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Abstract

In two recent papers (Aizawa et al., 2013 [15]) and (Aizawa et al., 2015 [16]), representation theory of
the centrally extended /-conformal Galilei algebra with half-integer / has been applied so as to construct
second order differential equations exhibiting the corresponding group as kinematical symmetry. It was
suggested to treat them as the Schrédinger equations which involve Hamiltonians describing dynamical
systems without higher derivatives. The Hamiltonians possess two unusual features, however. First, they
involve the standard kinetic term only for one degree of freedom, while the remaining variables provide
contributions linear in momenta. This is typical for Ostrogradsky’s canonical approach to the description of
higher derivative systems. Second, the Hamiltonian in the second paper is not Hermitian in the conventional
sense. In this work, we study the classical limit of the quantum Hamiltonians and demonstrate that the first
of them is equivalent to the Hamiltonian describing free higher derivative nonrelativistic particles, while
the second can be linked to the Pais—Uhlenbeck oscillator whose frequencies form the arithmetic sequence

o =2k —1), k=1,...,n. We also confront the higher derivative models with a genuine second order
system constructed in our recent work (Galajinsky and Masterov, 2013 [5]) which is discussed in detail
forl=3.
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1. Introduction

Nonrelativistic conformal algebras [1,2] continue to attract considerable interest owing to
the current work on the nonrelativistic AdS/CFT-correspondence. Conformal extensions of the
Galilei and Newton—Hooke algebras are parameterized by a positive half-integer number / such
that (21 + 1) vector generators Cl.("), where i = 1,...,d is a spatial index and n =0, ..., 2,

belong to them [2].! Cl.(o) and Ci(l) are linked to spatial translations and Galilei boosts while
higher values of n correspond to accelerations.

There are three key issues concerning the /-conformal Galilei/Newton—Hooke algebra.” First,
dynamical realizations of these algebras constructed so far did not assign any clear physical
meaning to the parameter /. Second, apart from the oscillator-like models coupled to external
field [4-6], no interacting theory which exhibits such symmetries is known. Third, because a
number of functionally independent integrals of motion needed to integrate a differential equa-
tion correlates with its order, dynamical realizations of the /-conformal Galilei/Newton—Hooke
algebra in general involve higher derivative terms (see, e.g., [7—13] and the references therein).

Higher derivative theories typically exhibit instabilities in classical dynamics and violate
unitarity or bring about troubles with ghosts in quantum theory [14]. An intriguing problem
is to understand whether a fully consistent second order interacting system invariant under
the /-conformal Galilei/Newton—Hooke group exists such that the acceleration generators are
functionally independent. Note that for the second order models constructed recently in [4-6]
the acceleration generators are redundant. The corresponding integrals of motion can be ex-
pressed via those related to spatial translations, Galilei boosts and conformal transformations
from SO(2, 1) [5].

In two recent works [15,16], representation theory of the centrally extended /-conformal
Galilei algebra with half-integer / has been applied so as to construct second order differen-
tial equations exhibiting the corresponding group as kinematical symmetry. It was suggested to
consider them as the Schrodinger equations which involve Hamiltonians describing dynamical
systems. Because the operators are of the second order, it was proposed to treat the resulting
models as genuine dynamical systems without higher derivatives.

Two unusual features of the Hamiltonians in [15,16] ought to be mentioned. First, they involve
the standard kinetic term only for one degree of freedom, while the remaining variables provide
contributions linear in momenta. Note that this is typical for Ostrogradsky’s canonical approach
to the description of higher derivative systems (see, e.g., [ 14]). Second, the operators in [16] are
not Hermitian in the conventional sense and a modified scalar product which could render them
Hermitian had not been proposed.

