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{IlpeacrasieHa HAYYHO-METOAHYECKHM CeMHHApPOM HKadeapbl HHMEHEePHOH H
BBIYHCIUTEIbHOH MareMaTHKH),

. Muterpaabsabie noanuomMb Jlexangpa
OObiKHOBEHHbIe TOJHHOMBI JlexKaH:ipa MoryT ObiThb ompeneieHbl ¢op-
myJao# Poapura
1 dan
20! dz"
3amenoit mepemennoro z=1—2x unrepsan (—1, 1) npeobpasyercs B HH-

tepeana (0, 1), ¥ Mbl ToJyuaeM Tak Ha3biBaeMble CMellleHHBIe MOJHHOMBI
Jlexxaunapa [1]

Pa(z) = -2 —1) (=1 <z ). (1-1)

Pp*(x) = 1o a M1 — x)™. (1-2)
n n!  dx"
SlBHoe BbIpa)ceHHe A Pn*(X) MOXHO MOAYYHTL M3 NPEICTABAEHHS 4epes
THIIePTeoMeTPHUECKYID (DYHKIHIO

Flg) — T e x) o N k@ F R .
Pp*(x) = F(—n, n 4 1; 1; x) = ?',fo( 1) e — f © (1-3)
BBeieM HOBYIO CHCTGMY IDOJUHOMOB Mo hopmysae

1 dn—
Vn*(X) = T W‘ Xn(l - X)n (Il =1,2,3, ... ), (1'4)
T. €.
dV,*(x
T8 o pyr) (1-5)
HJIH
Vo*(x) = [Pgr¥(x)dx. (1-6)

DTH TNONAUHOMBl Mbl GyJ1eM Ha3blBaTh HHTErpaJbHBIMU CMElICHHBIMH HOJH-
Homamu Jlexanapa. PaccMoTpuM HX OCHOBHEIe cBoicTBa. [Ipexne Haiyzew
HX TIpeJcTaBJCHHEe 4Yope3 THTIEPTeOMETPHYECKYIO (byHKLlH}O. HsBecTHo cae-
AVIoUlEe TOXKJACCTBO:

dn e -
Tl XN — 0P = (@axe™ (1 = x)PF(— 0, by ¢ x). (1-7)
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3amensis n Ha n—1 ¥ nonaras c=2; b=n+2, monyunm

dﬂ——1

—— xM1l — )" =n!x(1 —x)F( —n+1,n+ 2; 2; x)

dxn—t

H, CJaeAoBaTeNbHO,

Va* (x) =x(1 —x)F(—n-+l, n+2; 2; x),

OTKYyJa HenoCpeIacTBeHHO BHIAHO, 4TO

Ecau pasBepuyTb runepreoMmerpuueckuit psn B (1-8),

Va* (0) = Vot (1) =0,

Boipaxenue JAa8 Vp* (X)

Vp*(x) =

x(1 — x) ! (n + x + 1)xk
Ty A A ey IR

[ns HeoKoJbKHX TMEpBBIX 3HAUeHHH «n» OyleM HMeTb

V* (X) =Xl(fl"“‘X),

Vo* (x) =x(1 —x) (1 —2x),

Vi* (x) =x(1 —x) (1 =5x+5x2%},

Vi (x)=x(1—x) (1-9x+21 x2—14 x3),

Vs* (x) =x(1 —x) (1—14x+56 x2—84 x3+42 x1).

(1-8)

(1-9)

TO TIOJIYUUM SFBHOE

(1-10)

[Ipoauddepenuupyem (1-3)

P (x)  d ., o (= 1),
Gz~ ax Feema Lk = (1) F
[TocKoabKy
okt Do g+ 1),
(1)
MOKHO HaNHCaTb _
i dP,*(x)

" n(n + 1) dx

—F(—n+1n+ 2;

[ToacraBnga nonydyenHoe BoipaxKenue B (1-8), Oyaem HMeThb
dPy*(x)
n(n + DVy*(x) = — x(1 — x) —ix
M3 (1-5) CJeJyeT ¢ Y4eTOM i(1-11)
d?Vo*(x) _dPp*(x) _  n(n 1) .
TTax: T T dx T x(1 —x) Un (%)

H1u B Apyro# dopme

d?Va*(x)

x(1 — x) I

+ n(n + HVy*(x1 = 0,

noauHoMbl Jlexxkaunnapa.

