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PELLEHUE OBbIKHOBEHHbBIX JH®PEPEHL MAJIbHDBIX
YPABHEHHUY ONEPATOPHbBIM METOJOM B OBOBUIEHHDBIX
®YHKLUAX

B. II. THMOIIEHKO

“(IIpexcraBieHa HayyHBIM CEMHHAPOM BhIUHCIHTEIbHONA JgaGopartopun TITH)

B padorax [3, 4] cTpousocs onepaTopHoe HCUMCJAEHHE HAa OCHOBE IOHs-
TUSl 0000UIeHHOH (YyHKIMHN W pa3pabarbiBajcs anmapar AJs pelleHus JH-
(pepeHnHaJbHbIX YPAaBHEHHH C TMOCTOSIHHBIMH Ko3(duinuentamu. B nHacrod-
nieit pabore onepaTopHbIl MeTOJ B 00O0OLIEHHBIX (DYHKIHUSAX pPacHpocTpa-
HseTCsi Ha OObIKHOBeHHble AM((depeHInnan bHble ypaBHEHHS, HMEIOllHe KaK
nepeMeHHble, TaK M HNOCTOSAHHbIE KO3(POHIIUEHTHI.

I. MuoxectBo K Bcex BellecTBeHHbIX (DYHKUHMIT ¢(X), KaxKias u3 KOTO-
pbIX MMeeT HelpepbiBHble NPOM3BOAHBIE BCeX MOPAAKOB H (PHHUTHA, T. €.
obOpalaercss B HYJb BHe HEKOTOPOH KOHEUHOi 00J/acTi (3aBucAlleil oT ),
11a3bIBAeTCsI OCHOEHBIM MPOCTPAHCTBOM OCHOBHBIX (DMHHUTHBIX (QYHKIHH.

TTocaenoBaTebHOCTD OCHOBHBIX (DYHKIHE ¢ (X), Po(X), ..., @.(X), ...
HasbiBaeTcsl cXoAduUlecsl K HYJAI0 B npocrtpaHcTse K, ecaun 3TH  (YHKLHH
06pamaTcs B HyJb BHE OJHOH M TOH Ke OrpaHHYeHHOH 00/1aCTH U PaBHO-
MEepPHO CXOASATCSI K HYJIO TakK Ke, KAK H HMX NPOU3BOJHBIE JIOGOr0 MOPSAKA.

Kaxablit JuHefHbII HeNnpepbiBHbIH (QYHKIHOHAJ, ONpedeJeHHbIT Ha
OCHOBHOM mpocTpaHcTBe K, HasbiBaercs o0OoOmHieHHON (yHkuueir (cm. [1],
crp. 13).

DyHKIHOHAJ, KOTOPbI CTABHT B COOTBETCTBHEe KaKAOH (QYHKUHH @(X)
ee 3HaueHHe B Touke Xxp=—0, Oyaem Ha3biBaTh AeabTa-GpyHKUIHeld u 00603HA-
yaTk yepe3d 9(x); Takum o6pasom,

(3(x), o (x)) =2 (0).

I'oBopsiT, uto 06O0OWeHHAss (YHKIUS f paBHA HYJI0 B OKPECTHOCTIH
: TOYKH X,, €eCaAHM JJd KaxJa0# OCHOBHOH (YHKUMH ¢ (X), OTJHYHOH OT
HyJIsl TOJABKO B IpejaenaX 3Tofl OKPECTHOCTH 2, UMeeT MeCTO PaBEeHCTBO
Ecau ke oOoOuleHHass ¢(yHKUUs f HE paBHA HYJII0 HH B KaKoOM
OKPECTHOCTH TOUKH X;, TO X, HAa3bIBaeTCs CYILEeCTBEHHOH 15 (DYHKIHO-

Hana f.

