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Abstract. In the work, a two level model of coating growing with the diffusion and chemical compounds formation is 
proposed. The process of coating formation includes different physico-chemical steps and transformations of the structure. 
From the experiments it was established that the coating consists of the following substances: 4+ titanium oxide, titanium 
pyrophosphate, calcium pyrophosphate, calcium titanophosphate. Coating growth rate is determined by the deposition 
rate and the dispersion of the particles suspended in the electrolyte. The processes taking place in the electrolyte itself are 
not considered. The two levels (level of separate particles and level of macroscopic sample) are connected through the 
calculation of effective properties and parameters of the reaction. The influence of the model’s parameters on the coating 
compound’s and the sample’s stress-strain state has been investigated.  

Keywords: coating growing, spherulite, mechanical stresses

INTRODUCTION 
Coating growth under microarc oxidation is a rather complex process. Experimentally it is not possible to 

describe this process dynamically but it can be done using a mathematical model implemented numerically. The 
content of calcium and phosphorus in the coating should be close in composition with the bone tissue. A coating 
deposition experiment can be performed in different ways. The technological parameters of coating depositions 
(voltage, time of coating formation, electrolyte composition) influence coating’s properties: thickness, mass, 
porosity and coating composition. The coating’s thickness and spherulite size growths with voltage increases. 
Taking into account the known facts, we suggest a model describing coating growth and chemical composition 
formation in the structural elements. As a result, on different levels, we have mechanical stresses that influence the 
final product’s quality. 

FORMULATION OF THE PROBLEM 
The problem of coating formation via the microarc oxidation method includes different physical and chemical 

stages as well as structure transformations. Thus, from the experiment [1] it is deduced that a coating with 
spherulites as structural elements contains the following substances: 4+ titanium oxide, titanium pyrophosphate, 
calcium pyrophosphate, calcium titanophosphate. The chemical compounds are presumably formed in the bulk of 
the growing coating and this process is accompanied by the diffusion of the elements coming from the electrolyte. 
The deposition rate of the dispersed particles contained in the electrolyte suspension can be considered to be pre-
determined. Diffusion and chemical reactions occur at different structural levels: in the pores between the 
spherulites and in the bulk of the particles. Previous theoretical investigations [2, 3] of coating growth did not 
analyze the structural features. The distribution of the concentration of elements and phases as well as that of 
mechanical stresses and strains is apparent from the model. To take into account the formation of the growing 
coating’s structure, the underlying mathematical model [2, 3] was supplemented by the description of the processes 
in the bulk of individual spherulites (Fig. 1).  
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It is assumed, that the formation of an individual layer of spherulites 
occurs discretely through some time interval determined by the 
experiment’s conditions. The size of the spherulite layer and hence the 
spherulites’ average inner and outer radius is associated with particular 
experiments we conducted. Before the formation of the first layer, for 
example, over time ct t  we have a usual diffusion problem with moving 
the outer boundary at a given velocity as in [2, 3]. It includes the usual 
equations for the diffusion in the substrate and in the coating, with different 
diffusion factors for the substances and ions coming from the electrolyte 
(water, calcium, phosphate, hydrogen and hydroxyapatite). In the center of 
the substrate, we have a symmetry condition; at the interface between the 

substrate and the coating, the conditions of diffusion fluxes’ and chemical potentials’ equality are assumed; the 
concentrations are provided for the outer boundary of the growing coating. Unlike previous studies [2, 3], all sources 
and links in the equations for the macro-level are absent.  

After the time of ct  the spherulite layers form, and the diffusion and chemical reactions occur in them. This 
sub-problem is formulated in the local spherical coordinates system. On the outer boundary of the outer spherulite 
layer, concentration ie is specified for the substances incoming from the electrolytic solution: water, calcium, 
phosphate, hydrogen, hydroxyapatite. 

Four compounds form in the coating: 4+ titanium oxide, calcium pyrophosphate, titanium pyrophosphate, 
calcium titanophosphate. These compounds can be obtained presumably by the following general reaction:  
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2 2 2Ti+2H O TiO +2H ,
k
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4 2 2 2 7 26Ca+6PO +3H 3Ca P O +3H O,
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4 2 2 7 2Ti+2PO +H TiP O +H O,
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10 4 6 2 4 4 6 22Ca (PO ) OH +4Ti+H CaTi (PO ) +9Ca+2H O.
k

 

As a result, the diffusion-kinetic problem for the spherulites includes the diffusion and chemical kinetics 
equations in the spherical coordinate system: 
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TABLE 1. Concentrations designation 

Designation of 
Concentrations in the 
Micro/Macro Problem 

Compound/Ion 
Designation of 

Concentrations in the 
Micro/Macro Problem 

Compound/Ion 

1y / 1C  2H O  
6y / 6C  2TiO  

2y / 2C  2Ca  7y / 7C  2 2 7Ca P O  

3y / 3C  3
4PO  8y / 8C  2 7TiP O  

4y / 4C  2H  
9y / 9C  4 4 6CaTi (PO )  