In this work, we study the classical limit of the quantum Hamiltonians in [15,16] and demon-
strate that the first of them is equivalent to the Hamiltonian describing free higher derivative
nonrelativistic particles, while the second can be linked to the Pais—Uhlenbeck oscillator whose
frequencies form the arithmetic sequence wy = 2k — w;, k=1, ...,n. Asin[15,16], our con-
sideration is restricted to half-integer values of / only. The invariance of the Pais—Uhlenbeck os-

' The flat space limit of the /-conformal Newton—Hooke algebra in [2] does not yield the /-conformal Galilei algebra.
This shortcoming was overcome in [3] where the explicit form of admissible central extensions of the /-conformal
Galilei/Newton—Hooke algebras was established as well.

2 The I-conformal Galilei and Newton—Hooke algebras are isomorphic (see e.g. [2,3]). It is to be remembered, however,
that, as far as dynamical realizations are concerned, a linear change of the basis, which links the algebras, implies a change
of the Hamiltonian which alters the dynamics.
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cillator under the transformations form the /-conformal Newton—-Hooke group with half-integer
[ has recently been established in [12]. We also confront the higher derivative models with a gen-
uine second order system [5] which is discussed in detail for / = % In particular, the symmetry
transformations and conserved charges are constructed in explicit form and the redundancy of
acceleration generators is demonstrated.

2. Linking hierarchy of invariant equations to free higher derivative particle

In a recent work [15], representation theory of the centrally extended /-conformal Galilei
algebra with half-integer / in d = 1 and d = 2 has been used so as to obtain a hierarchy of
differential equations invariant under the action of the corresponding group. For d =1 the first
member of the hierarchy reads

l=3

0
— k
ajp Py +]§ Xk

2

+
0xk—1 8x12 1

2

v, xi) =0, ey

2
where a; = 2[(1 — % !| and p is an imaginary mass. It was claimed in [15] that (1) describes

a genuine second order system. Let us demonstrate that (1) is equivalent to the Schrodinger
equation for a free nonrelativistic higher derivative particle of the order 2/ + 1.

In arbitrary dimension, a free higher derivative particle of the order 2/ + 1 is governed by the
action functional®

M dl+2x
/ (2)

dflts
where M is the mass. It is assumed in (2) that [ is a half-integer number. In Ref. [9] (see also
related works [8,10,11]) this system was shown to exhibit the /-conformal Galilei symmetry

with half-integer /. Quantization of (2) based on the Hamiltonian which is built in accord with
Ostrogradsky’s method leads to the Schrédinger equation [9]

d 1
5+ﬁaT+ ZXk v, x;)=0. 3)

1

That (1) is equivalent to (3) in d = 1 follows from the redefinition
1
nw=iM, X = %k 4)
For d = 2 the first member of the hierarchy of invariant differential equations proposed in [15]
reads
1

-2 2
ad 0
arp —+ ( ) + Y (t, xi, yi) =0. (5)
Z “oxi_ 1 3yk—1 axl_%yl_% b

3 In what follows we omit spatial indices and mark vectors by bold-faced letters.
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The simplest way to demonstrate that (5) describes free higher derivative particles is to rewrite it
as the Schrodinger equation

~
B —

9 N 1 92
P
ot 2M 3xl_%3yl_%

. d |
+i (m + Yk ) Yt xi,y)=0, (6)
0xk—1 0yk—1

k=1

which is obtained from (5) by the redefinitions
. 1 1
w—iM, xp— Exk, Vi — ayk )

and to focus on the classical limit of the quantum Hamiltonian at hand (for simplicity in what
follows we set M = 1)

1 -
H= P yPyioy + 2 (kPakot + 9epyi1). ®)
k=1

Here p,  and py x denote momenta canonically conjugate to x; and yy, respectively.
The Hamiltonian (8) describes two decoupled higher derivative particles of order 2/ 4+ 1 with
half-integer /. Indeed, for [ = % Eq. (8) takes the form

1
H= FPxapy. + X1 Ppx,0 + Y1Py,0- &)

By applying the linear change of the variables*

1 . - 1 . - 5 N - -
Xp = E(Xo +30), Yo=z(0o—Y0)s Px.0=(Px,0+ Py,0)s Py0=(DPx,0— Py.0)

2
| 1. - - - -
X = 5()61 -y, = 5()61 +31), Px1=Px1—Py1), DPy1=Px1+ Py1),
(10)
one can bring the Hamiltonian to the form
1, Y 1., Y
H= FPea 5o ) =\ 5Pyt 1byo ) (11)

This is Ostrogradsky’s Hamiltonian which describes two decoupled higher derivative particles of
the fourth order whose contributions into the full Hamiltonian alternate in sign.