V3BecTHO chaeayoollee PEKYPPEHTHOE COOTHOLUEHHE 15 OOBIKHOBEHHBIX Io-

anHomoB Jlexanapa [2]:

11. 3akas 907.

dP,i4(z)  dPpy(z)
dz dz

— (2n + 1)Py(2).

(—n+1,n+4
+ 23 2; x)

2;X)

(1-11)

(1-12)

T. e. TIOJHHOMBI Vp*(X) YyIOBAeTBOPAIOT AH(PODEpeHHHaNbHOMY YPaBHEHHIO
(1-12).  Onn Moryr ObITb HEMOCPEACTBEHHO BHIPAXKEHBl Yepe3d CMelleHHbE
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Cnenas 3aMeny z=1—2x, T0AYUYUM aHAJOIHUHOE TOKIECTBO JJS CMELIEH-
HBIX TOJTHHOMOB

PR () PR (%)
dx 7T &
Ecau Tenepb npounTerpuposate (1-13} B mpejgesax oT HYJs 10 X U yYecTb
(1-6), To Gyaem uMeTb
22n+1)Vp*(x) =P"hy (x)—P7upi (x) (n=1,2,3, ..., (1-14)

T. e. HoJaHHOMBL Vyp*(X) TpeACTaBsisiloOTCA B BHAE PA3HOCTH JABYX CMEXKHBIX
noauHoMos Jlexanapa. TTocsenune o0pa3yloT NOJHYIO CHCTEMY B IPOCTPaH-
cree  L2(0, 1), cnenosaresibHo, B cHcTeMa noanHomos  Vp*(x) (n=0, 1,

= 2(2n + 1)P,*(x). (1-13)

2, ...) moAHa B TOM e TpocTpakcTee. DBosee Toro, mnokaeM, 4TO OHA
SIBJISIETCS ellle ¥ OPTOTOHAJNBHOH C BECOM ————
H P X(1—x)
bByi1ev uCcXonuTh M3 OPTOTOHAJBLHOCTH ToJauHOMOB JlexaHapa
! 0 n % m
XPH*(X)Pm*(x)dx = 1 0 m (1-19)
V 2n + 1
HMmeew, vuuteisas (1-5) u (1-11),
1 1 d *( )
, , V™ (x
| Praopar(ds = | Pr(a SR ax =
(] v

— gvm*(x) dP“T*)EX) dx = n( n + 1) Sl Vn:((i()Xm;()X) dx.

Taxuv obGpasow,

a « . 0 m = n
j Vo (IX)V n(X) gy — 1 . (1-16)
J x=x na+ D@nf+ 1) 0

YTO M J10Ka3blBdeT Halle YTBEP}KJ_IQHHG.

M3 (1-3) caeldyer, 4To IKCTPEMYMbL moauHeMa Vyp*(X) pacno.aaraioTca
B uyasx noaunoMa Pp*(x). B uwacriocTty, moaunoMel Vap*(X) ¢ HeueTHBIMI

MHJEKCAMU JOCTHTAlOT 3KCTPeMymMa B CpejluHe HHTepBaja (X= 5 ), UTO
HEHNOCPe 1CTBeHHO BHJAHO M3 npeicTasienust (1-4), eciad umeTs B BHIY, 4TO
aByuseH x"(l—x)™ HMeeT MaKCUMyM NpH x=512—.STOT MaKCHMYM SIBJISIETCSA
HaubdoIblHM N0 abcoMOTHON BesuduHe. UTo KacaeTcs MOJHHOMOB Viy* ()

