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We use the vector model of spinning particle to analyze the influence of spin-field coupling on the particle’s trajectory in ultrarela-
tivistic regime. The Lagrangian with minimal spin-gravity interaction yields the equations equivalent to the Mathisson-Papapetrou-
Tulczyjew-Dixon (MPTD) equations of a rotating body. We show that they have unsatisfactory behavior in the ultrarelativistic limit.
In particular, three-dimensional acceleration of the particle becomes infinite in the limit. Therefore, we examine the nonminimal
interaction through the gravimagnetic moment x and show that the theory with x = 1 is free of the problems detected in MPTD
equations. Hence, the nonminimally interacting theory seems a more promising candidate for description of a relativistic rotating
body in general relativity. Vector model in an arbitrary electromagnetic field leads to generalized Frenkel and BMT equations. If we
use the usual special-relativity notions for time and distance, the maximum speed of the particle with anomalous magnetic moment
in an electromagnetic field is different from the speed of light. This can be corrected assuming that the three-dimensional geometry

should be defined with respect to an effective metric induced by spin-field interaction.

1. Introduction

The problem of a covariant description of rotational degrees
of freedom has a long and fascinating history [1-13]. Equa-
tions of motion of a rotating body in curved background were
formulated usually in the multipole approach to description
of the body; see [1] for the review. The first results were
reported by Mathisson [2] and Papapetrou [3]. They assumed
that the structure of test body can be described by a set of
multipoles and have taken the approximation which involves
only first two terms (the pole-dipole approximation). The
equations are then derived by integration of conservation
law for the energy-momentum tensor, 7", = 0. Manifestly
covariant equations were formulated by Tulczyjew [4] and
Dixon [5, 6]. In the current literature, they usually appear in
the form given by Dixon (the equations (6.31)-(6.33) in [5]);
we will refer to them as Mathisson-Papapetrou-Tulczyjew-
Dixon (MPTD) equations. They are widely used now to
account for spin effects in compact binaries and rotating black
holes; see [14-16] and references therein.

Concerning the equations of spinning particle in elec-
tromagnetic field, maybe the best candidates are those of
Frenkel [9, 10] and Bargmann, Michel, and Telegdi (BMT)
[11]. Here, the strong restriction on possible form of semi-
classical equations is that the reasonable model should be in
correspondence with the Dirac equation. In this regard, the
vector model of spin (see below) is of interest because it yields
the Frenkel equations at the classical level and implies the
Dirac equation after canonical quantization [17].

In this work, we study behavior of a particle governed by
these equations (as well as by some of their generalizations)
in the ultrarelativistic regime. To avoid the ambiguities in the
passage from Lagrangian to Hamiltonian description and vice
versa, and in the choice of possible form of interaction, we
start in each case from an appropriate variational problem.
The vector models of spin provide one possible way to achieve
this (for early attempts to build a vector model, see review
[18]). In these models, the basic variables in spin sector
are " and 7,, where ! is non-Grassmann vector and 7,



represents its conjugated momentum. The spin-tensor is a
composite quantity constructed from these variables; $*” =
2(whn” — w'n"). To have a theory with right number of
physical degrees of freedom for the spin, certain constraints
on the eight basic variables should follow from the variational
problem. It should be noted that, even for the free theory
in flat space, search for the variational problem represents
rather nontrivial task (for the earlier attempts, see [19] and
the review [18]).

To explain in a few words the problem which will be
under discussion, we recall that typical relativistic equations
of motion have singularity at some value of a particle
speed. The singularity determines behavior of the particle in
ultrarelativistic limit. For instance, the standard equations of
spinless particle interacting with electromagnetic field in the
physical-time parametrization x*(t) = (ct, x(¢)),

d o
a - S P, )

0 = SFY,
dt [_;,"uvx#xv mc

become singular as the relativistic-contraction factor van-
ishes, 77,,,%"x” = ¢® —v* = 0. Rewriting the equations in the
form of second law of Newton, we find an acceleration. For
the case, the longitudinal acceleration reads @) = va = (e(c* -

v2)3/ 2 Imc’)(Ev); that is, the factor, elevated in some degree,
appears on the right hand side of the equation and thus
determines the value of velocity at which the longitudinal

acceleration vanishes, g 2 0. For the present case, the
singularity implies that, during its evolution in the external
field, the spinless particle can not exceed the speed of light c.

In the equations for spinning particle, instead of the
original metric (1, in flat and g, in curved space), emerges
the effective metric G,, = g,, + h,,, with spin- and field-
dependent contribution h,,,,. This turns out to be true for both
MPTD and Frenkel equations. This leads to (drastic in some
cases) changes [20, 21] in behavior of spinning particle as
compared with (1). The present work is devoted to detailed
analysis of the behavior in ultrarelativistic regime.

We will use the following terminology. The speed v,
that a particle can not exceed during its evolution in an
external field is called critical speed (we prefer the term
critical speed instead of maximum speed since v, generally is
spin- and field-dependent quantity; see below). The observer-
independent scale ¢ of special relativity is called, as usual, the
speed of light.

The work is organized as follows. In Section 2, we
define three-dimensional acceleration (28) of a particle in an
arbitrary gravitational field. The definition guarantees that
massive spinless particle propagating along four-dimensional
geodesic can not exceed the speed of light. Then, we obtain
expressions (46) and (47) for the acceleration implied by
equation of a general form (45). They will be repeatedly
used in the subsequent sections. In Section 3, we shortly
review the vector model of spin and present three equivalent
Lagrangians of the free theory. In Section 4.1, we obtain
equations of the particle minimally interacting with grav-
ity starting from the Lagrangian action without auxiliary
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variables. The variational problem leads to the theory with
fixed value of spin. In Section 4.2, we present the Lagrangian
which leads to the model of Hanson-Regge type [22], with
unfixed spin and with a mass-spin trajectory constraint. In
Section 4.3, we present the MPTD equations in the form
convenient for our analysis and show their equivalence with
those obtained in Section 4.1. In Section 4.4, we discuss the
problems arising in ultrarelativistic limit of MPTD equations.
The first problem is the discrepancy between the critical
speed and the speed of light. We should note that similar
observations were mentioned in a number of works. The
appearance of trajectories with space-like four-velocity was
remarked by Hanson and Regge in their model of spherical
top in electromagnetic field [22]. Space-like trajectories of
this model in gravitational fields were studied in [23, 24]. The
second problem is that the transversal acceleration increases
with velocity and blows up in the ultrarelativistic limit.

In [25], Khriplovich proposed nonminimal interaction
of a rotating body through the gravimagnetic moment .
In Section 5.1, we construct the nonminimal interaction
starting from the Hamiltonian variational problem and show
(Section 5.2) that the model with k = 1 has reasonable
behavior in ultrarelativistic limit. The Lagrangian with one
auxiliary variable for the particle with gravimagnetic moment
is constructed in Section 5.3. In Section 6 we construct two
toy models of spinless particle with critical speed different
from the speed of light. In Section 71 we analyze general-
ization of the Frenkel equations to the case of a particle
with magnetic moment in an arbitrary electromagnetic field
in Minkowski space. Here, we start from the Lagrangian
action with one auxiliary variable. In Section 7.2 we show
that critical speed of the particle with anomalous magnetic
moment is different from the speed of light, if we use the
standard special-relativity notions for time and distance. In
Section 7.3 we show that the equality between the two speeds
can be preserved assuming that three-dimensional geometry
should be defined with respect to effective metric arisen due
to interaction of spin with electromagnetic field. We point out
that a possibility of deformed relation between proper and
laboratory time in the presence of electromagnetic field was
discussed before by van Holten in his model of spin [26].

Notation. Our variables are taken in arbitrary parametriza-
tion 7, and then x* = dx*/dr. Covariant derivative is
VP = dP!/dT + Fgﬁjc“Pﬁ and curvature is R, = 0,17, -

o o
3,I%), + I%,IF), -
antisymmetrization, w#7”! = w7’ — w’n*. For the four-
dimensional quantities, we suppress the contracted indexes
and use the notations %“G,,,x" = xGx, N*,x" = (Nx)",
and w® = Guww'@”, u,v = 0,1,2,3. Notations for the scalar
functions constructed from second-rank tensors are 0S =
6"'S,, and 8> = $’S,,,.

When we work in four-dimensional Minkowski space
with coordinates x* = (x* = ct, x'), we use the metric
Huv = (=5 4,4, +), then kw = **w, = ~-5°w° + %', and so on.
Suppressing the indexes of three-dimensional quantities, we
use bold letters: v'y,;a’ = vya, VG, W = vGv, i, j = 1,2,3,
and so on.

r"pyrﬁ au- The square brackets mean
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Electromagnetic field:
F;w = ayAv - avAy = (FOi = _Ei’ Fl] = 6ijkBk) >
2)

1 1
Ei = —ZatAl- + aiAO, Bi = Eeiijjk = €ijkajAk.

2. Three-Dimensional Acceleration of
Spinless Particle in General Relativity

By construction of Lorentz transformations, the speed of light
in special relativity is an observer-independent quantity. As
we have mentioned in Introduction, the invariant scale is
closely related with the critical speed in an external field.
In a curved space, we need to be more careful since the
three-dimensional geometry should respect the coordinate
independence of the speed of light. To achieve this, we use
below the Landau and Lifshitz procedure [27] to define
time interval, three-dimensional distance, and velocity. Then,
we introduce the notion of three-dimensional acceleration
which guarantees that massive spinless particle propagating
along four-dimensional geodesic can not exceed the speed of
light. Expression (47) for longitudinal acceleration implied
by equation of the form in (45) will be repeatedly used in
subsequent sections.