Higher values of half-integer / are treated likewise. For example, for / = % the Hamiltonian
(8) reads

1
H= FPx2Py2 + X1Px,0 + X2Px,1 + Y1 Py,0 + Y2Py.1, (12)

which takes the form of the Hamiltonian describing two decoupled higher derivative particles of
the sixth order

1. o s 1. o o
H = (Ep)zc,Z + X2Px 1 +X1Px,0) - (5}75,2 + y2py1 + ylpy’0> , (13)

4 Note that (10) is a canonical transformation.
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provided the linear canonical change of the variables
1

.. | R . . . .
X0 = E(XO —-30), Yo= E(xo +50),  Px,0=(DPx,0 — Py,0), Py,0=(Px,0+ Py,0),

1 . - 1 . - - - - -
x1=z@x +y1), yi=z&1—=y1), pPx1=Px1+DPy1)s Py1=Px1— Dy1)s

2 2
1 . ~ 1 _ 5 ~ - ~ ~
Xy = 5()62 -y), »n= 5()62 +32), Px2=(Px2—DPy2), DPy2=Px2+ Py2),

(14)

has been performed.

We thus conclude that the system (1) is equivalent to the Schrodinger equation for a free
nonrelativistic higher derivative particle of the order 2/ + 1, while (5) describes two decoupled
higher derivative particles of the order 2/ + 1.

3. Linking /-oscillator to Pais—Uhlenbeck oscillator

In a very recent work [ 16], the so-called /-oscillator with [ = % + N has been introduced which
is described by the quantum Hamiltonian

I—

Bl—=

HO =~ 92 072 13 (@) + Dxjads, — 21 —2j 4 Dxjy,,,)
= om % > 1 ] JH10x;4 J J X j+1
=1
2l —1)(2l +3
LQ-nei+y) (s)

8
Although a similarity of this system to the Pais—Uhlenbeck oscillator has been observed in [16],
it was claimed that the two systems are different as the former is a second order system, while
the latter is a higher derivative model.

That the Hamiltonian is a second order differential operator does not mean that the system
is free form higher derivatives. The conventional means of quantizing higher derivative models
is to construct the Hamiltonian in accord with Ostrogradsky’s prescription (see, e.g., Ref. [14]).
The latter always yields an operator which is at most quadratic in momenta. Higher derivatives of
the original classical system manifest themselves in contributions linear in momenta. Note that
this is precisely the case for the Hamiltonian (15). Let us demonstrate that the classical limit of
(15) can be linked to the Pais—Uhlenbeck oscillator. For simplicity we set m =1, i = 1. As the
formulae become increasingly complicated for higher values of half-integer /, below we present
the analysis for / = % Further details related to / = % and/ = % are given in Appendix A.

For [ = % the classical limit of (15) reads

1 ‘ , 1
HO/? = Ep% +3ixop2 — 2ix1p2 + EX%’ (16)

where (X1, p1) and (X2, p2) are canonically conjugate pairs obeying the conventional Poisson
brackets {x¢, p} = 6;;6%°, (x¢.x} =0, (p¢. pf} =0 withi,j=1.2 and @. p = 1.....d.
Note that the classical partner of (15) turns out to be complex. This means that one should either
consider (15) as a physically inconsistent theory or, given the fact that the operator (15) is not
Hermitian, allow the classical limit to be complex valued with complex canonical pairs (X1, p1)
and (x2, p2). In this work we choose the second option as subsequent analysis shows that a
consistent real dynamics can indeed be associated with the model (16).
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Deducing the Hamiltonian equations of motion from (16)