1
C YSTHBIMHU HHAEKCAMH, TO NPU X=-—— OHU 0OPALLAIOTCSH B HYJb, a HX 3K-

2

CTPEeMYMbI PACHOJATAOTCA CHMMETPHUHYHO OTHOCHUTEJbHO H‘pHMO'Il”[ X=

t\alm

Haiitem an1s noandoMos Vp*(X) ¢ HEUETHBIMI HHACKCAMH HAMOOMBLUHH 10

abCoOJIOTHOH BeJHUYMHe 3IKCTPEMYM, COOTBETCTBYIOWIHH X= 3ameHuM

5
B (1-14) n na 2n—1, B pesyabTare MOJYUHM

2{4n—1) V' (x) =P m-n (x) —Pan*(X).
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Ecan tenepb uMeTb B BUAy, uToO [2]

/1 o, 1-37--(2n — 3)
Py*n-1 (—2—) = ( — 1)t on=1(n — 1)!
10 1:3-5-++(2n — 1)
Pan® ('i)_) = (= ol !
TO MOXKEM HalHcaTb
1\ 1-3-5---(2n — 3) 2n — 1\
o " i _1yil—t -
2(4n 19AY .’nﬂl(\ 5 J 1) 2n-Yn — 1IN (1 + 2n ) '
oTKy/la caegyer
) 1 . , 1 1-3-5---(2n — 3)
V*3H_1 (\—2—)‘ = | V¥ 3(X) | max = A 2n 1(r1 — 1
(2n - 3N
ECLEEFY

4
nOCJI@ﬂ.HQG Bpra}Ke'HHQ MCAKHO 3andcathr HHaue, 4 HMEHHO:
(2n — 3)!! r'n - 1) _T@n — 1)

ofrtny  20-i(n — 1)12"7inl  2*"nT(n)]?’

rie I'(n) ectr Famma-pyHKIUA.
Takum oHpaszom, UMees OUEHKY

| V(%) | K Pizn — 1)

22Mn[ T (n}]*
ITpx mo6bIXx N>>| npaBasi yacTh HepaBeHCTBa eCTh HempepbiBHAA (PYHKUHUS.

I
' Toraa OyJaeM HMeTb AJs J00oro n

3aMeHUM N Ha

2
. , I‘(n)
| V*n(x) | < 5 =
(n + 1) [ n —2|— 1 ]
— 1

— . (1-17
on(n 1)[ T (—2)5—1—)]

A

Mbl MoKeM Tellepb BBeCTH MaCWITaOHbIl MHOXHTEJb W paccMarpuUBaTh 10-

JHHOMDBI
onq L4102
. 2Mn ”[1 |2 )] VE(x), (1-18)
V' (x) = - (n — 1)

179 KOTOPBIX, OYEBH/HO, OLEHKA HMeeT BHI
/Va* (x) /< 1.
Jlna HecKOJNBKHX mepBbIX 3HaueHu#i n (1-18) naer
Vi (x) =4 V*(x); Va* (x) =3nVo*(x); Va* (x) =16 Va* (x);

— 1 _
Vi (x) = 75 aVye* (x); Vs*(x) =32 Vs* (x).

PaccMoTpEM BONPOC O PasjoKeHHH HPOH3BONbHON (PYHKLHH B PAL MO
. nonuHoMaM Vn*(X).

1 . 163



2. PasagoxeHne GyHKUHHA B pPaAlb No NOoOJHHOMAM Vy*(X}

[lycts @(x) — HenpepblBHAs (PYHKLUMA, 3a1aHHas Ha-uurepsagae (0, 1)
v obpauiamuiasicss B HyJb Ha Kcillax MHTepBaza. [lpeinonoxuM, 4To Iie-
et MecTo pasJjoKeHHe

e(x) = > CyVa¥*(x). (2-1)
n=1
_ < , V¥u(X) ,
[Toctynast ¢popmasisHo, YMHOXKHM o0e yacTu (2-1) Ha x— ) H TIPOMNH-
Terpupyem B npegenax ot 0 1c 1.
YuuroiBast (1-16), Oyiem HmeTb
Loo(x)Va*(x) ,
C, = n{a 4+ 1)}(2n I dx (2-2)
(a -+ D@+ DL
HaH, npuHuMas Bo BHumauue (1-11) u MHTErpupysd 1o 4acTam,
1 #LOGY 14
Chp= — (20 + 1) q(x)d———P‘a}g dx = (2n + 1) {¢'(x)Py*(x)dx. (2-3)
0 0