Consider an observer that labels the events by the coordi-
nates x* of pseudo Riemann space [27, 28]

MO = i, (). = ot}

to describe the motion of a particle in gravitational field with
metric g,,. Formal definitions of three-dimensional quanti-
ties subject to the discussion can be obtained representing
interval in 1 + 3 block-diagonal form [27]

—ds® = Guydxtdx’

— 2
= [_goo (dxo + &dx’)]

¢ Yoo

90i90j i
+<gij— g001>dxdx].

This prompts introducing infinitesimal time interval, dis-
tance, and speed as follows:

=y o dxt
di = Y9 (dx° " &dx’> L (5)

(4)

c Yoo C\/_goo.
di? = <gij _ Juidoj > dx'dx’ = y,.jdxidxj,
gOO (6)
o
s dt

Therefore, the conversion factor between intervals of the
world time dx°/c and the time dt measured by laboratory
clock is

dt /=9 <1+ QOid_xi)_ )

ax" ¢ Goo dX°

Introduce also the three-velocity vector v with compo-

nents
-1 i
Vi _ ( dt ) dx (8)

dx") dx®

or, symbolically, v = dx'/dt. We stress that, contrary to
d/dx", the set (d/dt, d/dx") is nonholonomic basis of tangent
space (let e, = a@”,0, be a basis of tangent space and e =
at,dx®, where a*,a%, = 6", be the dual basis for e; i,
Y = 0/ox™" is

tangent to some coordinate lines x'*) if (eye, —eye,)f = 0;

el'le,) = O%,; e, is the holonomic basis (i.e., e

for the matrix a”,, which determines the dual basis e, this
condition reduces to the simple equation 9,a%, — d,a, = 0;
for the matrix which determines our 1 + 3 decomposition we
have aol4 = ~goulc\/=Gop» @9 = 0, and a'; = &';; then, for
instance, aﬂa% - avaoy = —(1/¢+/=900)(3, 9oy — 0ygoy) # 0550
the set (0/0t, 9/9x") generally does not represent a holonomic
basis). This does not represent any special problem for our
discussion since we are interested in the differential quantities
such as velocity and acceleration.

Equation (8) is consistent with the above definition of v:
Vo= dljdt)r = v = viyi-vj . In the result, the interval
acquires the form similar to special relativity (but now we
have v* = vyv):

2
—ds* = ~de* + dIP = -c*dr? (1 - Z—2> )
This equality holds in any coordinate system x*. Hence, a
particle with the propagation law ds*> = 0 has the speed
v? =% and thisis a coordinate-independent statement.
For the latter use we also introduce the four-dimensional

quantity
dt \" dxt dt \'
= (55) a((d—) ) (10)

Combining (8) and (7), we can present the conversion factor
in terms of three-velocity as follows:

-1 i
(d_t0> :VOZL_M. 1)
dx ~9o0 Y00

These rather formal tricks are based [27] on the notion
of simultaneity in general relativity and on the analysis of
flat limit. Four-interval of special relativity has direct physical
interpretation in two cases. First, for two events which occur
at the same point, the four-interval is proportional to time
interval; dt = —ds/c. Second, for simultaneous events, the
four-interval coincides with distance; dl = ds. Assuming
that the same holds in general relativity, let us analyze
infinitesimal time interval and distance between two events
with coordinates x* and x*+dx*. The world line y* = (°,y =
const) is associated with laboratory clock placed at the spacial
point y. So, the time interval between the events (y°,y) and
(y° + dy°,y) measured by the clock is

dt = -8 _ V79w 0 (12)

C Cc



Consider the event x* infinitesimally closed to the world line
(4°,y = const). To find the event on the world line which is
simultaneous with x*, we first look for the events yfl) and y(”z)
which have null-interval with x¥, ds(x*, yf;)) = 0. The equa-
tion g,,,dx"dx” = 0 with dx* = x* — y* has two solutions:
dx] = gudx'/ = goy + \Jdxydx/+/~gop; then ) = x° — dx!

and y&) = x% — dx". Second, we compute the middle point

1 dx'
L0 )= B
Yoo

By definition, the event (y°,y) with the null coordinate
(13) is simultaneous with the event (x° x) (in the flat limit,
the sequence y(”l), xH, yé) of events can be associated with
emission, reflection, and absorption of a photon with the
propagation law ds = 0; then the middle point in (13) should
be considered simultaneous with x°). By this way, we syn-
chronized clocks at the spacial points x and y. According to
(13), the simultaneous events have different null-coordinates,
and the difference dx” obeys the equation

i
x4 Q9 (14)
Yoo

Consider a particle which propagated from x* to x* + dx*.
Let us compute time interval and distance between these two
events. According to (13), the event

(xo +dx° + M,X) , (15)
Yoo

at the spacial point x is simultaneous with x* + dx*.
According to (12) and (13), the time interval between the
events x* and (15) is

dr = Y90 (dxo + @dx"). (16)
¢ 9oo

Since the events x* + dx" and (15) are simultaneous, this
equation gives also the time interval between x* and x¥ +
dx". Further, the difference of coordinates between the events
x# + dx* and (15) is dz" = (—gydx'/gyy dx'). As they are
simultaneous, the distance between them is

_ 90i%0j
Yoo

dl’ = -ds* = g,,dz"dz" = ( 9 )dx"dxf

17)
= yijdxidxj .

Since (15) occurs at the same spacial point as x*, this equation
gives also the distance between x* and x* + dx*. Equations
(16) and (17) coincide with the formal definitions presented
above, in (5) and (6).

We now turn to the definition of three-acceleration. The
spinless particle in general relativity follows a geodesic line. If
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we take the proper time to be the parameter, geodesics obey
the system

dxt  d*xt u o dx® dxP
a5 T ag Tlwas e T
(18)
Iwgs ds
where
™ 5= L " (3.5 + 9, - D 19
aﬁ_ag (zxgvﬂ"' BYor ~ vgotﬂ)' (19)

Due to this definition, system (18) obeys the identity g,,, (dx"/
ds)V (dx"/ds) = 0.

The system in this parametrization has no sense of the
case we are interested in, ds> — 0. So, we rewrite it in arbi-
trary parametrization 7.

dd (dedsty (A a e
dsdr\ds dr ) "\ds) 9 ar ar =7
dr_ 1
ds \/ngc,
this yields the equation of geodesic line in reparametrization-
invariant form

(20)

i ()
\—xgx dt \ \[-xgx
(21)

o B
X
\—xgx \[~xgx

Formalism (5)-(9) remains manifestly covariant under
subgroup of spacial transformations x° = x°, x' = x'(x"/),
and 0x'/0x" = @' j(x'). Under these transformations, gy, is a

scalar function and g is a vector while g;; and y;; are tensors.

—T¥4s(9)

Since g” Vik = &'y, the inverse metric of ¥;; turns out to be

(y™")" = g". Introduce the covariant derivatives V, of a vector
field & (x°, x*):

Vil = O + fikj (y)&. (22)

The three-dimensional Christoftel symbols r jk(y) are con-
structed with help of three-dimensional metric yij(xo,xk)
written in (6), where x° is considered as a parameter:

=i 1 ia
Fie () = 57" Oy + 0vy = 0avie) . (23)

0As a consequence, the metric y is covariantly constant, V,.y;; =
The velocity in (8) behaves as a vector, Vi) =
a j(x’k (x°))v"7(x°), so below we use also the covariant deriva-
tive
Y dx)
; = — —
Vo' = R T4 (y) Al (24)
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We associated with M" the one-parameter family of
three-dimensional spaces Mio = {5 Yip Viyij = 0} Note
that velocity has been defined above as a tangent vector to
the curve which crosses the family and is parameterized by
this parameter, X (x0).

To define an acceleration of a particle in the three-
dimensional geometry, we need the notion of a constant vec-
tor field (or, equivalently, the parallel-transport equation). In
the case of stationary field, gw(xk), we can identify the curve
% (x°) of M) with that of any one of Mio = {xF, yij(xk)}. So,
we have the usual three-dimensional Riemann geometry, and
an analog of constant vector field of Euclidean geometry is the
covariantly constant field along the line X (x0), Vofi = 0. For
the field of velocity, its deviation from the covariant constancy
is the acceleration [21]

i dt ! i dt ! dVi ~i ik
d~(ga) W=(a) gaTet @

To define an acceleration in general case, yij(xo, x'), we
need to adopt some notion of a constant vector field along the
trajectory x'(x") that crosses the family Mio. We propose the
definition which preserves one of basic properties of constant
fields in differential geometry. In Euclidean and Minkowski
spaces, the canonical scalar product of two constant fields
does not depend on the point where it was computed. In
(pseudo) Riemann space, constant vector field is defined in
such a way that the same property holds [29]. In particular,
taking the scalar product along a line x'(x°), we have
(d/dx°)(&, n) = 0. For the constant fields in the three-
dimensional geometry resulting after Landau-Lifshitz 1 + 3
decomposition, we demand the same (necessary) condition:
(d/dxo)[fi(xo)yij(xo,xi(xo))ni(xo)] = 0. Taking into account
that Vy;; = 0, this condition can be written as follows:

1 _ 1 _
(Vof + 800y 1»*1) + (5, Vol + 37 160)”7) =0. (26)

This equation is satisfied, if we take the parallel-transport
equation to be

Vofi + % (anyy_l)i =0. (27)

Deviation from the constant field is an acceleration. So we
define acceleration with respect to physical time as follows:

i dt ! i 1 —1\¢
a = <@> [Vov *3 (va(,yy ) ] . (28)

For the special case of stationary field, gw(xi), definition
(28) reduces to (25) and to that of Landau and Lifshitz; see
page 251 in [27].