N{:IO}KSCTBO BCEeX CYUIECTBEHHBIX TOYeK OOOOULeHHOH (YHKIHUH HA-
3bIBAETCS €€ HOCHTeJeM.

dyuxuuoHasa f’, onpeneasieMblil st Kax10f 0000UIeHHOH QYHKIHU [
Ha J1060#f ocHOBHO# ¢yHKIMH ¢ paBeHcTBOM (f', ¢) = — (f, ¢’), rue
o’ (x) — npousBojHass ot GYHKHuHM ¢ (x), Has3bBaeTcss 00OOGUIEHHOH MPO-
U3BOAHON OT f.

O6o03naunmM uepe3d s oneparop auddepeniupoBanus 006061 eHHOTE
byHkiuu, T. e. umMeeM f = sf.
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Bgenem onepatopbl CJeAyIOLeTro BHJA:
T(s, x) f = ([Po&o(¥)S" 1 4 pgPS"2 4 ..+ pn 18n 1P| f, ®

—{F e

1 (P08 (x) e (x)] -+

dxn
2 :
+ D L pig () e () ]+ a2 (),
S(’TS‘) = §" T %auan s alalsnirz gttt O PR an—1,

rje v (x) —npousBoabHasgs ocHoBHags Gyukuus u3 K; a; = const;
pi=01; 2;=0,1; g;(x)— Geckoneuno auddepenunpyempe QyHKIHH;
7= Q2 il

3ameruM, uro s oneparopa 7T (s, x) onepauun Jinddepennupona-
HHS M YMHOXKEHHS Ha (PYHKIHIO HE IepecTaHOBOYHBI.

Cseprkoit f; = f, AByX 0000IleHHBIX (GYHKuuit f; H f, Ha3bHBaeTCs
oGobulennas (PyHkuus, onpegeaseMass Ha JOOOH OCHOBHOH (yHKUHM ©

PaBEHCTBOM
(fi = fo 0) = (2 (9), (fi(%), ¢ (x+¥))).

B paGote [3] moka3wbiBaeTcsi, uTo MHOKeCTBO K. BCeX OOOOGILEHHbIX
(hyHKIHMi, HOCHTEJH KOTOPHIX HAXOAATCs Ha moayocH [0, oo), oGpasyor
KOJBILO 0e3 jeqauTeqeldl HyJis ¢ OOBIYHOH onepalueid cJaoxeHus 0000-
HEHHBIX (DYHKIMA W onepanueil yMHOXeHHs—CBepTKoil 0000LeHHbIX
(pyHKIMIL.

[lyets umeem nuddepenuuasbnoe ypaBHeHne

Y (x) — o (2) YD (%) = . — Zar(X) Y (%) = f(x), x>0 (1)
MPH CJEVIOILUX HauaJbHbIX jgaHHblX Kouru:
y®(0)=0, k=0,1,2,..!, n—2

yast ) o

Taxoe 3ajanuMe HaYaJbHBIX YCJAOBHI He Hapyuiaer OOUIHOCTH 3aaauH
Konm aaa ypaBueuus (1), rax kak BCAKOE ypPaBHEHHe TOPSIJAKA 7, YJIOB-
JeTBOPsSIOLLee NMPOH3BOJALHBIM HAY4aJAbHBIM JAHHBIM

¥ =k =10,1,24. /B —1,

MOXKHO C TIOMOLLbIO HEKOTOPOTO IIpeoOpa3oBaHusi CBECTH K HOBOMY
VPaBHEHHIO, Y/OBJETBOPSIOLIEMY HAYa/JAbHBIM YCJAOBHAM (2).
Kosbpuuuents -g,(x), g, (x),..., Zn-1(x) Gyaem mnoJsaratb 6ecko-
Heuno JH@depeHUPYyEMbIMH (YHKIIHAMH, W UPH TOM HEKOTOPHIE H3
HHUX MOTYT OBITb NOCTOSIHHBIMH BeJMYHMHAMH, a LIpaBylo 4actb f(X) — He-
npepuisroil Gynkuuedr Ha Bcedt ocu [0, oc). Pewmenue xe ypasHenus (1)

OVJeM HCKATh Ha MHOxKecTBe K, .
B oueparopuoit dopme ypauenue (1), ¢ yuerom ycaosuit (2), 3a-
HHINETCS CJIEYIOMHM 06pasom:

Sty —T(8,x))y=f+38 x=>0.

