M3BECTHUSI
TOMCKOTI'O OPJEHA TPYTOBOTIO KPACHOIO 3HAMEHH [TOJIMTEXHHUYECKOI'O
UHCTUTYTA unmenun C. M. KMPOBA

Tom 131 1965

O MOCHEXOBATEJBHOCTAX MOHOTOHHbIX ®YHKUHH

JI. E. TIOPTHOB

(Ilpencrasacna npod. 1. 1. Kydapesen)

O603naunuM uepe3 M = {¢ ({)} MHOKeECTBO BceX HENPepPLIBHLIX HeVEhI-
Balomx ¢yHxuui o (f), onpemeaenunx Ha [0,1], rakux, uro ¢ (0) =0,
¢ (1) =1.

Jlemma 1. TlycTth nmoc/enoBaTeabHOCTs PyHKUHH

{e. ()} C M (1)

CXOMUTCH H
Hm ¢, (£) = 9 (£).

Ecau £, — Touxa HempepbiBHOCTH GyHKUHH % (£), TO AJs Mo6oi 10-
CJAeA0BATeJNBHOCTH {fa}, ToE {»C[0,1] u lim{, =1, mnocaeaoBaTeIbHOCTb

1—+00

{2. (Zr)} (2) cxomutcs w lim o, (£,) = @ (£,).

n—-c0
FlocaenopartesbHocTs {£,} OyAeM CuUTaTh CTPOrO MOHOTOHHOH, 4TO
MOXKHO Je/1aTh, H€ Hapymas OOHIHOCTH pacCykIeHHH.
Tak kax ¢,(£) ¢ M u nocaenoBaTenbHOCTH {f,} MOHOTOHHA, TO CIpa-

BETUBO HEPaBEHCTBO ]
[ 2nim (Enim) — Pnsm bo)] l’n v (En) — nim ()] << l"?n+m (tn) o (a)]
+ [ 2asm (Lo) — 9 (L)l <Upa (E0) — 5 ()] +lonim (£} — @n (£))] - (3)
F{ Prem (En) — ¢ (£a)] < on (Eo) — 2 (E)] + |2 (Fa) — o (£0)] +
+ 12nam (E0) — @ (L) - Pnsm (2a) — o (£4)].
Bospmem ¢ > 0. Jlerxo Buiertn, 4TO

lcen(tu>—c.o<to>l<§ npn 1> N, (G, £), (4)
o () =2 ()] < 2 upn 1> Ny (s, 1),
onim (£2) %(to)[<;- npu 1> Ny (s, 4),
[on m(tn)-?(l‘n)|<;— npn  n> N, (s, £,).
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Orciona '

4
lc?n‘Tm (trz+m) — %n+m (fo)l < g €
npu n4m> Ny =max N, -+ N,. (b)

i=1,2,3
PaccMoTpuM HEDABEHCTBO

o, (£,) — @ (L) |5 (Fo) — 9n (£0)] + |05 (£0) — @n (£0).
W3 (4) u (b) umeem

@ () — € (£,)] <€g npu 2> Ny,
4
I“Pn (tn) — $n (tO)l < —5_3 ’ npHu n> ND’
H Iﬁ-on (tn) B (to)[ e opu n > N,.

Jlemma 2. [Tycth nocsaegoBareabHocT ¢y niuni {¢, (£)} C M, {b, )y M
pPaBHOMEPHO CXOIAIIUECH.

Torna mocaenoBaTenpHocTh Gynxuuit {7, [, (f)]} Takxe paBHOMEpHO
CXOAAIMANACS.

J10Xa3aTeabCTBO JIETKO CaejyeT H3 HepaBeHCTBa _
I [9 (O] — 2 [ (O <o [0 (O] — @ [ (O] + 19 [0 (] — 0 [Y0 (O1-
Teopema. Ilycth {2,(8)} (M n=1,2,... (6) 117 HEKOTOPOH 1OCAEN0-

BaTeabHOCTH {9, (8)} ({¢,(f)} MOXKHO YyKasaTe PABHOMEPHO CXOIAILYIOCH
[10CJAe10BATENbHOCTh (DYHKUHH

{bm (D)} CM (7)
TAKYI0, 4TO TOCJAEA0BATENbHOCTh (QyHKIHH
{em [V (O]} (8)

Gyser cxomuThes pasnomepro Ha [0, 1].

