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TOYHOE KOHEYHO-PASHOCTHOE PELLIEHHUE
KPAEBOH 3AJAYH OJid OBbIKHOBEHHOTO JIHHEWHHOTO
AHPPEPEHUHAJNBHOIO YPABHEHHA BTOPOro NnoPSiAKA

b. ®. KPYTOH

(Tpencrapnena naydHuiM ceMHHADOM KadeXPhl HIeHEPHOH H BEIUHCANTEIbHON MAaTEMATHKH)

Hano oObLIKHOBEHHOE JHHelHOoe AHGOeperlHalbHOE YypaBHEeHHE 2-TO
NnopsiaKa

Y7 (%) +p(x)y' (x) +g(x)y(x) =Ff(x) (1)

C KpaeBbIMH YCJOBHSIMH
J apy(a)+ay'(a)=A
| 8y(b)+8,y'(b)=18

B Toukax a, b ocu Ox (puc. 1). Kospduumnenrsl p(x), g(x) H cBOGOAHBIN
aeH [(x) ypaBHeHus (l) OyAeM CUHTAaTb HENPEPLIBHLIMH (DYHKUHAMH OT
X Ha orpeske asx<b. Tpebyercs npu TUX YCJIOBHUAX HAUTH pelieHHe y(x)
KpaeBoH 3amaud (1), (2), yuurtwmiBas, 4to torna ¢Gpymkuud y(x) u ee npo-
napoanole ¥ (x), y”(x) OyLyT HENpepbIBHLIMH Ha OTpe3Ke A<X<b,

| - T

(2)
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Puc. 1. O6nacta npumeieHus pa:«;nomeflnﬁ (28), (29) wu
(30) nna pacwera y, H y;.

Mgl noctaBAM CBoeH 1es1bI0 HAalTH 4YHCJAEHHOE pelleHHe YKa3aHHoM
KpaeBOH 3ajauH, ONpeneJHB 3HAUYeHHA Y=Y (Xs) B n-+1 PaBHOOTCTOAWHUX
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TouKax X oTpeska [a, b], Bkaouast ero KoHuel a=Xy B b=ux,. Takuu
06pa3oM, ecjqH Mbl 0003HauuM duepe3 A LieHy OJHOFO MeJIeHHs OTpe3Ka
[a, b] npu ero pa3GueHHH HAa N PABHBLIX YacTeH

hzb-—a: X,—X,
n n

; (3)

TO COOTBETCTBYIOLIHe TOUKH X OTpe3ka [a, b] =[xy, x,] olpepeJnuM Tak:
X =xg-}sh, (s=0, 1, 2, ..., n). (4)

ITpentonoxum Ttenepp, uto Agasi n—1 BHYTPEHHHX TO4eK X, (s=1,
2, .., n—1), orpeska [xo, ¥,], 3anaBaembix corsacHo (3)—(4), Mbl Hamu-
caqd n—I| paBeHCTB, NOJYyYaeMBIX HPH NOACTAHOBKe X=x, B AH(Pepen-
uuasnpHoe ypasHenue (l). IlpucoenuHsis cioma euie 1Ba KpaeBblX YCJAOBHS
(2), Mpl moayuuMm cBoA u3 n+41 aare6panyeckHx ypaBHeHHH 1-fi cremeHH

1) ¥ (%) +p(x)y (x) +q(x)y(x5) = F( %),
(s=1,2,...n—1)

2) agp(xg) oy’ (x0)=A4A. (5)
Boy(x,)+B1y (x,) =B

¢ 3(n+1) HeusBeCTHHIMH Y =Yy (x,), y;zy’(xs), Yys=y"(xs ) B n+l
TOUKAaxX Xg, Xy, Xg, ..., Xp—1, X, OTPE3KA [Xo, X ,]. ,

Tak xak B cBome ypaBHenuit (5) uucno 3(n-+1) HeusBecTHBLIX Y, Ys
Y, roe s=0, 1,2 .., n—I, n, B 3 pasa npesbluaer KOJHYECTBO 71
CAMHX ypaBHEHHMH, TO H3 3TOrO CBOLA YKa3aHHas COBOKYMHOCTb HEH3BECT-

HBIX Y, Ys,  Ys He MOxKeT ObITh HalileHa fa)e rpy6o, ecau He NPHBJEdbL
1A 3TOH LeJqH cnoco® HaHMEeHbIIHX KBaJpaToB.