Ecau cyumiectByer eauHCTBeHHast o0oOuiennas ¢QyHkuus yEK,,
yaoBJaersopdolas ypasaenuto (1) u ycaoBusm (2), 1o y O6yjaem Hasbl-
B4TH pellleHHeM 3TOr0 ypapHeHHss H 0603HAUAThH

Y e=— f Ml‘ ki — f I ’:
- on T Lot R ey
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Hpoussoas GopmanbHo jesenne QyHxkuuu f, a saTem o-QyHKIHH HA

oneparop S(sy —T (s, X), Mb NOAYYHM pElIEHHE B BUAE CJEAYIOULETO
paaa:

T e o el el
i [Sﬂl(sJ)D 4 "'S"];s) 3 Sﬂl(s)% (T(S’ i [S?l(sJ) 2

H e e (A [S"I(s)],)]) y i

rjae 1 =o(x).
Wau xpaTko:

By 2R SR e B
e ;0(5"(9 i x)> S (s) +§3<3n (s) T(S’x)) S (s)) b

lHoxaxem paBHOMEpHYIO cxojauMOCTh psiaa (3) Ha J1:1000M KOHEYHOM
npomexyrre [0, a|C[0, o), a TakkKe yOGeAHMCH, UTO OH YJOBAETBODPSET
ypaBuennio (1) nmpun HayaabHBIX yCaAOBUSX (2).

Jas mpocrorel paccyxaenuit ypashnenue (1) Gygem cuMTaTh OJHO-
posanbiM. B aTOM cilyuae ero penieHne mpuMeT BHJL

Cof
,:%)K S7(s) St (s)

3ameTuM, uto 8"(S) = P,(S), 10 ecTtb S’(S) sABJAsETCS MNOJHHOMOM
crenern 7. Torjpa MoXHO 3amucaThb

" T(s, %)) (3)

1 1
S (s) (S—8)(S—5,)...(S—sn)
rAe  $:S2,..., S, — KOPHH MoJHHOMA S"(S).

B cuay toro, uro B mpocrpanctBe K. omnepaiusi yMHOXKEHHs Olipe-
JeaeHa Kak cBeprka OOOOILeHHBIX (DYHKIIHH, HMeeM
1 1 1 1
= % Blooe "R —— i,
S (s) S—s, S —s, S — s,
[ocaennee Bepaxkenne peaausyercss B (QYHKIHSX apryMeHTta x cie-
ayiourv obpasom (cm. [4]):

1 {z 2155 & ow [5F x>0

Si(s) |0 A
HJAH
BT tn— 9
1 ‘ : S plx—1) ’
ST [in-2lss(fp_g=ipg) " 1" dlp-g dtidt = Y(x), x>0,
(s) ‘0 95 %

S B

Jlocse BLIIOJHEHHS COOTBETCTBYIOLUIMX Olepallui psia (3) mpumer
BUJ:

y = o (x) +25 b (x — ) Fy (£) dt, 4
] K=1 ¢
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e

X

n—1
F/c = jFK—] (t) Epnwlva gﬂ—lff”«(t) ':J(q) ()C H t) dt
=0

0

Fy= pogo (%) b1 (x) + pig (X) =2 (X) + ... + Pn—1&n—1 (%) D (x)
pi=01nmpn i=0,1,2,...,n—1(p; =0, ecan gi(x) = const).