The extra term that appeared in this equation plays an
essential role in providing that for the geodesic motion we

have g, 50. Asa consequence, geodesic particle in gravi-
tational field can not exceed the speed of light. To show this,
we compute the longitudinal acceleration (vya) implied by

geodesic equation (21). Take 7 = %Y then \—Xxgx = (dt/
dx®)+[c? - vyv, and spacial part of (21) is
< dt )‘1 d V f
-5) 70 = ; 29
dx’ dx’ \/cz —vyv \/c2 - vyv (29)

where

2
) =- (@> oo — F’jkvjvk
(30)

dt -1 k .
—2<@> I e :—F;vv”vv

is nonsingular function as v — c¢. Computing derivative
on the Lh.s. of (29), we complete dv' /dx° up to covariant
derivative V,v'":
‘ i =i ik dt
S N R
(D)
+ Li (vyv)
2(c? —vyv) dx° yel

For the derivative contained in the last term we find, using
covariant constancy of y,

% [vy (xo, xi) v] = 2vyVyVv + VO,V + vV pv 2

= 2vyVyVv + VO, pv.

Then, (29) acquires the form

- J .
(d_to> |:Mle0V] + (‘; Oyv) Vl
dx 2(c? —vyv) (33)
= fi + filele,
where
‘ Y (vy),
M =8+ 55— (34)
2 —vyv
We apply the inverse matrix
j j 2
and use the identity
A 2 ,
M= (36)
j 2
and then
dr \™! i (Vogyv)
o) |Vt e Y
(37)



Next, we complete Vovi up to acceleration (28). Then, (37)
yields

i 1(dt\T! Sy (VOpyv)
/=3 () [oan -

vi]
8)

+ ]T/Iij [—Fjvvﬂvv + fjkl (y) vkvl] .

Contracting this with (vy);, we use (vy)iﬂi j = ((c* - vyv)/
cz)(vy) j and obtain longitudinal acceleration

1/ dt\™" (vyv)
vya= > (ﬁ) [(vaoyv) — (voyyv) 2
(39)
vyv i y =i
+ (1 - C%) (vy), [—va“v +T 4 (y) vkvl] .
This implies vya — 0 as vyv — c”.

The last term in (28) yields the important factor (vo,yv)
in (39). As equations of motion (38) and (39) do not contain

the square root 4/c? — vyv, they have sense even for v > c.

Without this factor, we would have vya # 0 as vyv — ¢,
so the particle in gravitational field could exceed ¢ and then
continue to accelerate. The same happens if we try to define
acceleration using usual derivative instead of the covariant
one. Indeed, instead of (28), let us define an acceleration
according to the expression a = (dt/dx") M dv /dx® +
(1 /2)(vaoyy_1)i]. Then for the geodesic particle we obtain,
instead of (39), the longitudinal acceleration vya' = [rhs.

of (39)] - (vy)ifljk(y)(dxj/dxo)vk = [rhs. of (39)] -
(1/ 2)aiyjkvivj vk, The extra term does not involve the factor
- vyv and so does not vanish at |v| = c.

Let us confirm that ¢ is the only special point of function

(39) representing the longitudinal acceleration. Using (19),
(6)-(10), (23), and the identities

)’ijgjk = 8ik’
. . (40)
0 gOt
Yijgj =0
Yoo

we can present the right hand side of (39) in terms of initial
metric as follows:

vya

& —vyv c dr \! k
) 2¢+/=9oo { V=900 [<ﬁ> %o + ¥ akgoo]

dr \? dr \7'
_aogoo<@> —250g0k(@> v (41)

2
kl_c—vyv{ c
3,V =
oK } N

V”aygoo

2 V=900

- aong”vv} .
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The quantity ¥* has been defined in (10). Excluding +°
according to this expression, we obtain

vya = ¢ —vyv 1Vkakgoo ~ 29, ( Yoi > ¥
2+/=900 | V=900 V=900

(42)
1 .
- ST 9 A O
c Oyl]vv}

For the stationary metric, gw(xk), (42) acquires a specially
simple form:

k
vya = — (c2 - vyv) %. (43)
2900

This shows that the longitudinal acceleration has only one
special point in the stationary gravitational field; vya — 0
as vyv — c>. Then, the same is true in general case (41), at
least for the metric which is sufficiently slowly varied in time.
While we have discussed the geodesic equation, the
computation which leads to formula (39) can be repeated for
a more general equation. Let us formulate the result which
will be repeatedly used below. Using the factor 1/—Xxgx, we
construct the reparametrization-invariant derivative

1 d
D=—J2.
\~xgx drt
Consider the reparametrization-invariant equation of the
form

(44)

DDx" (t) = #* (Dx",...) (45)

and suppose that the three-dimensional geometry is defined
by g,,,- Then, (45) implies the three-acceleration

a = Mlj [(c2 —vpv) F + Iy (y) vkvl]
_ i (46)
dt \' NV
+ % <d—xto> [(Vao)’)’ -5 (VaOYV)]

and the longitudinal acceleration

(@ —vp)’
wa= 1 e
2 i
e L T R

1 dt\™
+ E <@> (vaoyv)] .
The spacial part of the force is F' = F'(v'/+/c2 — vyv), where

v is given by (10) and the connection r «(p) is constructed
with help of the three-dimensional metric y; (gij —
90i90j/ Goo) according to (23). For the geodesic equation in
this notation, we have &' = —T* W(V" v’/ (c2 —vyv)). With this
F', (46) and (47) coincide with (38) and (39).
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3. Vector Model of Relativistic Spin

The variational problem for vector model of spin interacting
with electromagnetic and gravitational fields can be formu-
lated with various sets of auxiliary variables [17, 30-33].

For the free theory in flat space, there is Lagrangian action
without auxiliary variables. Configuration space consists of
the position x* () and non-Grassmann vector w" (7) attached
to the point x¥. The action reads [20, 32]

S = —% Jdr\/mzcz - %\/—XNX

The matrix N,, is the projector on the plane orthogonal to w:

w, w.
_ u
Ny =t = =57
then N,,N* = N,”, (49)
N,w" =0.

The double square-root structure in expression (48) seems
to be typical for the vector models of spin [22, 34]. This
yields the primary constraint T, in (62) and, at the end,
supplementary spin condition (77). The parameter m is mass,
while a determines the value of spin. The value a = 3h?/4
corresponds to an elementary spin one-half particle. The
model is invariant under reparametrizations and local spin-
plane symmetries [35] (the reparametrizations are 7 — 7' (1),
X' = x*(1), and '*(7") = wh(1); i.e., both x and w are
scalar functions; the local spin-plane transformations act in
the plane determined by the vectors w* and 7”).

The spin is described by Frenkel spin-tensor [9]. In our
model, this is a composite quantity constructed from w” and
its conjugated momentum 7, = 9L/0&" as follows:

S =2(n" - 'n) = (7 =D, S =26;S,),  (50)

and then §; = ¢ wm = (1/4)€;3S. Here, S; is three-
dimensional spin-vector and D; is dipole electric moment
[12]. In contrast to its constituents w” and 7”, the spin-
tensor is invariant under local spin-plane symmetry and thus
represents an observable quantity. Canonical quantization of
the model yields one-particle sector of the Dirac equation
(17].

In formulation (48), the model admits minimal interac-
tion with electromagnetic field and with gravity. This does not
spoil the number and the algebraic structure of constraints
presented in the free theory. To describe the spinning particle
with magnetic and gravimagnetic moments, we will need the
following two reformulations.

In the spinless limit, « = 0 and w” = 0, functional (48)
reduces to the standard expression, —mc+/~&"x,,. The latter

can be written in equivalent form using the auxiliary variable

- &N + \/ [xNx + ONw]? - 4 (xNw)>. (48)

A(7) as follows: (1/21)%* — (A/2)m?c>. Similarly to this, (48)
can be presented in the equivalent form

1
L=— [kac +wNw
4,

M

- \/[xNx + ONw]? - 4 (wa)z] -5

)
w? ]’
In this formulation, our model admits interaction of spin

with an arbitrary electromagnetic field through the magnetic
moment; see Section 7.1. Another form of the Lagrangian is

[(mc)2 (51)

L= —\/ﬂ\/u - 22)"' [~&Nx - @N@ + 2AkNa@] = (52)

n_ M
[ 2« | ToA2 1o | (N
- - Zql-(N& N . (33
(mc) e (N%, Nw) A " <Nw> (53)
1-A2 1-22

Its advantage is that the expression under the square root
represents quadratic form with respect to the velocities x and
@. To relate Lagrangians (48) and (52), we exclude A from
the latter. Computing variation of (52) with respect to A, we
obtain the equation

(kN@) \* - (kNx + @N@) A + (kN@) =0,  (54)

which determines A:

Ay
(xNx + @N@) + \/ (kNx + @N@)* — 4 (xNaw)* (55)
B 2 (xN) '
We substitute A, into (52) and use A,A_ = 1, and then

(52) turns into (48). In formulation (52), our model admits
interaction of spin with gravity through the gravimagnetic
moment; see Section 5.3.