Onnako ectb npoctoit nyte uzbasutbes B cBoge (5) or 2(n-+1) me-
H3BECTHBIX Ys, Ys, €CJH B34Tb NOCTATOYHO OOJbLIOE UHCAC AENEHHH A1 OT-
peska [xp, x,] ¥ ydecTb, uTO TOrAa Npou3BOAHbIE ¥ =y (x) U ys =y" (x,)
MOTYT ObiTh C BBICOKOH CTEMEHbIO TOYHOCTH Bbipa)KEHbI uepe3 3HaueHHs
Yo =y(x.), rae =0, 1, 2, ..., n—I1, n. [TokaxeM, Kak 3TO CAeJ1aTb.

[Tpexxne Bcero 3aMeTHM, 4TO €cJH TOYKAa X ocH OX NeKUT Ha OTpesKe
[Xo, X,] H, 3HAUHT, Xp<<X<X,, TO 3Ta XK€ TOYKA X YIOBJCTBOPHET H GoJee
Y3KOMY YCNOBHIO X, SX<X,( =X, +/A. [locieanee ycioBHe DaBHOCHIBLHO

COOTHOLIEHUAM
1) 0<ESh, 2) X=X,+E, 3) Xpu1=xX,h, (6)

OTKYyJa BBITEKAET, YTO TOrla MOXKHO HAamHCaTb

1) ylx)=y(x,+%), 2) y (L) =y(x,+h)- (7)
Beenem nanee xonewHo-pas3HocTHble oneparopsl E, A, §, u, V, onpene-
4B HX paBeHCTBaMH [1]:
1) y(xs+1)ZV(xs+h)=Ehy(xs)v y(xS—l):y(xs—h)zE—hy(xs)’
2) Y(x)=y(x+E)=Ey(xy),
3) ¥(Xsp1)—y(x5) = y(xs+h) —y(x) = EPy(x) —y(x5) = (ER—1)y(x,),
4) 9(x5)—y(xs—1) =9(x,) —y(x;—h) =y(x) —E~Ay(x) = (1 — E~")y(xy),
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5) Yo —y(e)=(E—Dylx)=by(x), (8)
6) W) () =(EA= Dys iyt | )=y{xob ) =0E7 w(x),

h

7) y(xs)~y<xs_1>:(1—E—h)y<xs>:ay(xs__l)=ay(xr—"2’)=65‘%<xs)

) 5 Iy, i, np%[ (x L_)H( ’; ”:

h —h

_ %(E?JFET ()= p(Xy),

9) y(xs)_y(xs—l):(l‘—E—h))’(xs)=V)’(xs)'
W3 pasencrs (8) BbITEKAlOT cJelyIOlLHE COOTHOLIGHHS MeXIy YKa3aH-
HbLIMH ONEPaTOpPaMH: '
h
1) 1+A+E"  2) (1--g)=E-*,  3) 3E’ =(Et—1)=A,

h h h

4) 3E P =(1—E-")=y, 5)8=E°—E °,

h h

6) (1--8)(1—y)=1 7) p:—;—(eﬂﬁ"“’).

Hcnonb3ya HalimenHbie CBA3d Mexjay omneparopamu E, A, V, 6 u p,
HalMLIEM HYXHbLIE HaM [peAcTaBaeHust AJis y(x) =y (xs+§) yepes HHUCXo-
aspe AY Yy, ., UeHTpajdbHble 8 Yo U BOCXOAsiUIHE V'Y, KOHEUHbIe PasHo-
CTH C TOYHOCTbIO 0 u4/eHOB 6-ro nopaaka MaaoctH. C 3TOH LeJbi0 NpHBE-
ACM 1IpelBapHTeabHO cooTHOWEHHe (6.1) K BHAY

’

3
H 3aTeM lpHMeM (== — B KauecTBe HOBOTO NePEMEHHOrO. Takum oOpasowm,
MbI [IOJIYYHM C/A€AYIOUHE COOTHOIIEHUA Aas § H I
1) e=th, 2) 0<t<h, 3) 0=si<l - (10)

Terepb Mbl MOXKEM HamnHCaTb C TOUHOCTBIO O UJeHOB 6-ro nopsaka
MAJOCTH, UTO:

1) y(x) = y(x,+8) = E*y(x5) = Ey(xg) = (E)'y(x5)=
= (142)y,= [ 14 ()13 4 (1A% 4(£)3A% +(2) A (£) 587+ (1A ]y

H, CjaeloBaTeJbHO,

6
V(X = Vs = (1+8) Y= (4%, (b

v===0

rae oHo3HaueHo

) N Gt 1 il ) SV S (12)

vl
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. | 12
2) 9(Xs+HE)=Yspr =Y, -lr'-é—t((6 Vsr12+0 Ys—12) + a 82y -

i @ ﬁ(_éz__l)w

33y 11953 B4y, 13
+ 5 3 (3%Ys412+0 )’S__%H— TR + (13)
1 HBE—D)(=4) PE—1)(—4) 5 _
+ 9 51 ( y5+_§1_+0 ys_%) + 5! 0%y,
2 tH(12—1) 12(12—1)
=y -1 pdy, + —082y + ———ubly | ————= 8y
vs{- R 2 e L L TR
HE—1)(P—4) (12— 1)(12—4) o
+ 5[ p‘ ys + 6' Y ys:
3) y(x)=y(x,—8)=E=*y(x,)=(E-")y(x,)=
6 .
=Ys—r=(1—V)"¥;= 3 (=1)"({).v"Y;., (14)

v=0

rie Ko3pduuuentel ({) omnpeneasiiorcs coraacHo (12).

3amerum, yto npeactasaenust (11) u (13) masa y(x; +E)=ysy: ¥
Yy(x,—E)=ys—¢ HaA3LIBAIOTCA pa3noxeHHAMH HblOTOHA 1O HUCXOAAUIHM
Ay, B BOocXoAAWUM V Yy, KOHEUHbIM PA3HOCTSAM. BHIBOA 3THX pa3faoxKe-
HHH OYEBHIEH.

Yro kacaercs npeacrasnenust (12) aas y(x,+E&)=ys+z , TO OHO Ha-
3piBaeTcs pasgoxkeHHeM CTHPJHHTA 110 LEHTPaJdbHbIM PA3HOCTAM 0%  Ysix
H MOJYy4YaeTrcsi AOBOJBHO CJAOXKHBIM IyTeM. HUTOObl MOMTY4YHTb 3TO pasJjoxe-
HHE, HYXHO cHauaJa NOCTPOUThb Auarpammy Ppasepa [2] aaa Hucxons-
X pasHocTted A y,. 3aTeM MO 3TOH JuarpaMMe HalHIIeM pasJ/ioXKeHHs
Faycca no BepxHeill W HUKHell 3MellKaM, TOC/AE YEro MEPEeCYUTaeM Pa3HOCTH
A* y, Ha pasHoctd §°y. , N0/b3ysich cooTHowleHHeM (4.5). Torma Mbl 110-
Jy4uM caedywloupe ABa pasaoxkenuss laycca aas y(x; +&) =Ys++

D yeet ) =per=ys b Dy _ 1+ 1)yt
+(t+1)363y5_%+(t-lezm-w-(t+2)585y5_%+(t+3)66“y5; (14)
2) Y(xsHE)=Yspr=ys (£): Vo LDt
FUADSY DSyt 42)8y 268y (15)

[ToaycymMmma % [(14) +(15] arux pasnoxenusn [aycca gaer nocse npocTsix
npeobpaszoBanuil pasnoxenne Crupaunra (12).
BepHemMcst cHoBa K pasiomenusm (11)—(13). Hawa ueap — noayuntn

H3 HHX PANbI IJS1 pacuyera Ys U Y , BXOASLIIMX B KpaeBylo 3azauy (1}—(2),
NPeICTaBJCHHYI0 B KOHeYHO-pasHocTHOM Buae (5). Urto6bl mocTponTh Ta-

KHE PAAbl AAs Ys H Y , MBI IOCTYIHM CJCLYIOIUM 06pa3oM.

Bripaxkenne nepBoli NPOM3BOAHOH ys [JIs BCeX TPeX pas/oKeHHH
(11)—(13) noayuum no obuieMy MpaBHAY, a HMEHHO:

1) ys=y'(x,)=npen. y(xs+21—y(xs) = rlpeﬂ.y(xs—lrth)_y(xS):

&—0 s -0 th
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=npell-—,1[ a p =D o WEZDE=2) ) HEZ D). (020) g ]vs,
>0 1 21 3! 6!