IlpousBe;LeM oueHky aus psaga (4). M3 ycaoBus Geckoneunoii aud-
depennnpyeMoctd Ko3pOUIHEHTOR bo(x) g1(X), ..., gn-1(x) ypaBHe-
nust (1) caenyer ux OrpaHMUEHHOCTb Ha JMI000M KOHEUHOM HPOMENYTKE
[0, a] C [0, o). Dynkuus ¢ (x) B cuay ee onpeaeseHus Oyler TakmKe
oeckoHeuHo auddepennupyeMoit (yHKIHEeH M OrpaHHYEHHOH HA JA10G0M
KOHEYHOM IIPOMEXKYTKe BMeCTe CO BCeMH CBOMMH IPOU3BOJHBIMU. ¥ ui-
THIBAsl 3TO, HOJOKHUM

M;:rer%(?f]{lpogo(x)f, 1218 (X) | oo | Pnet €n1 (%) 1}
"
A=p A, +pA + ...+ PnaiBnoy, Ai —m%x]IJ(’ (x}1, i=0,1,2,..., 0—1.
x€[0,a

Mmeem
n—1 n—1

| Fa () | S Y 1puc1oa g 1G] <MY 3@ ()1 < MA,

a=0 a=0

P < (IR0 Y 101 agua () 130 (x— 1 at <

X
<Mmﬂwzwm%
J !

X n—1
W(xP/MFAUIEPnI@nIAwwww~nuﬂ<
a=0

K—2)! (x— 1)1

CnpaBeJIMBOCTh  NOCJAEJLHEro paBeHCTBA A5 INPOH3BOJLHOTO K,
K= 2,3,..., JEeTKO JOKa3blBAETCS METOJ0M MATEMATHUYECKOH HHIYKILHIH.
O6mnias onenka (3') 6yjger UMeTb BHJ:

K —2 r—1
gwmﬁl——W:M%”x
0

X

9@+ N sc—aF@atl <1y + ¥ (14 —nlIF01at<

2

%
k=10 k=10

' o - ) 'Y t/c—l .
did zbfa,\|F‘ ) dt < Oﬁ~zg‘4MM“A“6)7;:rBT-dt::A“AA

k=1

1 A M;(A, _1 AOMI\A/ /»

K=0
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Caejaosareapno, psig (3") cX0AuTCsi B IPOCTPAHCTBE OGOGILEHHBIX
«DYHKIHHE H [)aBHOMepHo CXOJAUTCA Ha JMiI0OOM KOHEUHOM MPOMENYyTKe
[0, a][0, o). Kpome ToOro, oueBumHO, 4TO psia (3') pouyCKaeT IOYJAEH-
Hoe Auq)cpepeﬂuupommle 11000 THCIO pa3 B paccMaTpuBaemoi 00J1acTH.
HenocpercrBenno mojcranoBkoit ybOexjaemcsd, uto psai (3') ymoBaet-
Bopser ypasHenuio (1) (npu f(x)=0), a Takxke HAYAJbHBIM YCJOBHSIM
(2), T. e. OH U fABJsIETCS MCKOMBIM peleHHEeM.

Tenepb paccmoTpum cayudai, koraa ypaBHenue (1) HEOZHOPOAHO.
Pewennem B aroMm ciiyuae siBjasietcs psaj (3), KOTOPHH MOKHO 3aMUCh-
BaThb B BUJIE

co X [e0] X
y=4®+Y \ b (x — ) Fe(t) dt + o (x) + E Y o (x — ) G (2) dt
K=1 0 k=1 0
e
Y(x) u Fe(x), Kk =1, 2,... — QyHKIIHH, onpeJeJeHHbIE HAMH BHILIE;
<ok S
o () = Hj \ f £a) 5ttna—tp) =+ [s,5=0 dt, -+ dt,dt,
a0ty n' G (el &= 2,3,..., UMEIOT BHJL:

Gy (%) = Po&o (%) 0=V (X) + p1gy (£) 02 (%) + ... 4 a1 n-1(x) © (¥)

X

G (x) = | w(x — ) Gy (8) dt

0
rpe
pi=01(=0,1,2,..).