4. Minimal Interaction with an Arbitrary
Gravitational Field

4.1. Lagrangian and Hamiltonian Formulations. The minimal
interaction with gravitational field can be achieved by covari-
antization of the formulation without auxiliary variables. In



expressions (48) and (49), we replace 7, — g, and usual
derivative by the covariant one; @* — Vo = do/dT +
r ﬁx"‘wﬁ . Thus, our Lagrangian in a curved background reads
[33]

1 55 1/2
L=-— [m c ——]
V2 w?

: \j %N - VoNVa + \[¥Nx + VoNVo]* - 4 (kNVaw)? (56)
1 1/2
=-— [mzc2 - ﬁ] L.

Velocities &, Vw* and projector N, transform like con-
travariant vectors and covariant tensor, so the action is man-
ifestly invariant under general-coordinate transformations.

Let us construct Hamiltonian formulation of model (56).
Conjugate momenta for x* and w* are p, = JL/0x" and
m, = 0L/0&", respectively. Due to the presence of Christoffel
symbols in V¥, the conjugated momentum p, does not
transform as a vector, so it is convenient to introduce the
canonical momentum

P, =p,- F w Tgs (57)

the latter transforms as a vector under general transforma-
tions of coordinates. Manifest form of the momenta is as
follows:

J— [mzcz—ﬁ]l/2 [N,&" - K,]
“ _\/ELO wZ wv ul>
) (58)
1 22 al'? v
ﬂH:\/_Z—LO[mc —E] [NIWV(() _RM]’
with
K, =T [(xNx + VoNVw) (Nx),,
~ 2 (xNVw) (NVaw),|,
(59)
R, =T *[(xNi + VoNVw) (NVw),
-2 (¥NVw) (Nx),] .
These vectors obey the following remarkable identities:
K® = #Nx,
R® = VoNVo,
KR = -xNVw, (60)
XR + VwK =0,

Kx + RVow = \/ [xNx + VoNVw]? - 4 (xNVw)>.

Using (49), we conclude that wmr = 0 and Pw = 0; that is, we
found two primary constraints. Using the relations in (60), we
find one more primary constraint, P = 0. Atlast, computing
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P?>+7” given by (58); we see that all the terms with derivatives
vanish, and we obtain the primary constraint

T, EP2+mzcz+nz—%:0. (61)

In the result, action (56) implies four primary constraints, T}
and

T, =wr =0,
T, =Pw =0, (62)
T,=Pr=0.

The Hamiltonian is constructed excluding velocities from the
expression

H=px+no-L+MT;=Px+nVo-L+MT;, (63)

where A; is the Lagrangian multipliers associated with the
primary constraints. From (58), we observe the equalities

= (V2Ly) '(m*c* - a/w?)*[kNx — %xK] and nVw =
(\/ELO)’l(mzc2 - (x/wz)l/z[VwNVw — VwR]. Together with
(60), they imply Px+nVw = L. Using this in (63), we conclude
that the Hamiltonian is composed of the primary constraints

H=/\2<P +m’c +n—w1)+)t(wn) (64)
+ A5 (Pw) + A, (Prr).

The full set of phase-space coordinates consists of the pairs
x*,p, and w*,7,. They fulfill the fundamental Poisson

brackets {x",pv} = 6% and {w",7,} = 8! and then {P, {P,P} =
R”AM , {Pﬂ,w”} = I‘;aw“, and {P,m} = F:yn[x For the

quantities x¥, P¥, and $*”, these brackets imply the typical
relations used by people for spinning particles in Hamiltonian
formalism.

{x*,p,} = &%,

(PP} = R, .
{p,s¥} =T s"ﬁ Ik s,

wr qafl _ pavf  _ufova _vaoupf v que
{7, 5%} = 2(g"*SF - g™ - g + gPsH).

To reveal the higher-stage constraints and the Lagrangian
multipliers, we study the equation T; = {T,H} = 0. T,
implies the secondary constraint

. 2 [e4
T2=O=>TSE7T—E:O; (66)
then T, can be replaced on P* + m*c* = 0. Preservation in

time of T, and T; gives the Lagrangian multipliers A; and A,:
A; =2al, (n0P),

(67)
A, = —2a), (wOP),
where we have denoted
B, = RogyS™ (68)
2
(69)

T 1emAc? + 0S)°
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TABLE 1: Algebra of constraints.
Tl TS T2 T3 T4
1 1
T, = P> + m*¢* 0 0 0 3 (wOP) 3 (m6P)
2« 2T,
TS =7 — E 0 0 —2T5 —2T4 —F
T, = wn 0 2T, 0 -T; T,
1 1
T, = P —— (wlP 2T, T. -——
3 () 5 (wOP) T4 3 8a
1 2T, 1
T4 = Pn —E (nGP) ? —T4 g 0

Preservation in time of T| gives the equation A;(wOP) +
A4(mOP) = 0 which is identically satisfied by virtue of (67). No
more constraints are generated after this step. We summarize
the algebra of Poisson brackets between the constraints in
Table 1. T, and T, represent a pair of second-class constraints,
while T,, Ts, and the combination

T, =T, +4a (nOP) T; — 4a (wOP) T, (70)

are the first-class constraints. Taking into account that each
second-class constraint rules out one phase-space variable,
whereas each first-class constraint rules out two variables, we
have the right number of spin degrees of freedom, 8—(2+4) =
2.

It should be noted that w* and 7 turn out to be space-
like vectors. Indeed, in flat limit and in the frame where p* =
(p°, 0), the constraints wp = 7p = 0 imply w° = 7° = 0. This
implies w* > 0 and 77* > 0. Combining this with constraint
(66), we conclude w® > 0 and 72 > 0.

We point out that the first-class constraint T5 = 7° —
«/w” = 0 can be replaced on the pair

2
717 = const,
(71)
2
w” = const;

this gives an equivalent formulation of the model. The
Lagrangian which implies constraints (62) and (71) has been
studied in [17, 30, 31]. Hamiltonian and Lagrangian equations
for physical variables of the two formulations coincide [32],
which proves their equivalence.

Using (67), we can present Hamiltonian (64) in the form

H
- % (P* + m’c® + 4a [(n6P) (Pw) — (wbP) (Pm))) 72)
A
+ ?1<n2— a%) + A, (wr).

The dynamics of basic variables is governed by Hamilto-
nian equations Z = {z, H}, where z = (x, p,w, ), and the

Hamiltonian is given in (72). Equivalently, we can use the
first-order variational problem equivalent to (56):

Sy = Jdrpﬂx“ +m,a"

_[%<P2+(mc)2+ﬂ2—a%)+)tz(“’”) (73)

+ A5 (Pw) + Ay (Pn)] .

Variation with respect to A; gives constraints (61) and (62),
while variation with respect to x, p, w, and 7 gives the
dynamical equations. By construction of Sy, the variational
equation 8S,/8p, = Ois equivalent to x* = {x*, H} and so on.
The equations can be written in a manifestly covariant form
as follows:

i = A [P* +2a [(mOP) " — (wOP) n"]],  (74)
VP, = R, 1,05, (75)

V! = =2A,a (wOP) P* + L,w" + A 7",

, (76)

Vm, = -2A,a (nOP) P, - Aym, — /\IE'
According to general theory [29, 36, 37], neither con-
straints nor equations of motion determine the functions A,
and A,. Their presence in the equations of motion implies
that evolution of our basic variables is ambiguous. This is
in correspondence with two local symmetries presented in
the model. The variables with ambiguous dynamics do not
represent observable quantities, so we need to search for
variables that can be candidates for observables. Consider
antisymmetric tensor (50). As a consequence of T; = 0 and
T, = 0, this obeys the Pirani supplementary condition [4, 5, 7]

S¥P, = 0. (77)
Besides, the constraints T, and T fix the value of square
§S,, = 8a, (78)

so we identify S*” with the Frenkel spin-tensor [9]. Equations
(77) and (78) imply that only two components of spin-tensor
are independent, as it should be for spin one-half particle.
Equations of motion for $*” follow from (76). Besides, we
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express (74) and (75) in terms of the spin-tensor. This gives
the system

it =)y [P+ as0,,P%], (79)

1 af v _ 1 LV
VPH = _A_LR”W‘BS X = _Zel”x 5 (80)
VS =2 (P*x” - P'%"), (81)

where 0 has been defined in (68). Equation (81), contrary
to (76) for w and 7, does not depend on A,. This proves
that the spin-tensor is invariant under local spin-plane
symmetry. The remaining ambiguity due to A, is related with
reparametrization invariance and disappears when we work
with physical dynamical variables x'(t). Equations (79)-(81),
together with (77) and (78), form a closed system which
determines evolution of a spinning particle.

To obtain the Hamiltonian equations, we can equally
use the Dirac bracket constructed with help of second-class
constraints:

{A) B}D = {A> B}

(82)

_ é [{A, T3} {T,, B} - {A, T,}T3, BY].