X| =P1, P1 = —x1 + 2ipo, X2 = 3ixp — 2ixq, p2 = —3ipo, (17
one can algebraically express all the variables in terms of x, and its derivatives

3 i. i @ 3.
X] = -X3 + -Xp, P1 =Xy + -Xp, p2

_loe 3o ]
272 2 2

. 3i
- 4 2 ZX2 + ZXZ - ZXZa (18)

where we denoted xg') = d;t’f,z, while the equation of motion which governs the dynamics of x»
reads
x5” 4+ 10x3 + 9%, = 0. (19)

Eq. (19) describes a complexification of the multi-dimensional Pais—Uhlenbeck oscillator with
frequencies of oscillation w; = 1, w» = 3 whose invariance under the action of the [ = % con-
formal Newton—Hooke group has been recently established in [6,12]. Because the real and
imaginary parts of (19) describe the same dynamics, at this stage one can consistently truncate
the model by considering only the real part of x,. This also eliminates an undesirable doubling
of states on quantization.

In order to further clarify the connection of (16) with the Pais—Uhlenbeck oscillator (19), let
us consider the action functional associated with the latter model

1 .. .
s=—3 / dr (3 — 103 + 93) (20)

and construct the corresponding Hamiltonian following Ostrogradsky’s method. Introducing Os-
trogradsky’s canonical variables (Qo, Po), (Q1,P1)

. 5. 1 1
Qo =xy, Q1 =xy, Py = T ZX?)’ P =——x (21)

and the Hamiltonian
Hp” = QiPo —2Pf — 1Qf + £ Q5. (22)
one can invert the relations in (21)

xx=Q) x=Q, xP=—4P;, xP =-10Q +4P, (23)

and substitute them into the right hand side of (18). The result reads
3 i 3
= — — = — —_ 2P
X] 2Qo+2Q1, i 2Q1 iPy,

9 3i .
x2 = Qo, P2=—ZQ1 - ZQ0+P0—|—31P1. (24)

It is then straightforward to verify that the change of the variables (24) is canonical. Being
substituted into the Hamiltonian (16), they yield precisely the Pais—Uhlenbeck oscillator Hamil-
tonian (22).

Thus, for/ = % the dynamics associated with the classical limit of the /-oscillator proposed in
[16] can be linked to that of the Pais—Uhlenbeck oscillator with frequencies w1 = 1, w> = 3. In
a similar fashion one can consider higher values of the half-integer parameter / and demonstrate
that the classical limit of (15) can be related to the Pais—Uhlenbeck oscillator whose frequencies
form the arithmetic sequence wy = 2k — 1) withk=1,...,n
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I+3

d2
I (d S+ 2k — 1)2) X(1) = 25)

k=1

In particular, the instances of / = 3 2and = 2 are treated in Appendlx A. The invariance of (25)

under the action of the /-conformal Newton—Hooke group with [ = 2 + N has been established
n[12].

4. A genuine second order system

In a recent work [5] (see also [4,6]), the method of nonlinear realizations was applied to
the /-conformal Galilei/Newton—-Hooke algebra with the aim to construct a dynamical system
without higher derivative terms in the equations of motion. A configuration space of the model
involves coordinates x;, i =1, ..., d, which parametrize a particle in d spatial dimensions and a
conformal mode p, which gives rise to an effective external field. The status of the acceleration
generators within the scheme was shown to be analogous to that of the generator of special con-
formal transformations in d = 1 conformal mechanics. Although accelerations are involved in
the rigorous algebraic structure behind the equations of motion, they prove to be functionally de-
pendent. In [5] the general scheme and examples of [ = 1 and / = 2 were given. For half-integer /
no explicit example, which would include symmetry transformations and conserved charges in
explicit form, has been reported. Below we work out in detail the case of [ = 5 3 and confront the
results with those in the preceding sections.