Teopemy [LOCTaTOYHO J0KA3aTh /IS CAyuas TOUEUHO cxoasiueficas no-
CAeLOBATEABHOCTH {¢,(f)} ¥ paspmBHOK dyHkmuu 9 (f). [HokasaTenscTBo
OyjeM BeCTH B NPEIJIOKEHHH, YTO YHCAO TOUEK PA3PhLIBA © (£) GECKOHEUHO.
B mpyrux ciayuasx J0OKasaTeqbCTBO YNPOUIAETCH.

JloxkasaTteabcTso. Tak kak GyHKnHA ¢ (£) MOHOTOHHA, TO TOUKH OT-
peska [0,1], B KOTOpPLIX OHA DAa3PHIBHA, MOXKHO 3aHYMEPOBATE.

[lycrs © (£) mueeT pa3pelBbl B TOUKAX fy, Loyeerstine.. (9)
MonomuM @ (£ —0) =a;(I), ¢(ti-+0)=0a3(d), i=1,2,..

[MocTpouM J/is Kaujaol TOUKH ¢; MOC/IE0BATEAbHOCTH

2y (2), %3 () ses Xy (0), .. (10)
yl (L)s y2 (i):---vyn (Z),, (11)
YAOBJIETBOpAIOIIHE YCJAOBHAM:
1) gtrgo Pn [x" (l)] =% (L)1 nl—l»g ©Cn [yn (L)] = &3 (t)s

9) tim x,(f) = lim y, (i) = £,,
n->00 n-—->o0
o a o
3) mpu i 7 j (x, v )N (xR, i) = 0.
Mokaxew, 4To Takue mocaenoBatenbHOCTH (10) 1 (11) nocTpouTbL MOXKHO.
BeezeM B pacCMOTPEHHe IOCJE10BaTeNbHOCTH

1 (2, 23 (8)yeees Xa (8. | (12)
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VD), 5 (D), v (D), .. (13)

rae X, (i) TakoBo, 4TO 9, [xn(z)] =a,({) u npn t>x0 (8) <, () > 9,.(i);
yu{i) TakoBa, uTo o, [y. L)] =, (i) n npu t < ¥y (i) ¢,(? <9(9( ).

ITycTb di = g, (z) — oy (). Tak kak ¢ (¢; —0) = a; ({), TO MOKHO VKa-
3aTh JJS KaXJA0r0 HaTypaJbHOTO YHCAA K TOUKY Px TaKy}o, 4TO

d,
o (pr) —oq (i |<2m—1’

[loayunm nocienoBaTesbHOCTb TOUEK {fx}.

Slcno, uto lim px = ¢,

(i4)

e — 1) <

2n+1 '

R-+20
g xaxa0l TOUKU px € {px} U 10CAE€10BATEABHOCTH (6) MOXHO VKa-
3aThb HOMED Mx TAKOH, YTO TIPH 71 > My

o (p) = ¢ (0] < 5 (1)

Takum 00pasoM, MOCAEAOBATEABHOCTH {pPr} CTABUM B COOTBETCTBHE MOCJe-
J0BaTEAbHOCTb YHCeA {/ic}. [lpu BBHIGPAHHOM My, Meyr OYAEM BHIOHDPATH
TaK, 4TOOBL OBIIO Mgyl > Mg,

Tenepb noCTpPOHM IOC/IE10BATENBHOCTL {X, (£)}

Xy () = 21 (8), % (0) = x5 (0),...,.x0 = X

(i) (&) (&)

X2 = Xmy2 =...= Xy, = P

() ) i) OnpeneasieM TakuM 06pasoM A5 BLeX
X = Xy, 10 = =X :p‘) J— rr

1 Mot 2 == 0. = X, 2 n>> My TakuX, 49TO @, (Px) (p ) >

e e e e Coe e ecin ke ¢, (f) Takoma, 4TO %, (ph) —

. R . @ .