Since the Dirac bracket of a second-class constraint with any
quantity vanishes, we can now omit T; and T, from (72); this
yields the Hamiltonian

M

H:
)

(P +mc) + % (7= 5)+hem. 63

Then, (74)-(76) can be obtained according to the rule z =
{z,H,}p. The quantities x*, P¥, and S*’, being invariant
under spin-plane symmetry, have vanishing brackets with the
corresponding first-class constraints T, and T. So, obtaining
equations for these quantities, we can omit the last two terms
in Hy, arriving at the familiar relativistic Hamiltonian

M

H, = 5 (P2 + mzcz). (84)

Equations (79)-(81) can be obtained according to the rule
z = {z,H,}p. From (84), we conclude that our model
describes spinning particle without gravimagnetic moment.
The Hamiltonian with gravimagnetic moment x has been
proposed by Khriplovich [25] adding nonminimal interac-
tion (/\1/2)(1{/16)RWDCI;SWS“/3 to the expression for H,. The
corresponding Lagrangian formulation will be constructed in
Section 5.1.

Let us exclude momenta P and the auxiliary variable
A, from the Hamiltonian equations. This yields second-order
equation for the particle’s position x*(t). To achieve this, we
observe that (79) is linear on P.

i =20T" P, with T, = 6% + a$"“6,,.  (85)
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Using the identity

(S0S)"” = —% (50)S", where 0 = $%6,5  (86)

we find inverse of the matrix T :

=H
91/26#11_

1
Nad?)
2.2 oV
8m=c (87)

G _se
,9 , =06,

s0 (85) can be solved with respect to P¥, P¥ = (1/A1)§”Hykv.
We substitute P into the constraint P> + m?c* = 0; this gives

expression for A;:

-G _itx”

' \ O X _ V-iGx (88)
! mc - omc

We have introduced the effective metric

G, = ’Gfaﬂgaﬁ’cfﬁv. (89)
The matrix G is composed of the original metric #,, plus
(spin- and field-dependent) contribution; G, =, +h,,,(S).
So, we call G the effective metric produced along the world
line by interaction of spin with gravity. The effective metric
will play the central role in our discussion of ultrarelativistic
limit.

From (85) and (88), we obtain the final expression for P,

mc
V-xGx
. mc u 1 0. i°
= X - o X N

V-xGx 8m?c?

and Lagrangian form of the Pirani condition,

=H v

p* =
(90)

1

- 8 (mc)*

u v
S§* %

(8S6x)" = 0. (91)

Using (90) and (91) in (80) and (81), we finally obtain

=+
T %

V-xGx

1
Y = ——— RV, ;8" (92)

VSH = xlesg 5. (93)

1
4mcV—-xGx
These equations, together with conditions (91) and (78),
form closed system for the set (x*,S*”). The consistency of
constraints (91) and (78) with the dynamical equations is
guaranteed by Dirac procedure for singular systems.

4.2. Lagrangian Action of Spinning Particle with Unfixed Value
of Spin. Lagrangians (48) and (56) yield the fixed value of
spin (78); that is, they correspond to an elementary particle.
Let us present the modification which leads to the theory
with unfixed spin and similarly to Hanson-Regge approach
[22], with a mass-spin trajectory constraint. Consider the
following Lagrangian in curved background:
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1

VwNV
L= Nk - p Yot ve |
V2 w?

where [ is a parameter with the dimension of length. Applying
the Dirac procedure as in Section 4.1, we obtain the Hamilto-
nian

2 2
H= A P amtd+ 29 ) 4 A, (wr) + A5 (Pw)
2 I? (95)

+ A, (Pm),

which turns out to be combination of the first-class con-
straints P? + m?c* + T?w?/> = 0 and wr = 0 and
the second-class constraints Pw = 0 and Pmr = 0. The
Dirac procedure stops on the first stage; that is, there are no
secondary constraints. As compared with (56), the first-class
constraint 7”—a/w” = 0 does not appear in the present model.
Due to this, square of spin is not fixed; $* = 8(w*7* — wrm) =
8w’m*. Using this equality, the mass-shell constraint acquires
the string-like form

2, 22, 1 o
P am’c + 58t =0, (96)
The model has four physical degrees of freedom in the
spin-sector. As the independent gauge-invariant degrees of
freedom, we can take three components $” of the spin-tensor
together with any one product of conjugate coordinates, for
instance, w’7°.
Using the auxiliary variable A, we can rewrite the
Lagrangian in the equivalent form

> VoNVw

1
L=—|xNx+1
21 w?

- J[xNMV“’Nw P pENve? | o O
w? w? 4

22
-m’c”.
Contrary to (94), it admits the massless limit.

4.3. Mathisson-Papapetrou-Tulczyjew-Dixon (MPTD) Equa-
tions and Dynamics of Representative Point of a Rotating Body.
In this section, we discuss MPTD equations of a rotating
body in the form studied by Dixon (our S is twice of that of
Dixon) (for the relation of the Dixon equations with those of
Papapetrou and Tulczyjew, see page 335 in [5]),

1 , 1
VPt = —ZR“vaﬁS“ﬁxy =

VS¥ =2 (P¢x" - P'&"), (99)

(0x)", (98)

P, =0 (100)

>

w

\j[xNx ypYeN@)? _, GNVe)’ (94)
2 2

and compare them with equations of motion of our spinning
particle. In particular, we show that the effective metric G,
also emerges in this formalism. MPTD equations appeared
in multipole approach to description of a body [1-6], where
the energy-momentum of the body is modelled by a set of
multipoles. In this approach, x¥(7) is called representative
point of the body; we take it in arbitrary parametrization
T (contrary to Dixon, we do not assume the proper-time
parametrization; i.e., we do not add the equation g,,x"x” =

- to the system above). S$#”(7) is associated with inner
angular momentum, and P¥(7) is called momentum. First-
order equations (98) and (99) appear in the pole-dipole
approximation, while algebraic equation (100) has been
added by hand (for geometric interpretation of the spin
supplementary condition in the multipole approach, see
[5]). After that, the number of equations coincides with the
number of variables.

To compare MPTD equations with those of Section 4.1,
we first observe some useful consequences of system (98)-
(100).

Take derivative of the constraint, V(S*’P,) = 0, and use
(98) and (99); this gives the expression

(P%) P = PP + % (S05)", (101)
which can be written in the form
p? 1 P* —u
pﬂ:—(&ﬂ —SO“)'VE—&' ¢ (102
B O g O )X = A 10

Contract (101) with x,. Taking into account that (Px) < 0, this
gives (Px) = -V-P? V-9 . Using this in (102), we obtain

“/—Pz _
P¥ = N (7 56)”)
— 1
g ="+ TSR

For the latter use, we observe that in our model with
composite §*” we used identity (86) to invert T*; then
Hamiltonian equation (79) has been written in the form of
(90); the latter can be compared with (103).

Contracting (99) with Sy and using (100), we obtain
(d/dT)(S’”SW) = 0; that is, square of spin is a constant
of motion. Contraction of (101) with P, gives (PSOx) = 0.
Contraction of (101) with (x6) u gives (PBx) = 0. Contraction

of (98) with P, gives (d/d7)(P*) = —(1/2)(PBx) = 0; that is,

P? is one more constant of motion, say k, V—P? = k = const
(in our model this is fixed as k = mc). Substituting (103)
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into (98)-(100), we now can exclude P¥ from these equations,
modulo to the constant of motion k = V—P2,

Thus, square of momentum can not be excluded from
system (98)-(101); that is, MPTD equations in this form do
not represent a Hamiltonian system for the pair x*, P*. To
improve this point, we note that (103) acquires a conventional
form (as the expression for conjugate momenta of x* in the
Hamiltonian formalism) if we add to system (98)-(100) one
more equation, which fixes the remaining quantity P* (Dixon
noticed this for the body in electromagnetic field; see his
equation (4.5) in [6]). To see how the equation could look,
we note that for nonrotating body (pole approximation) we
expect equations of motion of spinless particle; Vp* = 0,
p* = (mc/\—xgx)x", and p* + (mc)* = 0. Independent
equations of system (98)-(101) in this limit read VP* = 0,
P* = (V=P?/\[~kgx)x". Comparing the two systems, we
see that the missing equation is the mass-shell condition
P* + (mc)* = 0. Returning to the pole-dipole approximation,
an admissible equation should be P? + (mc)* + fG,...) =0,
where f must be a constant of motion. Since the only constant
of motion in arbitrary background is S*, we have finally

P’ =—(me)* - f(S%). (104)

With this value of P?, we can exclude P¥ from MPTD equa-
tions, obtaining closed system with second-order equation
for x* (so, we refer to the resulting equations as Lagrangian
form of MPTD equations). We substitute (103) into (98)-
(100); this gives

@)
Y - 0x), (105)
—%T i 4+/-p2
1
VS = il (50%)”, (106)
4V-P2N-%T x
(SSOx)* = —8P* (Sx)*, (107)

where (104) is implied. They determine evolution of x* and
S for each given function f(S*).

It is convenient to introduce the effective metric &
composed of the “tetrad field” I MV:

?;w = gocﬁg:a,ug:ﬁv (108)
Equation (107) implies the identity
xT x = %%, (109)

so we can replace V-%T & in (105)-(107) by V-xZx.