According to the analysis in [5], the second order differential equations which hold invariant
under the action of the [ = % conformal Galilei group read

2
Y ,d d 5
=, —p*—xi ) +v*xi =0, 26
P="53 r (p del> YoXi (26)

where y is a coupling constant. The general solution of the equations of motion has the form

D H)2 2 .
)= % i (1) = ai cos (s (1) + B sin (ys (1), 27

where D, H, «;, B; are constants of integration and the subsidiary function s(¢) is given by

s(t):%arctan(p—;t%), S(t):#.

The leftmost equation in (26) describes the conventional conformal mechanics in d = 1, while
the particle in d spatial dimensions parametrized by the coordinates y; moves on an ellipse with

angular velocity d¢(t) = yddst(t) Note that the latter is entirely specified by the conformal

(28)

p<t)2
mode p(¢) which thus provides a source of an external field.

Following the general scheme in [5], we then construct infinitesimal transformations from the
= % conformal Galilei group which act on the space of solutions to Egs. (26)

() = p(t) + l(c 1 2b0)p (1) — (a +bi® + c)p(D),

. .3
v v Pb vp b I
X;(t)=x,~(t)—<—+ >/\f‘”+( +——t(—2+—))xf’+
p* Y 3p v P 14
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-2 3
+<—£+2t<y +ﬂ) ‘ (yf+p ))/\(2)+
Y 30y P Y

3 2 <2 . -3
+(p——3t + 312 <y+ﬂ>—z3<%+p_)))\§3)_
4 4 30y P Y
—(a+bt* +et)xi (1), (29)

where a, b, c, )Ll(") are parameters corresponding to time translations, special conformal transfor-
mations, dilatations, and vector generators in the algebra, respectively. It is important to stress
that not only does the conformal mode provide a source of an effective external field for x;, but it
also enables one to construct transformations corresponding to the vector generators in the alge-
bra, including accelerations. Considering variations 8o (¢) = p'(¢t) — p(t), $x; (t) = Xi/ ) — x (@)
and computing the commutator [81, §2], one can then reproduce the conventional structure rela-
tions of the [ = % conformal Galilei algebra [3].

Integrals of motion of the dynamical system (26) corresponding to the infinitesimal symmetry
transformations displayed above read

v
p?’

. .3
vh b v v
¢ = —px,<—2+—>+x( +—),
pr oy P>

2
¢ =p*i (3 +ﬂ)—% i +1C0,

H=p>+ D=pp—tH, KK =1*H — 2tpp + p2,

) 0 1,1

c? = —12¢® + 2V - ;x,-pp“ +3vPxis
1

¢ =3¢ —3:2cV 43P + —pji. 30)
y

One can verify that constants of the motion Ci(z) and Ci(3) which correspond to accelerations are
functionally dependent on those related to conformal transformations, spatial translations and
Galilei boosts

Ci(z) = ( v DZ)C o _ QCO), c® = 2DICC(O) 3,CC(]) (31)
3H?  H? H ! ! H? H

This correlates well with the fact that the general solution of the equation of motion for x; can

be found from Ci(o), Ci(l), D and H by purely algebraic means. Similar redundancy occurs for

the generator of special conformal transformation characterizing the d = 1 conformal mechanics

which proves to be functionally dependent on ‘H and D

D? +y?
—
Note that conformal transformations are essential for the description of the conformal mode p (%),
while the vector generators Cl.(") play a key role in the description of y; ().

We thus conclude that (26) describes a genuine second order system invariant under the action
of the l = % conformal Galilei group in which accelerations generators are redundant.