5y / 5C  10 4 6 2Ca (PO ) (OH)  
10y / 10C  Ti 
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FIGURE 1. Illustration to problem 

definition for spherulites 
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where 
1

,
r

i i ik k
k

m  iy  are the mass concentrations of chemical compounds or ions in the spherulites 

(designations are given in Table 1), piD  is the effective diffusion factor in the spherulite of the i-th compound or ion, 

k  is the reaction rate obeying the law of mass action, im  are molar masses, c  is the density of the coating.  
The next layer of spherulites forms through time c2 .t t  
Now, at the boundary 2r R  for the spherulite from the first layer, average concentrations of i-th elements are 

given from the upper layer (2), and the boundary conditions for spherulites from the upper layer are formulated by 
the analogy to the previous one. Average composition of the coating is derived from average concentrations: 
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Furthermore, the growth of the coating and its average composition is modeled in a similar way. 
In the substrate, the usual diffusion problem is solved. 
The evaluation of mechanical stresses in the spherulites presents considerable practical interest due to the 

presence of concentration gradients in them. To find the distribution of stresses in the spherulites using a given 
distribution of concentrations, it is required to solve the problem of the mechanical equilibrium of an individual 
spherulite. A similar problem is solved in the theory of thermoelasticity [5] for the case of spherical symmetry. By 

replacing 0( )T T T  with 
9
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where  is the elasticity modulus, is Poisson ratio, i  and  are the expansion concentration factors calculated 
similarly to [3, 6]. 

In general, obviously, the elastic modulus is some function of composition. However, such dependences are 
unknown from the experiment. There are no theoretical approaches to effective mechanical properties calculation 
for such materials. In this paper, it is assumed that (on average) the elastic modulus is E = 1  1010 Pa for tricalcium 
phosphate and hydroxyapatite.

NUMERICAL METHOD 

The problem is solved numerically by the method described in [2, 3]. The physical properties are shown ibid. 
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FIGURE 2. Distribution of concentrations 2TiO  (1), 2 2 7Ca P O  (2), 2 7TiP O  (3) and 4 4 6CaTi (PO )  (4) in the first (solid line) 

and the second (dotted line) layers of spherulite for time point t = 250 s (a) and the distribution of radial stresses  
in the spherulites in the middle layer for times: 250 (1), 285 (2), 530 s (3) (b); R1 = 0.003, R2 = 0.012,  

Dc = 10–7, Dp = 10–7, K1 = 3.98  10–8, K2 = 5.3  1013, K3 = 3  10–5, K4 = 5  10–6 

433



0,00 0,02 0,04 0,06 0,08 0,10
-4,8
-4,2
-3,6
-3,0

-0,06

-0,03

0,00
54321

x, mm

, GPa

  
FIGURE 3. Average radial (squares) and tangent (triangles) stresses in five layers of coating 

 
According to the experiment [1], when the voltage difference of the process is 250 V, the coating thickness is 

0.072 mm, R1 = 0.003 mm, R2 = 0.012 mm. Therefore, three of the spherulite layers (the first is nearer to the 
substrate, the second is in the center of the coating and the third is closer to the electrolyte) are formed in such a 
coating’s thickness. Some results are presented below. 

The distribution of the concentration of the 2TiO ,  2 2 7Ca P O ,  2 7TiP O  and 4 4 6CaTi (PO )  chemical compounds 
is different in spherulites from different layers as seen from Fig. 2(a). Moreover, the distribution of concentration 
changes over time. Radial tension decreases in modulus over time near the inner surface of a spherulite and near the 
outer surface it varies slightly. For the radial component of the stress, the tensor in the spherulite of the middle layer 
can be seen in Fig. 2(b). The absolute value of radial tension decreases in time near the inner surface of a spherulite 
and varies slightly near the outer surface. 

The average concentrations correspond to the average stresses in the layers of spherulites, which are also found 
by averaging (Fig. 3). The vertical dashed lines mark the area where the spherulites are located. 

It follows from Figure 3 that the average radial stresses decrease in modulus and the average shear stresses of up 
to three layers of spherulites increase in absolute value, and then decrease. The electrolytic composition affects the 
content of the substances in the coating and consequently changes the stress components that are associated with 
theses changes. However, the stresses in the coating layers are practically unchanged for various electrolyte 
compositions. 

SUMMARY 

Thus, in the work a two level model of coating growth with the diffusion and spherulitic structure formation is 
proposed. The distributions of concentration of the deposited components and the chemical compounds that form in 
the spherulites as well as their average content in the coating layers have been calculated. The mathematical model 
can provide a forecast for coating deposition times other than those known from the experiment. The distribution of 
radial and tangential stresses in the spherulites, and the average stresses in the coating have been calculated. 

This work has been performed within the frame of the program for fundamental research of SB RAS, project 
III.23.2.5. 
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