Advances in High Energy Physics

In resume, we have presented MPTD equations in the
form

|

—xCx
VP = 1 (0x)¢
=T (110)
VSH = 2P i
SP, =0
P*+(me)* + f(S%) =0, (111)
§% is a constant of motion, (112)

with :/O:Hv given in (103). Now, we are ready to compare them
with Hamiltonian equations of our spinning particle, which
we write here in the form

Vs¥ = 2P, (113)
S¥P, =0,
P* + (mc)* =0,
§* = 8a,

with 91’41, given in (87). Comparing the systems, we see that
our spinning particle has fixed values of spin and canonical
momentum, while for MPTD particle the spin is a constant
of motion and momentum is a function of spin. We conclude
that all the trajectories of a body with given 7 and §* = B are
described by our spinning particle with spin &« = 3/8 and with

the mass equal to \/m? — f2(f8)/c2. In this sense, our spinning
particle is equivalent to MPTD particle.

We point out that our final conclusion remains true even
if we do not add (104) to MPTD equations; to study the class
of trajectories of a body with V—P? = k and §* = 3, we take
our spinning particle with m = k/c and o = /8.

MPTD equations in the Lagrangian form in (105)-(107)
can be compared with (91)-(93).

4.4. Ultrarelativistic Limit: The Problems with MPTD Equa-
tions. The equations for trajectory (92) and for precession of
spin (93) became singular at critical velocity which obeys the
equation

%Gx = 0. (114)

As we discussed in Introduction, the singularity determines
behavior of the particle in ultrarelativistic limit. In (114),
effective metric (89) appeared instead of the original metric
gy»- 1t should be noted that the incorporation of constraints
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(62) and (66) into a variational problem, as well as the
search for an interaction consistent with them, represents
very strong restrictions on possible form of the Lagrangian.
So, the appearance of effective metric seems to be unavoidable
in a systematically constructed model of spinning particle.
The same conclusion follows from our analysis of MPTD
equations in Section 4.3.

The effective metric is composed of the original one plus
(spin- and field-dependent) contribution; G = g+h(S). So, we
need to decide which of them the particle probes as the space-
time metric. Let us consider separately the two possibilities.

Let us use g to define the three-dimensional geometry in
(5)-(8). This leads to two problems. The first problem is that
the critical speed turns out to be slightly more than the speed
of light. To see this, we use the Pirani condition to write (114)
in the form

2
_<%> xGx = (c2 —vyv)

:0’

+ ——— (vOSSOv)
(2mzc2)2 (115)

with v defined in (10). Using the expression $*” = 2w#7,

we obtain

2
- (%) %G
= (c2 - vyv) + ﬁ (712 (VBw)* + w* (v@r:)z) (116)
m2c
=0.

As 7 and w are space-like vectors (see the discussion below
(70)), the last term is nonnegative; this implies |v | > c. Let
us confirm that generally this term is nonvanishing function
of velocity; then |v | > c. Assume the contrary that this term
vanishes at some velocity; then

V0w = B0’ + V'@’ = 0, (117)
VO = Oy’ + 0,,v'm° = 0. (118)

We analyze these equations in the following special case. Con-
sider a space with covariantly constant curvature V,R .z =
0. Then, (d/dT)(OWS”") = ZG#VVS’”', and using (93) we
conclude that 6,5 is an integral of motion. We further
assume that the only nonvanishing part is the electric [38]
part of the curvature, Ry;y; = K, with detKj; # 0. Then, the
integral of motion acquires the form

0,,8" = 2K,;S" % (119)

Let us take the initial conditions for spin such that KijSOiSOj #
0; then this holds at any future instant. Contrary to this,
system (117) implies KijSOiSOj = 0. Thus, the critical speed
does not always coincide with the speed of light and, in
general case, we expect that v, is both field- and spin-
dependent quantity.
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The second problem is that acceleration of MPTD particle
grows up in the ultrarelativistic limit. In the spinless limit
(92) turn into the geodesic equation. Spin causes deviations
from the geodesic equation due to right hand side of this
equation, as well as due to the presence of the tetrad field

:/G:”v and of the effective metric G in the left hand side.
Due to the dependence of the tetrad field on the spin-tensor
S, the singularity presented in (93) causes the appearance
of the term proportional to 1/VxGx in the expression for
longitudinal acceleration. In the result, the acceleration grows

up to infinity as the particle’s speed approximates to the
critical speed. To see this, we separate derivative of 9:”1, in

(92).
x” ] o )'Cﬁ
\% =-T" (VT
[m 70 e (120)
1
- —T* (6%)
dmc » (60
Using (93), we obtain
v, ] %"
5 [ Ropod® (802)7 , 12
=—— +8P7 (VRyp, ) | 4.
8m=c 2mcV-xGx

Using this expression together with the identity (TS)*” =
8m*c*as?”, (120) reads

o iz
i[ d ]: T (122)
dr | V-xGx \V=%Gx
where we denoted
R, . xP (S0%)°
Hoz e | B T 6P (YR %
f [ mevice S (VRuge)
(123)
Ty — YEXGE gy
4mc

It will be sufficient to consider static metric gw(x) with gy; =

0. Then three-dimensional metric and velocity are
Yij = Gij>

,- o d (124)

Vo= —
V/=Goo 4x°

Taking 7 = x°, the spacial part of (122) with this metric reads

<ﬂ>_l i[ v ] _ S i (125)
dx") dx" [ V=vGv]| -Gy
with v* defined in (10), for the case
v”:< ¢ ,v>,
V=90 (126)

— (vSOv)
—vGy = —vTv= 2 + .
vGv = —vTv=c —vgv a2
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In the result, we have presented the equation for trajectory
in the form convenient for analysis of acceleration; see
(29). Using the definition of three-dimensional covariant
derivative (25), we present the derivative on the Lh.s. of (125)
as follows:

k]l
dx? —vGv —vGv ko
‘ (127)
-, i g dt Kv
“T(y), VW
(Y)Jk vy dx®  2(-vGv) ]
We have denoted
k
K = (VOGW) W =G0V 9 In (=ggo) »
VVRG (128)
=8 — uk
k k vGv
The matrix ./'; has the inverse
—_—i ViVHG
M k= 8lk + uk ’
VOGP
(129)
then %lkvk = vGy .
VOG0

Combining these equations, we obtain the three-acceleration
of our spinning particle:

i dt \"'
a =<ﬁ> VOV

= %ik [fk + (fw)k] +

. (130)
Kv
209G,

Finally, using manifest form of f’ from (123), we have

—i =~k

a,’ _ M kS _ Cz%f ykjangO

V=vGv g 2900
VGV —i

Kv 131
A\ (TOVY + ——— (131)
4mc 217Gy

+ a%iksk‘}(Ravﬁg;ASﬁg VVVA .

The longitudinal acceleration is obtained by projecting a’ on
the direction of velocity, that is,

— ~k .
(vya) = ac (vy/l)kS e (v %) ykjajgoo
Y 2mN-vGy k2900
VIGY [ — e, K (132)
- T
4mc (vy.%)k( O+ 279Gy ()

+a (Vy%)k Sk“RMﬁmASﬁavvvl,

where §° = Sk”RWxﬁvvv“(SGV)'B . As the speed of the
particle gets closer to the critical velocity, the longitudinal
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acceleration diverges due to the first term in (132). In resume,
assuming that MPTD particle sees the original geometry
9> We have a theory with unsatisfactory behavior in the
ultrarelativistic limit.

Let us consider the second possibility; that is, we take G,
to construct three-dimensional geometry (5)-(8). With these
definitions we have, by construction, —xGx = (dt/dx°)*(c* -
(vyv)), so the critical speed coincides with the speed of light.
In the present case, the expression for three-acceleration
can be obtained in closed form for an arbitrary curved
background. Taking 7 = x°, the spacial part of (122) implies

-1 i i
(&) S|l =—|- L+~
dx dx \/Cz —vyv \/Cz —vyv
where, from (123), f' is given by
4 | R a VP (SOV)C
i _ o avfo Bo y
f=ase | Dot S o gp V| v
2 _
2mcA[c? — vyv (134)
, l c2 —vyv _
-T', (G Vv - (TOv)' .
mc

Equation (133) is of the form in (29), so the acceleration is
given by (38) and (39), where, for the present case, vi =G
GiGo;/Goo-

ij
i —i io=Jj 1 dt !
a :Mj[f]+rjkl(y)vkvl]+z(@>

(135)
) -1\ (voyyv) ;
(vaoyy ) 2 v,

= (1-22) [ [ 0 Tt 4]

1(dt\"
*3 <@> (vaoyv)] .
With f’ given in (134), the longitudinal acceleration vanishes
asv —c.

Let us resume the results of this subsection. Assuming
that spinning particle probes the three-dimensional space-
time geometry determined by the original metric g, we have
a theory with unsatisfactory ultrarelativistic limit. First, the
critical speed, which the particle can not overcome during
its evolution in gravitational field, can be more than the
speed of light. Second, the longitudinal acceleration grows
up to infinity in the ultrarelativistic limit. Assuming that the
the particle sees the effective metric G(S) as the space-time
metric, we avoided the two problems. But the resulting theory
still possesses the problem. Acceleration (135) contains the

(136)

singularity due to f* ~ 1/4/c? — (vyv); that is, at v = ¢ the
acceleration becomes orthogonal to the velocity but remains
divergent. We conclude that MPTD equations do not seem

promising candidate for description of a relativistic rotating
body.
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5. Nonminimal Interaction with
Gravitational Field

Can we modify the MPTD equations to obtain a theory with
reasonable behavior with respect to the original metric g,,?
In the previous section we have noticed that the bad behavior
of acceleration originates from the fact that variation rate
of spin (93) diverges in the ultrarelativistic limit, VS ~
1/VxGx, and contributes to expression for acceleration (132)

through the tetrad field DC:MV(S). To improve this, we note
that MPTD equations result from minimal interaction of
spinning particle with gravitational field. In this section, we
demonstrate that vector model of spin admits also a nonmin-
imal interaction which involves the interaction constant x. By
analogy with the magnetic moment, the interaction constant
x is called gravimagnetic moment [25]. In the resulting
theory, the equation for precession of spin, VS ~ 1/vV-xGx,
is replaced by VS ~ /—xgx. This improves the bad behavior
of MPTD equations. As it will be seen below, introducing «
we effectively change the supplementary spin condition and
hence the definition of center of mass.