FEcnu Tenepb y4yecTh, 4TO

(&h(le: —n(n + DF(—n + 1,n -+ 2: 2; x) =
n-—1 (n + x4+ I)x¥
=== \ —_ K 2-
%‘0 b (n — k — )Nx + 1)tk! ’_ (2-4)

TO MOMEM HATIHCATDH

Cah= (2n + l)nz_l(_ 1)K (n -+ x -+ 1) 1

k= Dk - Ty | rdx (299)

Beauuuna
i
My == [ x"o(x)dx. (2-6)
0

ecTb, o4eBHIAHO, MoMeHT K-ro nopsaka ¢yskuuu ¢(x). Popmyaa (2-5)
noayyaer CJAeAYIOUWHH BrI:
(n + k + 1)1 My
(n — k — DIx + 1)k!
OTKy1a, B yacCTHOCTH, Jerko HalgeM:
Ci=6M,,
Ce=30(Mo—2M,),
C3=84(My—5M,+5My),
Cy=180(Mp—9 M, +21 My— 14 My),
C5=330(Mp—i14 M| +66 M;—84 M3 +42 M,).

Co= (2 + DY (= 1) (2-7)
K=0

BriicHuMm ycsmoBus cxoauMocTd pasaomkenust (2-1). Ecam npoaudde-
penuupoBate pag (2-1) u ydects (1-5), To MoOAVYHM passJoKeHHe IPOH3-
BOAHOH @ (X) B pfil Mo cMellerHbIM NoJHHOMam Jlexaniapa

¢/(x) = 3 CaPu*(x) (2-9)

Kosdduunentsr 3Toro psana omnpepensiorcst dopvvioi (2-3). Ou Gyaer

CXOAMTbCH K ¢’ (X) BO BCAKOH BHYTPeHHell Touxe uHTepsasa (0, 1), asasio-

leHdcss TOYKOA HENpepPBIBHOCTH, €CAYM BLUIOJIHEHBI cjaelyiollue ycaosus [2]:
1. ¢'(x) ecTb KycouHo-HempepbiBHast QYHKUUS.
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1
2. Wnrerpan | [¢’(x)]?dx HMeeT KoHeuHOe 3HaueHHe.

4
U3 cxoaumoctu psiia (2-9) caenyer Ge3ycaoBHAs CXOAUMOCTb pPasfo-
wxenusa (2-1).
BMecto passnoxxenusi (2-1) npaxTuuecku yr1oOHeill NoJB3OBATLCS PasyoxKe-

HHEeM Mo noJuHoMaMm V,*(X)

¢(x) = X AV, (%), (2-10)

1
riue

_ (n — D! C (2-11)

2%n + 1) I‘(nQLl)r "

Ecau B (2-10) OrpaHuuyHTHCH KOHEUHBIM YHUCJIOM YJEHOB, TO MaKCHMaJibHas
abcoatoTHas omnbKa O6yaeT NpUOJIU3UTENBHO paBHA MepBOMY K3 oTGpolIeH-
HbIX K03bhdHuUMenToB. 3aMeTHM, 4To ecad ¢yukuus [(x) He ofpaulaercs
B HYJb Ha KoHnax uHTepBana (0, 1), a TpUHHMAaeT KOHEYHble 3HAYEHHA
f{0) u i(l), To pasnoxeHHe NMoJAy4yaeT BEA

i(x) — #0)(1 — x) + ()% + 3 AV *(x). (2-12)

n-1

11

rae A, — Koapdbuluents pasnokeHHs a1 HYHKIUH
@(x)=f(x) —1(0) (1—x)—=0(l)x.
B KauecTBe mpuMepa paccMOTpUM NpHOMHKeHHe QYHKUHH @(y)=siny
Ha uHrepsage (0,2mn) orpeskom psana (2-10). Iloacranobkoht y=2 nx yka-
3aHHbI HHTepBaJs npeobpasyetcs B (0, 1). Mmeem

1
N g == 1 »Ksin 2mxdx
1]
Broiunenenus parwor
] . 1 o 1 - 1 6 .
MO—O, Mif'_Qﬁ! MZ"" 21:‘ M3"—_—'§ﬂ_'+@')—3—’
. 1 12 w_I_LQO_I.‘ZO
M, = 2x T (2=)% M; = 2= ' (2n)? (2w)®
[lo dopmynam (2-7) u (2-11) Hakiem
A, =0; A, = ~i—0 ~ 1,01321; A; = 0; A,— %‘;_2-(27:2 — 2)=~ 0,15532
— . __ 208 ) : " —~
A, =0; A = £t (n* — 60== — 475) =~ 0,01007.