o (x) 4 if (x — 1) G (¢) dt

VCTaHaB/AHBACTCH COBEPIIEHHO aHaJOrMYHO TOMY, KAaK 3TO Mbl Jenanau
Jas paaa (37). Ilpu aToM uMeeT MeCTO CJaelAyiollle€ HepaBeHCTBO:

lu)(x)—l—E S o (x — t) G (t) dt | < B, EMKBK L

K=

CX0AMMOCTh psijia

rjae
M == maOX {]|170g0 (X) ], | P18 (X) |y ey [Pnet 8na1(%) ]}

x €[0,a
H

B poBt) I 181"_ +pn 18- 15 B; _lén[%xal]m(l) (X)|( 0» 1, wisiy b 1)
Taxkum o6pa3oM, Mbl yOeausuCh, 4TO PAL (3) ABAAETCA pPeLIeHHEM
HeOJJHOPOAHOTO ﬂH(DQ)epeHLLI/IaJIbHOFO ypaBHeHHﬂ (1), ynoBaeTBopsiomero
ycaoBuio (2).
3ameuanue. Herpyauo y6e11mbc7{, 4YTO BCe HALIU PACCYXKJEHHS
OTHOCHTeJIbHO ypaBuenus (1) 6yayTt cnpaBeasHBbl, ecJId ero ko3apdu-
IHEHTH g, (X), & (X),..., gn—1(X) mOMATaTh JHILIb HENPEePBIBHBIMH (DYHK-
IIHSIMH M He Tpe6GoBaTh MX OeCKOHeYHO# auddepeHuupPyeMoCTH.
"~ 3. Illpumep. PaccmoTpuM ypaBHeHue H3 [D]:

Yy —4xy +(4x2—2y=0 (5)
HPH C.Tle,ly}OHlHX HAYaJbHbBIX YCJIOBI/IHX

y(0)=0, y(0)=1. (6)
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YpaBHéHne (5) ¢ yueroM ycaoBuii (6) 3amulIeTCsi B ONEPATOPHOI
(opme caeayiolluM o6pasom
\ 182 T (s,%)] y — & (x),
T (s, x)=4xS — (4x — 2).
Pemenue B 3toM cayuae OyJeT HMEThb BHJL:
1 1 1 1 : 1 ' Y
st s s i (80X (—) gt o 4 £ (— @ h-T{s, % (—— ) T
vt g [( )52] - [( ) (55 ¢ 76,9 ()P
(7)
[Tpoussejst B (7) MOUJEHHO COOTBETCTBYIOLLHE ONMEPALUH, Mbl MOJAY-
YHM 110CAe10BaTeNbHOCTh NPUOIHAKEHHBIX pelleHH:

Exe

Yo - ‘xo’%‘ng RO‘:—O,
% g
Vi = X -+ — =_.x"‘
gl X ] 1'+R1, R, 5 ;
x3 x.’) 1 1
A _f_ S e 0 R_)’ R‘) ST o x{)’
4 TP e =7t 5
i x26+1 mW X2
M : == = "-Rm,
y 20 g x}_d o

rie R, — MOJHMHOM, CO/dep:Kamui 7 Yy/JeHOB CO BCEMH HEUYETHBIMHY, CTe-
neHsMd or 2m + 3 po 4m - 1.

[Tepexoass B mocJejHeM PAaBeHCTBE K mpejeny HpH m—>oc i 00603-
Hauasd Ry = lim R, umeewm:
m—00

lim R, = xI* -- Re.
m—>00
Jlanee Mbl 3aMeuaeMm, uto X/[* yjpossaerBopser ypasuenuio (1) pu
ycaousax (2). CuenoBatenbHo, R, B CHIy TeopeMmbl €lHHCTBEHHOCTH

TOX IECTBEHHO PaBHSETCS HY.JIIO.
Taxum o6pasom, aHalnuTHYeCKOe pelleHHe ypaBHeHus (1) mpu yciao-

BUSX (2) uMeeT BHJ »
' y = xI*.
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