5.1. Hamiltonian Variational Problem. We add the term
(AI/Z)KRaﬁWa)“nﬁw"nv = (A,/2)(x/16)6S into Hamiltonian
action (73). Thus, we consider the variational problem

. . Ay (2
S, = J'drprM + o — [? (P

o
+ KRlxﬁww"‘nﬁw"nv + (me)* + 1% - E) (137)

+ A, (wrr) + A5 (Pw) + A, (Pn)]

on the space of 1ndependent variables x¥, p,, w", 7,, and A,,.
We have denoted PM =pu— Ww 71;;,P2 = g" Pwa and so on.
Note also that the first two terms can be identically rewritten
in the general-covariant form p, & + 0" = P,x" + 7, V.
Variation of the action with respect to A, gives the algebraic
equations

P’ + KRaﬁWw“nﬁw”n" + (me)? + % - % =0, (138)
wmr =0,
Pw=0, (139)
P =0,

while variations with respect to the remaining variables
yield dynamical equations which can be written in the
covariant form as follows (note that, by construction of S,,
the variational equation &S,/8p, = 0 is equivalent to & =
{x*, H} and so on):

op, (140)

it = AP+ A 0f + At

15
8S,
=0
Sxt
(141)
VP, = =R 0% 0" - —/\ N3 Rm,m/;w"71"w”‘71/3
88,
S 0=
Ty (142)
Vo' = A, nt - AIKR”aﬁvw“wﬁn” + A" + A, PH,
05, _ 0=
Swh
A (143)
@ v &
v, = —#wﬂ A KR 0T @ - Ay, = AP,

Equation (140) has been repeatedly used to obtain the
final form in (141)-(143) of the equations 8S,./6x* = 0,
88,/6m, = 0,and 8S,/8w" = 0. Computing time derivative
of algebraic equations (139) and using (140)-(143), we obtain
the consequences

[04

w5 =0, (144)
A; = 4al, [2 (1-x) Raﬁmwaﬂﬁn”Pv
+xm” (V Rymﬁ) m’w 71/3]
(145)
A, = —4ald, [2 (1-x) Raﬁww‘xﬂﬁw"Pv
+ kw” (VURWXﬁ) n “nﬁ]

Here and below we use the following notation. In the equation

which relates velocity and momentum will appear the matrix

g,
T

g%, =68% - (k—-1)as™b,,,
5 (146)
S 1em* + (k+ 1) (SO)°

The matrix has an inverse given by

JF“

8%, + (k- 1) bS6,,,
1 (147)
8m2c% + k (SO)

v

The vector Z* is defined by

b

W o aff opd _ b
7t =S (V,Ropp5) SF™ =

—SH7V_(S6).  (148)
> » (80)

This vanishes in a space with homogeneous curvature, VR =
0.

The time derivatives of (138), (144), and (145) do not
yield new algebraic equations. Due to (144), we can replace
constraint (138) on P? + KRaﬁWa)“nﬁw”nv + (mc)* = 0. The
obtained expressions for A; and A, can be used to exclude
these variables from (140)-(143).
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The constraints and equations of motion do not deter-
mine the functions A; and A,; that is, the nonminimal
interaction preserves both reparametrization and spin-plane
symmetries of the theory. The presence of A, and A, in
(142) and (143) implies that evolution of the basic variables is
ambiguous, so they are not observable. To find the candidates
for observables, we note once again that (142) and (143) imply
an equation for S*” which does not contain A,. So, we rewrite
(140) and (141) in terms of spin-tensor and add to them the
equation for §*”; this gives the system

it =L |TH P +;<bZ" (149)
1, ., Mx
VP# = —ZGWx - 3_2VH (SG) s (150)
Ve = 68) ¥ 4 2Pl 57, (151)
Besides, constraints (138), (139), and (144) imply
2 K 2
P+ EOS + (mc)” =0, (152)
S¥P, =0
) (153)
§S,, = 8.

Equations (153) imply that only two components of spin-
tensor are independent, as it should be for spin one-half
particle. Equation (151), contrary to the equations for w and
71, does not depend on A,. This proves that the spin-tensor
is invariant under local spin-plane symmetry. The remaining
ambiguity due to A, is related to reparametrization invariance
and disappears when we work with physical dynamical
variables x'(¢). Equations (149)-(151), together with (152) and
(153), form a closed system which determines evolution of the
spinning particle.

The gravimagnetic moment x can generally take any
value. When x = 0, we recover the MPTD equations.

Let us exclude P¥ and A, from (150) and (151). Using
(147) we solve (149) with respect to P¥. Using the resulting
expression in constraint (152), we obtain A:

ez
1 — >
e (154)
with m =m’ + (SQ)
where the effective metric now is given by
—a —B
G=9 ,9apT + (155)

Then the expression for momentum in terms of velocity
implied by (149) is

mc —=u .
Pt=—_9 i -xcZ"

Y= (59
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We substitute this P¥ into (150) and (151):

v [ m, "Jo:.” xv:| _ _ieyyxv
4c

V=x%x

V-xE&x
32m,.c?

r

~V* (50)

—K

+xVZH,

_KV-XGx
4m

(157)

VS = 05)“”

+C

Zmrc(x—l)b_[y )
- X (SOx
Nae S

+ 2cx M 27,

Together with (153), this gives us the Lagrangian equations
for the spinning particle with gravimagnetic moment. Com-
paring our equations to those of spinning particle on electro-
magnetic background (see (226)-(228)), we see that the two
systems have the same structure after the identification k ~ y
and 0, = RwaﬁSo‘ﬁ ~ F,,, where y is the magnetic moment.
That is, a curvature influences trajectory of spinning particle
in the same way as the electromagnetic field with the strength

0,r-

5.2. Ultrarelativistic Limit Requires the Value of Gravimagnetic
Moment k = 1. In the previous subsection, we have formu-
lated Hamiltonian variational problem for spinning particle
with gravimagnetic moment x in an arbitrary gravitational
background. The model is consistent for any value of k. When
x = 0, our equations of motion (149)-(151) coincide with
MPTD equations (110). As we have shown above, they have
unsatisfactory behavior in ultrarelativistic limit. Consider
now our spinning particle with gravimagnetic momentx = 1.
This implies 9~”#1, =o6",and 9, = g, and crucially simplifies
the equations of motion. (Besides S*”P, = 0, there are other
supplementary spin conditions [3-7]. In this respect, we point
out that the MPTD theory implies this condition with certain
P, written in (110). Introducing «, we effectively changed P,
and hence changed the supplementary spin condition. For
instance, when ¥ = 1 and in the space with VR = 0, we
have P¥ = (inic/~/-xgx)x" instead of (110).) Hamiltonian
equations (149)-(151) read

it =P +cZ",
—Xgx
1 Ly \—Xgx
VP” =—Zewx - Som.c V (SO), (158)

VSH = _—V4_xg x 0S)#" 4 2ple i

while the Lagrangian equations are composed now of the
equation for trajectory

v[:&ﬁl]:_iytw_j:@f

V#(SO) +VZH (159
\—xgx T ome (59) (159)

r
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and by the equation for precession of spin-tensor:

\—Xgx

4m.c

r

VS = - 08)¥ 4+ 2cx¥ 27, (160)
These equations can be compared with (92) and (93). In the

modified theory, we have the following:

(1) Time interval and distance should be unambiguously
defined within the original space-time metric g,,,. So,
the critical speed is equal to the speed of light.

(2) Covariant precession of spin (160) has a smooth
behavior; in particular, for homogeneous field, VR =

0, we have VS ~ 1/—xgx contrary to VS ~ 1/+/-xgx
in (93).

(3) Even in homogeneous field we have modified dynam-
ics for both x and S. Equation (159) in the space with
homogeneous curvature has the structure similar to
(1); hence, we expect that longitudinal acceleration
vanishes as v — c¢. Let us confirm this by direct
computations.

To find the acceleration, we separate derivative of the
radiation mass m, and write (159) in the form

i[ "C” ] g (161)
V=kgx | +xgx’
where the force is
=T - V4_xgx9”yx”+3;gfz v* (S6)
' . (162)
T e
m, m,

While this expression contains derivatives of spin due to
th,-term, the resulting expression is nonsingular function of
velocity because VS is a smooth function. Hence, contrary to
(123), the force now is nonsingular function of velocity. We
take T = x” in the spacial part of system (161); this gives

(By'al 2| o
dx®) dx° \/cz— - \/Cz_ ’

(vyv) (vyv)

(163)

where f i(v) is obtained from (162) replacing X by v of (10).
This system is of the form in (29), so the acceleration is given
by (38) and (39):

d = [+ P ()] + (%)_1

(164)
. (Va A (Vaoyv)
oYY ) 2 ’
wa= (1= o) [ 0+ P )]
(165)

% (%)4 (vaoyv)] .
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With the smooth f’ given in (162), and as v — ¢, accel-
eration (164) remains finite while longitudinal acceleration

(165) vanishes. Due to identity (36), we have (vy); fi RN
~(vp),T",, ﬁ)'c"‘jcﬁ ; that is, the trajectory tends to that of spinless
particle in the limit.

