (a, b d) = —1,

cJe0BaTeNbHO, @ 1 b — He CMeXHbe.

Taxkum o6pa3om, TOUKa @& HE MOXKeT UMeTh JBYX CMEXKHBIX TOUYEK,
a MO3TOMY He sIBAseTCsl BHemHell Touxoil. To ke oTHocUTCS K Touke b.
Csie0BaTesnbHO, BHeMmIHUMH OyayT Touku ¢, d,e. Ilpu srom deR(d, ¢);
caenoBareanlo, d, b, e ¢ R(d, ¢). (5)
Ilanee, d€R(c, b); cnenopareanho, a, dcR(c, b).

Bepuemcsi Temepb Kk cucreme S

BeeneM nBoiiHyi0 uHKIMUECKYI0 GYyHKUHIO ycaoBueM: N(c¢, b) = 1.
Toraa aas deR(c,b) N(c,d) <0; nia mwo6oir [ uz L(c,b), N(c, 1) > 0.

3amertuMm, uto s deL(a, ¢), |[N(c, d)l < |N(c, a)|.

B camoM pene,

: L, a,d)=—1,

e, a, d) = Sgn[|N(c, d)| — |N(ec, a)]].
Hrak, |[N(c, d)] <|N(c, a).
Ananoruuno, ecau fGR(c, D) [ L(c,a), To

IN(c, f)| > |N(e, a)| > |N(c, d)|.
[ycts d, Takoe, uto [N(c,d,) = Hzlemb IN(c, x)].
s c,b)
Toraa d,€R (c, a). :

Tlanee R(c,d,) =0. B camoum nene, ecau x€R(c, b), TO
<(c, x, d) = Sgn{(N(c, d)| — IN(c, x)}} = —1, x€R(c, d).

Ecau x€L (¢, b), To x€L(c,d) B cuay (5). Crexoarensuo, R(c,d) =0,
4TO U TPeGOoBaJIOCh J0KAa3aTh.
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