Ecau OTPAHHYHTBLCA BCEIrC ABYMS HACHAMHU DA3JINXKEHHA, T. €. CHHTATh,
yTOo

97X ~ 10—* 12 —

SMemX = - 5 Vy*(x) + o (277 — 21)V,*(x),
TO a6coMIOTHAsE MaxkcHmasbpias ownbka Gyser mopsaaka 0,01, npuuem Ha
KOHIAX HHTepBaja U B ero cepeauHz (Xx= —2—) ownbOka paBHa HyJno. [Jo-
OaBnedne elle O1HOTO uJeHa YMEHBUWIHT MAKCHMAJBHYIO abcomoTHyio
owHOKY Ha NOPATIOK.

B 3aknouende cpaBHAM pPas3noeHHE M0 MoJKHOMaM Vip*(X) HeKoTo-
poii dyHxkunn @(x), onpelenenHol Ha uuTepsase (0, 1), ¢ pasoxkeHuex
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sToi ke QyHKuHM no noguHomam Jlexarapa Pp*(x). Ilpeanonoxum, 4To
¢vekuus @(X) 3aJaHa CBOMMH 3HAUEHMAMH Ha KOHUAX HHTEpBaga U He-
CKOJbKUMH nepBhivu Momentamu My (k=0, 1, 2, ..., v). TpeGyerca Boc-
cTaHoBuTh QYHKHHIO (X) N0 3THM JAHHLIM ¢ Haubojbluell TOUHOCTBIO.
Otpe3ok psja no noinHoMam Pp*(x) GyaeT coaepxaTh v+l uieH (Hayu-
Hast ¢ HYJeBOro), NpuueM HHpopMalus O 3HaueHHAX OYHKUMH ¢(X) Ha
KOHLAX HHTepBaja Homodb3zosada He OyneT. PasioxeHde No noJgHHOMAM
Vo*(x) OyleT COJXEPKATL TaKoe e KOJHYecTBO WieHOB (HayuHas ¢ Mep-
BOrO), NpHYEM HOJHOCTbIO GyI1eT HOMOAb30BAHA KOMOJHHTEJbHES HHPOD-
MalHs o KpPaeBbIX veaoBusX. [locheinee oGCTOATEIBCTBO W 00ECHEUUT 3Ha-
unTeIbHO GOJiee BBHICOKYIO TOUHCCTh alllPOKCHMALHH GYHKIHH ¢(X) OTpes-
KoM psita no Vp*(x). Tak, B HawleM npuMepe, €ciH HCHOJb30BATH MEPBHIC
6 momenTtoB, 6yneM HMeTb

sin 2 sux A As Va* (X) +184 V¥ (x) 4-As Ve (x).
[Mpuvenenne noauHoMos Pp*(X) ndaer BnlpaKeHue

sin 2 nx &~ C'P1* (x) +C3'P3* (x) +1C5'Ps* (x),
rie

O = -5~ 0.95493; C'y = —(n? — 15) =~ — 1,15824;

i

C’j, = L 1

T

.o
M} ~ 021929,

ot

A6comoTHAs MaKcHMaJbHas OWWGKa MEepEoro #3 3THX NpubJMKeHHH Ha
MOpsAI0K MeHblle, dem owubOKa BTODOTO.

Takum 06pa3zoM, HHTerpaJbHble NOAHHOMBI JIexaniapa Vu* (X), B ykasan-
HOM cMBICJe, ABIAIOTCSA 3HAuUNTe b0 Oojee 3(P(PEKTHBHBIM CPEICTBOM TPH-
GAHKeHHs (QYHKIHHA, dem OObIUHBIE TOJHHOMBL Pp*(X).
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