“ (i ) - . eM X, = X (f).
X-m),{+1 :Xﬂl),c+2:-..:x$;’lh+l=pf{ ?(px) <0, 10 monara n n!( )

AHAJIOTHYHO CTPOHM MOCJeL0BaTeNbHOCTE {Y, ()}, TlocTpoenHnie Hamu

nocJje 0BaTeAbHOCTH {x,,)} {y(”} MOXHO CUMTaTh, COOTBETCTBEHHO, HOCJ€-
noBateabHocTaMu (10) u (11)
1) hrn @, [%, ()] ==, (£), uro caeayer us (10), Tak kak lim ¢ (p.) = =, (i).

K—=>00

AHaJlorano hm % [v, ()] = @ (2).
2) 1 1mx (z) = lim y, ({) = ¢,

3) x,z , vy )ﬂ(x (/) v.(/) =0 npu i/, arto caeayer u3 TOro, 4TO
(x,,(z ( ))ﬂ(x,, (), yu( /) =0 npu i+j a "amu Nocjes0BaTe1bHOCTH
n(z)}, {y, ()} nocTpoens Takum 06pazoM, uto (%, (1), ¥, (1)) C (xr (), vn (i),
Tak xaxk w3 (9) n (10) scuo, uro 9,(%Xa (2, ¥,(2)) C (o (8), 22 (2)).
[MoctpouM nocaenoBaTeabHOCTH HYHKUHI ,
{1, (£)} C M, (16)
rie
a(£) =9, () mpu € U(x,(d), y,(0), nuneina ua [x,(0), y, ()],
[TocTpoum mocaenoBaTesbHOCTH GYHKIHI
Gn(®) xk=1,2.. (17).
NpH K = Ky, =1, 2,... CIeAYIOMWHM 06Pa3oM:
x,(1) opu £ =x, (1),
() = lya (1) npu £ =y, (1),
muuefina Ha [0, x (D], [x, (1), v ()], [y, (1), 1],
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SIcno, uto & (¢) = lim 3, (#) wempepeBuass Ha [0,1] ¢yukuus, npHueM Ha

[0, x; (D], [y, (1), 1] & (£) cTPOro MOHOTOHHA, MOXHO CUHTaTh, 4TO 0-f,5~1
npu t ¢ [xl(l)a v (D], &' (£) = ¢y

Myctb o (¢) = ¢, npu ¢ ="y, T €A, rae A -~ uHTEDBAJL CTPOrOH MOHO-
TOHHOCTH (yHKUUU 0 (). '

[Tonoxum
3 (£) npu te€(Ry, Sy),

t, npu t €., = [a,, b)),

82 () = {npHueM = € [a,, b;] C(R,, S1) u orpesok [a,, b,] HacronbKO MaJa,

o () — 2 (O] < -

[Rmai)

[<3I)

[TocTpouM mocae0BaTeNbHOCTE (DYHKIHI
{Ba (B CM,

30 () npn te(Ry, Sy,
52 (£) = [¥n (2) npu t = a,,
! yu(2) mpu £ =0,
aunefina ua (R, ai], lay, 6,1, [b,, S\].

TaK

SIcno, uto lim &, (£) = 32(¢).

TMycts ywe noctpoenst 8 (£) u {3n (O},..., 3 (1) u {8, (6)} u mycts
W (1) = tesr TPU E = "ey1, Ti2 €A, T A= [Ry, Sc] — nnrepsana CTPoroi
MOHOTOHHOCTH (GyHKUHH &F (£).

[MonoxuM

[6"’(1,‘) npu ¢ & [Re, Sil,

3o (f) = _
ltlﬁ_l npu tEBTK_H: [aKa bf\”]:

3 (¢) npu £E[Rx Sl,

th‘—:-l IpH tE (i/é%—l = [aK, brc],

gl (t) = {[IPpHYEM Txii € [ax, by C(RK) SF) H OTpe30K [, b.] Ha- (18>
1

21c+1 ‘

CTOABKO Mad, uTo [3% (¢) — 8%+ (£)] <

[TocTpoum TaKKe MOCAe0BATEABHOCTh (PYHKUHE

A GIIGUN
rie B
8n (£) npu £ € (Rx, Sk,
X, (¥ 1) npu £ = a,
Vo + 1) npu £ = by,
aunefina na [Rx, ax], [@x bs], [bx Sil.
SIcno, uto lim oyt (£) = ¥+ (4).

n—-oo

MTak, uMeeM paBHOMEPHO CXOASIIHECs NOCAeJ0BATENbHOCTH QYHKUMH

31 () sy 30 (£),... lim By = & (2),



S (E)sners Bn{L),... lim By (£) = 5% (8). (19)

B cuay (18) 8(¢) = lim 6% (¢) nenpepoiBHaA QyHKIHA.