HJIH OKQHYaTeJbHO

dy -1 1 1 1 1,. 1., .0
§= s)= — (A ——A2 L~ A3 — A AP — A8 =D s
yi=y (X = (dt) h( A A A A )vs y
(16)
- X th - xs
£->0 § >0 th
1 12, HPP— 1) (2 —1),
= — | tpdy o —B%y A ——— Y, i
e h[ TR Y Vst ot
(e2—1)(*—4) ., (12— 1)(12—4) ., ]
o o) s
HJIH OKO‘HLI?TeﬂbHO
, 1 1 1 . :
s = ’ _)Cs [ 2 - 03 — g s :D 5 17
‘yAy( ) h(twy 6“y5+30” v) Vs (17)
r - —F}-— —_— h —uf
3) = y'(x,)=Npex. (X g), y(xg) :Hpeﬂ.y(xs th)—y(x,) _
£—>0 —s t->0 —th
1 (t+1) Ht=1)(1—=2) t(t——l)...(t——S)J
= npes.——| —y W=D o )
wpen ] oA g MR e A
HJH OKOHYATENbHO
e { 4 dfo ot SLG):D“
(s) (di)y —y, h(V'IQV + V'JI'GV ys ys’
(18)

LIT061>1 oT pasjoxenuii (16)—(18) mias ys NepedTH K pPa3IOKCHHAM
! ys , BBeflem orepaTop nuddepenunponanus D:

d
— 19
7 (19)
OTKyZAa BLITGKAET Aajee, 4To
dx . /‘E"__ L— §
dt (a’t_ ’
H, 3HAUHT
dry L
(1): y — D 90
. (dt“ )yzys Vs : ,( '-)
TaxuMm 06pa3oM, B 4aCTHOCTH,
" ‘d? ,
Vs = (_y ) = D%y .=(DD)y,. (21)
dt )y=y,
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u

Ucxoas Tenepb u3 pasnoxenuit (16)—(18) ana ys=Dy; u ucnojb-
3ysl Oneparop auddeperimposanus D, noayuuM clelyiolUIde TPU Bbipazke-

HUA AJis §Ys C TOUHOCTbIO JO HJEHOB 6 I‘O nopsaaka MaJoCTH:

‘ 1 ; 1 N2
"y =Dy, = A Lar Lps L as —Af’———Aﬁ) ,
1) s y'(4,) =D, h2( 3 +3 1 %5 5 jys
HJIH OKOHUATEJJMLHO .
a1 11, 5, 137
i ar s Mg 0 05 187 6 o 21
> h‘-’( +12, 5 180 )“ 1)
2) ys=y"(x,)=D?ys= L 90~—1—903+—-po’ -2y:
’ ! s 6 30
1 252 1 224 17 236 “ k3
= AT %00 Y )
h2(” T TR )-y | (
3) yi=y/ ()= Dy, = V+Lv2+iv3+iv‘+—l—v”+ivq2y
HJIH OKOH‘-laTEJIbHO |
1 11 137 .
=i teedlv e @

12" 180

KoneyHo- pa3HOCTHbI€ Buipawenust (21), (22) sl y& HMEIOT OKOHua-
' 4

TeAbHbIl BHI. Boipaxkenue xe (*) mas ys MBl IIpeobpa3yeM, BbIPA3UB

B HeM yepe3 62 ¢ momoublo cootHoweHuid (9.5) u (9.7). Onupasics Ha
n?

3TH COOTHOLUEHHS, NONYYUM TpH h=1:

1 1 1

, 1 ‘ |
1)'92—;-'(52%#13—2—), 2) 8=E*—E ?, 3) 8=E+E-1—
4) PZ:%(-E+E“‘—12)=—‘1-I(E+E-1~2')+4]:

= (EHET—2) 1=

1
4
CaenoBaTeqabHo,

pzz'_l;wrl. | | (23)

3aMEHﬂH paiee B (*) MHoxutenb p? ero BhIPaKeHHEM (23) uepes 62, Hafl-
nem euge O,H.HO KOHelIHO pasﬂocmoe Bblpamexme mm Ys ' T

y;‘:zy”(xs):?[ __84+— Jys o (24)