K= (32)
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5. Conclusion

To summarize, in this work we discussed various approaches to the construction of dynami-
cal systems invariant under the /-conformal Galilei/Newton—Hooke group with half-integer /. In
particular, we analyzed the models advocated in two recent works [15,16] in the classical limit.
It was demonstrated that the first of them was equivalent to free higher derivative nonrelativistic
particles of the order 2/ 4 1, while the second could be linked to the Pais—Uhlenbeck oscillator
whose frequencies form the arithmetic sequence wy = (2k — 1), k =1, ..., n. We suppose that
the higher derivative equations of motion in [15,16] could also be revealed in quantum theory
by switching from the Schrodinger representation to the Heisenberg picture. It is also likely that
the Hamiltonian and positive spectrum attained in [16] can be obtained by quantizing the multi-
dimensional Pais—Uhlenbeck oscillator of the order 2/ 4+ 1 with [ = % + N whose frequencies
form the arithmetic sequence wy = (2k — 1) with k =1, ..., n following the method advocated
in[17].

A genuine second order system which accommodates the / = % conformal Galilei symmetry
has been proposed. It describes a particle in d spatial dimensions which moves on an ellipse
under the influence of an external force caused by an extra conformal mode. As compared to the
general scheme in [5], the new results attained in this work include the explicit form of the sym-
metry transformations and conserved charges. It was also shown that the status of accelerations
is similar to that of the special conformal transformations in d = 1 conformal mechanics. Al-
though they enter the rigorous algebraic structure behind the equations of motion, they prove to
be functionally dependent. This result correlates well with the order of the differential equations
at hand.

The construction of a second order interacting system with positive definite energy which
holds invariant under the action of the /-conformal Galilei/Newton—Hooke group and in which
accelerations are functionally independent remains a challenge.
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Appendix A

In this appendix, we display the Hamiltonians of the [/-oscillator and the Pais—Uhlenbeck
oscillator for [ = % = % and canonical transformations which link them.
For ! = % the Hamiltonians have the form

1 . . . , 1
H(S/z) = Ep% + 3ixop2 + Sixap3 — 4ix1p2 — 2ixop3 + —X%,

2
(5/2) 5 35 5, 259 , 225 _,
H =32P5+ QP + Q1P+ —Q; — —Q7 + —Q;5,
PU 2 Sk PO 1282 7 128 -1 T 1280

which are related by the canonical transformation
15 ) 1 15 .
X1="2Q+iQ—2Q. p1=-—20Q+iQ— 8P,
5 i 15i 1 49i )
x3=7Q+5Qr. p2=—75Q0+ Q1 = 55 Q2 — 2Py + 16,
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o L Wi 1250 120 b s asp
= Y0, pP3 = 64 0 32 1 64 2 0 28} 2.

Similarly, for / = % one has the Hamiltonians

a1 o . . . . . ) 1,
H = Ep1 =+ 3ixops + 5ix3p3 + 7ixaps — 6iX1p2 — 4ixop3 — 2iX3pa + Exl’
(7/2) 1225 3229 , 329
H, 1152P P P P — — )
+ Q3P + Q2P +QiPp + 512Q 1152Q1 768Q 384Q3
which prove to be related by the canonical transformation

71§ i 71i 5 .
—Qo Q1——Q2— 8Q3’ Pl——Q1+ Qz—RQ3+481P3,

Xy = —Qo + —Q1 - —Qz,

35
= Qo4+ —Q1 — Qs+ — Q3 — 8P, — 120iP
p2= Qo+288Q1 Q2+ 144Q3 8P, 0iP3,
X3 = EQO + EQI,
35i 2315i
p3 = _ﬁQO —Q1 — Q2 — —Q3 —2iP1 + 24P, + 218iP3,
x4 = Qo,
175 12691 12 005: 2401 . .
YT Qo — 7304 Q + 7304 Q2+ 23O4Q3 + Py + 7iP; — 49P; — 343iP;.

The action functional corresponding to the Pais—Uhlenbeck oscillator was chosen in the form

1 d?
S:——/dt Q0H<d2+(2k—1) )Qo
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