Paccmorpum dyukuun o, (£) € (1), 1,() ¢ (16) (20)
$ul X O] =71, (% (D], gy (D] =712 [y ()] (B cuay (16)).
[Tosnoxum

=)
<

; (l) — Tn [yrz (l)] —Tn [xn (”] .

2!1
[Tpounseeaem pasOuenue orpeska [x,(i), ¥,({)] rouxamn x,(i) = I, (i) <
<L () <o < hyn () = Y, (8),  ur00BL 9, [X, (D] 4 (p — 1) 2, (£) T2, (0) <<
Lo, [x,(0)] +p=, () npn (E 4, L,(8)), n rouxkamn x,(i) =S, (%)
< S () <o < Spn (£) = ¥, (£), 9100 Yu [Xa (D)) -+ (P — 1) 2a () S7a (8) <<
S inlxn (O] +p2, () E€1S—1 (), S, ()] p=1,2..2%

AW

[Toaoxum .
0 (6) = ol (t) + X X B (D) k=1,9,..
=1 p=l P K = K,
n=1t,2..

l(i) ¢t — S(}tl l(i)_ S(i) ¢ . -
@;i;(tl = {p ( [S(‘l))jsfl)ll ( . ) IpH fE[SI’Vl (1’)7 Sp(l)],
J P P

0 mpu £ [0, 1IN[Sp-1 (D), S, (0)]

£ mpu £E10, TN Ea (2), 3 (D)1,
an () = .
0 mpu teigl[xn (£)s yu ()1

Jlerko BUIETb, 4TO (OYHKUMH HOCJAELOBATENBHOCTH {%x (¢)} (20) Tako-
BE, 410 s (£) € M, 5 [6n (D] = xa (0), 75 [Ya (D] = ¥, () 1 mpn € [xa (i),

Va (D)) 1
20 [in (£)] = 10 (8)] < max e, ({) <§£' (21)

Tak kax limx, (i) = lim y, ({) = ¢, 1o #*(f) = lim 7, () = ¢, T. e. Kaxnaas
OCJAEOBATENLHOCTh (PyHKIHE {1, (£)} © =1, 2,... CXOAUTCA DPABHOMEPHO
Ha [0, 1] ((1]).
Mrak, Mb uMeeM MOC/IeI0BATeJIBHOCTH PaBHOMEDHO CXOIAIIMXCH
hyHKIUHA
0 (B yereytin (£, lim 74 (£) = £,
(29)
W (E)seestin (£),... lim 1, (£) = £.

n—-o

[lyets {K,}-m =1, 2,... NOCA€IOBATEIbHOCTL YHUCEA HATYpPaJbHOI'0 psiia
Takasg, 4YTo NpH i > K,
1

d, = ay (i) —a, (i) < om” (23)
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) Y
Takas mocreaoBaTeNbHOCTh CYUIECTBYET, TaK Kak Zdl< [. Ilycte nanee
i

{n,} nocienoBaTe/ pHOCTb HATYPaAbHLIX YMCEJ TaKas, 4TO

1
2_—m’
npHYeM [OCAeN0BATeABHOCT {/2,} CTPOUM TaK, 4TOOH OblI0 A, < m. TakyIlo
1OCJAe0BaTeIbHOCTL YHCea {#,} MOXKHO BHOpATh, TAK KaK MOCJAEZ0BATE/b-
nocru (19) u (22) cxonsrca paBHomepHo. OTciona, yurs (16), (20), (21),
(23) ¥ TO, YTO N, > M, UMEEM

m ~Km “Km 1
[finy, (£) — ] < (G, (1) — 8 7 ()] < o’

xm i
|90, [inm (£)) — Vny, (1) < 271 y (24)
lim 7 ™ (¢) = ¢, 1m 3," (£) = 1im 3™ (¢) = 3 (¢).