B aaKmoquHe HaM HY2KHO IIOJYYEHHBIC KOHE'-IHO pa3HOCTHBIC pa3JoxKe-

HHS (16)—-(18) ‘H (21); (24), (22) nas ysn y\g BBIPA3UTh HENOCPEACT-
BeHHO uepe3 Y » (x==0, 1, 2, .., n). 310 MOXKHO BBITOJHHUTb C NOMOLLBIO
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cootHouteHn# (9.1)—(9.3) aas oneparopos L, A, V, 6, koropeie npu h=1
LAOT _

i 1

1) AE—1, 2)8=E®—E * 3)A=1—E-|, (25)
H3 3THX COOTHOLIEHHH cn‘eﬂyeT aajiee, 4to -‘

b

1) Avy,= (E—l)ys,moyx-(f E %)y, 3) vy,=(1—E-Y)y, (26)

Ecan yuectb eme cMbICH npeoﬁpasonaﬂﬂﬁ (8. 3) BBLIIOJIHAEMOro Oleparo-

poM £ Han y,, Y npu h=1

.

D E'yg=ysin 2) E "=y, 1,0 3) E7y=yeon, (27)

TO Mbl NOJYUYHM CJEAVIOLLHE - BHIpAXKEHUS Ys, Ys uepe3 y. , (x=0, 1, 2,

... n), BbiTekatomme us (16) u (21), (17) u (24), (18) n (22):

1) y;=6{;h[ 147 9,360 Yy 11— 450 ys 124400 Ysra—
(A) —225 9544472 Ys15— 10 Y516 (28)
2) yy= ™ h2[812 ¥s—3132 v, 1+5265 ys.2—5080; 3+
0 , 42970 Y54 4—972 ¥ 54-137 Ys46].
. 1 _ _ '
1) YS:‘éo—h[ys—ﬁ*g Vs+2+45 Vs+1—40 Y5149 S’S—Z‘_Vs—-ﬂ-
(B) 1 . ;
2) ys= B0 (2 V543—27 Y542+270 ys501—490 y, - (29)
‘ 270 9,1 —27 yo_2+2 s s,
1) ys——6-0—h[147 Y5—360 Y1450 y;_2—400 yo_3+
(B) +225 y5_4—T72 95510 y,—¢]- (30)
2) yo= 812 y,—3132 y,_1+5265 ys—2—5080 y,— '
)y 180h2[ y Vs—1+95263 ys—2 Ys—3+
2970 Y,—4—972 Ys—5-+137 ys_s).

Passoxennst (28) npUMEHseM 1A pacyeta ys Wy, npu s=0, 1, 2.
C mnomoubio pasioxkeHuii (29) BolpaxaeM ys H ys UpH s=3, 4, .., n—3.
Hakonen, pasioxenus (30) cuayxar HaM JJd pacyeTa Ys H Ys TPpH
s=n—2, n—1, n (puc. 1). ) ,

[oacranoska pasnoxenui (28)—(30) nas ys H ys B CBOX (5) u3
(n+1) ypapHeHu# ¢ 3(n+1) HEH3BECTHBIMH Y » ys, ys npeBpallaer ero

B cBoX M3 {(n+1) a.nreépa.uqecxﬂx ypaBHEHHH TEPBOH CTENEHH C n+1 He-
H3BECTHBIMH ¥, (x=0, 1, 2, .., n):

+
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n
1) Z blxysz
E xfﬂ .
2) 3 b5y =0, (s=1,2,...,n—1). ' (31)

13:0 .
3) 2 bnny1=B
= .
i i r ”

Tak kak Boipaxenust (28)—(30) mns TNPOH3BORHBIX Ys, Ys AaHBI C
BBLICOKOH CTENeHblo TOUYHOCTH, TO ¢ TAKOH K€ NPHMEPHO BBICOKOH CTEHEHDBIO
TOYHOCTH OyAYT MOJY4YeHbl W 3HAYEHHS Y H3 DEIIeHHs CBOAA ypaBHEeHHH
(31) na LIBM. ITo 3toii xe caMoii npuunHe 3HAYEHHS Y; H3 pelleHHsi CBO-
aa (31) 6yayT HaiifleHbl C JOCTATOYHOH TOUHOCTBIO daxe NpPH CPaBHHTEIIb-
HO PENKOil CeTH COOTBETCTBYIOLIHX TOueK X ¢Ha ocu Ox.
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