s mpoCTOTB 00O3HAYHUM

(o ()} = {2 (D), Dn (O} = {10 ()}
{am (O} = {0, (8)), B ()} = {3y, (£)).
Hepaseucreo (24) sanumercs Takx:
o U (O] — 1 ()] < 2im (24')

MMycets 9, (£) = 1, 18, (£)]. Tlo semme (2) nmocaenoBaTeabHOCTL (PyHKIHI
{4, (6)} (25) cxoauTCca PAaBHOMEPHO. ‘
Tenepb JJisi A0KA3aTENbCTBA TEOPEMHl JAOCTAaTOYHO MOKA3aTh, YTO RO-
CJe10BaTeNbHOCTh DYHKIME {7, [8,, (£)]} (26) cxomuTCcss paBHOMEpPHO.
B camoM nese, nmycTb ¢ > 0 NpOU3BOJNBHO.

[0 (9 ()] — €mrn [Pmin (t)” = "‘Pm {0 18 (O]} — Pmtn Mt B (OTH <
Lem O [0 (O — 1 B (D] 7+ 1Pt n Pimn [Bmn (O} — Ymetn [Smsn (€)] A

Jl_ ]Tm [am (t)] — Tm+a [atn+n (t)”- (27)

M3 noayuenHoro HepaBeHcTBa (27) ¢ yuetoM (247) ciepyer, 4TO IO
caenosatenbHocth GyHkuuil {¢, [¥, (£)1} (28) cxomuTcs pAaBHOMEPHO HA
orpeske [0, 1], ecau paBHOMEPHO CXOAHTCH INOC/JEAOBATENBHOCTL (PYHK-
uuit (26).

[TokaxeM, 4TO MOCAENOBATeAbHOCTh QYHKUHMIT (21) CXOOUTCA pPaBHO-
MepHO. JIAs1 3TOro JOCTaTOYHO NOKa3ark, yunteBas [11, uto £(£) = limy,,-

‘[am (£)] nenpepuieHag Ha [0, 1] yHkuus. o
Ilpu £¢[aq; bl
N y
i (0] = T Wm L= il Oy 1y,
b, — a,
Ho rtax xax 1im 7, (¥, ()] =, (8), Hmy, [V, ()] =a: (i), 1O
()= 200D gy e tela, b,

b, — a,
Mycrs E = [0, 11\ U#;, rae f¢,—Touka paspuiBa OQynxuun ¢ (f).
Ha E dyuxuus ¢ (£) nenpepsiBaa. [Tokaxew, 4o & (£)=¢ [¢ (£)] npu £ ¢4~ (E),
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Torga Tak kak o(f) mempepwniBHa Ha {0, 1], a ¢ (f) HenpepriBHA Ha E, TO
dynxuua £ (f) = ¢ {0 (¢)] uenpepniua Ha 8-'(E) = [0, [\ Ula, ;1.
Iycts £,68-1(E), Toraa & (£) €L, 1. e. &(f,) — TOUKA HENPEPHLIBHOCTH

pyHKuHH @(t)
Tak xax lim o, (£,) = ¢ (%), To no Jemme I

m—0o0o

lim 7 | O (f0)] = lim 9, [Sm (£)] = 2 [ (£0)].

Hpu £ €([0, IINUlas 1) 1 o ()] = [6 ()] B cuny (13) u (16).
Teneph HeTPYAHO BUAETh, uTO &(f) = lim 7, [3,,(¢)] ecTb dyHkuus He-

npepriBnast Bo Bcex toukax [0, 1], Tax kak
2 2] mpn £€571(E) = [0, 1IN\ Ulas, b,

() =
2 (£) _u__“'_(&(t—b)+°‘(l) npu ¢ [ai, b;]
b — a;

u ecam t.€5°1(E), Toriaa TpH t,—>a,-limcp [5(¢:)] = @ ({), Tak Kkax
5(t) - (t: —0), a npu £, — b:l 1m @ [6(te)] = ao (I), Tak Kax o (fx)— (£; 1+ 0).
Ecan we {£3€ [0, 1]\6~ 1(E 10 upn t; — a lim%(¢:) =a, ({) upu

K—=00O

te — by 1imé (£) = o5 (i), T. e. E(f) WempepuBHA B TOYKaX @i, b

JIMTEPATYPA
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