In resume, contrary to MPTD equations, the modified
theory is consistent with respect to the original metric g,,.
Hence, the modified equations could be more promising for
description of the rotating objects in astrophysics. It would
be interesting to see if the nonminimal interaction allows
removing the space-like-time-like transitions observed for
spinning particle in the Schwarzschild background [24].

We should note that MPTD equations follow from a
particular form assumed for the multipole representation of
a rotating body [1]. It would be interesting to find a set of
multipoles which yields modified equations (157).

5.3. Lagrangian of Spinning Particle with Gravimagnetic
Moment. We look for the Lagrangian which in the phase
space implies variational problem (137). First, we note that
the constraints wmr = Pw = 0 always appear from the
Lagrangian which depends on Nx and N&. So, we omit
the corresponding terms in (137). Second, we present the
remaining terms in (137) in the form

. M g Ag\ (P
S, = Jdrpﬂx“ + 0t ~ 5 (P, m) (/\g ) ) (ﬂ)

(166)
)Ll [ 2 o ]
- —|(me) - = |,
5 [ me) —
where we have introduced the symmetric matrix
o = g" + KRa“ﬁvw“wﬁ,
(167)

then 0"’ w, = w".
The matrix which appeared in (166) is invertible; the inverse
matrix is

-AK

Ko here K Ag)" 168
K K ) where —(0— g) (168)

When k¥ = 0, we have K = (1 — A*)7'g*’, and (168)
coincides with the matrix which appeared in (53). Third, we
note that the Hamiltonian variational problem of the form

pq—(A,/2) pAp follows from the reparametrization-invariant
Lagrangian \/gA™'g. So, we tentatively replace the matrix

which appeared in free Lagrangian (53) by (168) and switch
on the minimal interaction of spin with gravity, ® — V.
This gives the following Lagrangian formulation of spinning
particle with gravimagnetic moment:

-2 i}
L= —\/(mc)i - (Nx, NVw) Ko Ky (N = (169)
w? -AK K NV

—\/ (mc)? - = V=%*NKoNx - VouNKNVw + 2\xNKNVew. (170)
w
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Let us show that this leads to the desired Hamiltonian
formulation (137). The matrixes o, K, and N are symmetric
and mutually commuting. Canonical momentum for A van-
ishes and hence represents the primary constraint, p, = 0.
In terms of the canonical momentum P, = p, - l"fﬂw“nﬁ,
the expressions for conjugate momenta p, = 0L/dx" and
m, = OL/0a"* read

1 1/2
P, =— [m262 - i]
4 LO wz
- [(xNKoN), - A (VoNKN), |,
171)
T, = ! [m2C2 - « ]1/2
* AL, w2

- [(VwNKN), - A (kNKN), |,

where L, is the second square root in (170). They immediately
imply the primary constraints wz = 0 and Pw = 0. From the
expressions

1 o
p2=—[ 2——] tNKoKoNi
L% (mc) o [(x 0KoNk)
+1* (VoNKKNVw) — 2 (xNKoKNVw)],

o = LL% [(mc)z - %] [\ (xNKoKNx)

+ (VoNKoKNVw) - 21 (iNKoKNVw)|, 172

2APr = iz [(mc)2 - ﬁ] [-21% (xNKoKN)
L w?
0

- 2A% (VwNKKNVw) + 2A (kNKoKNVw)

+2)° (xNKKNVw)|,

we conclude that their sum does not depend on velocities and
hence gives one more constraint:

P* + mom + 2APm = — [(mc)2 - %] .
w

(173)
Then, the Hamiltonian is H = Px+nVw—L+A,T;. From (171),
we obtain PXx + nVw = L, so the Hamiltonian is composed of
primary constraints:

o
P’ + (me)? + - =

A
H:—l[P2+KR -
2

auBy
(174)

+20 (Pn)] + 4, (@) + As (Pw) + vp,.

This expression is equivalent to the Hamiltonian written in
variational problem (137). Problems (137) and (174) yield the
same equations for the set x¥, P¥, and §*”.
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6. Spinless Particle Nonminimally
Interacting with Electromagnetic Field,
Speed of Light, and Critical Speed

In this section, we consider examples of manifestly Poincare-
covariant and reparametrization-invariant equations of spin-
less particle in Minkowski space which lead to critical speed
different from the speed of light. We achieve this assuming
a nonminimal interaction with electromagnetic field. These
toy models confirm that the critical speed different from
the speed of light does not contradict relativistic invariance
(existence of the observer-independent scale c).

Let us denote x'(f),i = 1,2,3, physical dynamical
variables describing trajectory of relativistic particle subject
to an external force. In order to work with manifestly
covariant quantities, we use parametric equations of the
trajectory x* () = (x° = ct(r), x'(1)), where 7 is an arbitrary
parameter along the world line. In this section, we use the
usual special-relativity notions for time, three-dimensional
distance, velocity, and acceleration as well as for the scalar
product:

Vi _ dxi

S odt’
o (175)

dt’

va = viai.

Let us start from the standard Lagrangian of spinless particle
in electromagnetic field. Using the auxiliary variable A, the
Lagrangian reads

1

A 22 e
L=—%"-Zm’c + -Ax. 176
22 2 c 176)
This implies the manifestly relativistic equations.
i .
* )= i (177)
—i? mc?

They became singular as x> — 0. Using the reparametri-

zation-invariant derivative D = (1/V-x?)(d/d7), they read
in manifestly reparametrization-invariant form

e
DDx! = f¥ = ﬁF”vav. (178)
Due to the identities
xHDDx” =0,
(179)
%, f"=0,

the system contains only three independent equations. The
first identity became more transparent if we compute deriva-
tive on the left hand side of (177); then the system reads

MH g = VX (180)

Vv

2

oY
—Fo,x,
mc
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where M¥, turns out to be projector on the plane orthogonal
to x*:

x (181)
*,M", = 0.

Using reparametrization invariance, we can take physical

time as the parameter, T = t; this directly yields equations

for observable dynamical variables x'(t). In the physical-time
parametrization, we have x* = (ct,x(t)), ¥ = (c,v(t)), and

1/V=* = 1/Vc? — v2. Time-like component of system (177)
reads

4_¢c e pog
dt V2 — v2 mc? !

and gives the value of acceleration along the direction of
velocity:

(182)

2 2\32
%(Eﬂ,

va - (183)

The longitudinal acceleration vanishes as |v| — ¢. Hence, the
singularity in (177) implies that the particles speed can not
exceed the value c.

Components of three-acceleration vector can be obtained
from the spatial part of system (177):

i d 1

+ i = = —F i 184
V2 —v2 dt V2 —v2 mc2 7 (184)
Using (182), we obtain
2 _ 2 E
a= <~V eE—e(zv)v+vaB . (185)
mc c c

In accordance with degeneracy (179), scalar product of the
spacial part with v gives time-like component (183).

Let us discuss two modifications which preserve both
relativistic covariance and reparametrization invariance of
equations of motion but could yield nonvanishing longitudi-
nal acceleration as |v| — c.

First, in the presence of external fields we can construct an
additional reparametrization invariant. For instance, we can
use the derivative

1 d
D' = —, 186
\—xgx dr (186)
where the usual relativistic factor x#x is replaced by
—itg,,x" = —x* - ek (xFFx)
(187)

= - v’ — ek (XkFFx), €= +l.
The right dimension can be supplied by the constant k
equal to e /m*c® or B*/m*c®. Second, we consider non-
minimal interaction with the force constructed from
reparametrization-invariant quantities, f*(D'x, F,0F,...) =

19

! . .
f¥ + f¥,D'x” + ---. Hence, let us consider the manifestly
covariant and reparametrization-invariant equations

D'D'x* = f*,
. (188)
or M* %" = — (xgx) f* + —(x,g x,) i,
2 (xgx)
where
Mﬂv = 8Mv - x}‘.(x‘.g)v’
(kgx)
) uo_ (189)
(Xg)ﬂ M v O’
MY %7 =0.

v

Due to noninvertibility of M¥,, system (188) consists of three
second-order equations and one equation of first order. Con-
tracting (188) with (xg) w We obtain the first-order equation

g = 2 (xg%) (xgf) (190)

This is analog of %, f* = 0 of the previous case in (179) and

can be used to present f° through three-dimensional force.

Using reparametrization invariance, we take 7 = x° and write
(188) in the form

d 1

i ad 1 i
—_—t X — =\|—-Xxgxf . 192
G a0 g V0
Using (191) in (192), we obtain
d*x' o edX
dx02 . 9x [fl -/ H] ,
(193)
dx*
LU -
X dx®
We take x° = ct and then three-acceleration
0
a=—-xgx [f— f—v] ,
c
(194)

dx
.M = = e—
X (c,v o )

Equations (190) and (194) are equivalent to initial system
(188). Equation (194) implies the longitudinal acceleration:

2
va = —Xgx [Vf - V_fo]
c

L CZ—V2 .
E—xgx[ - f°+xyf”], (195)
f”:f"( X F8F>
—-Xgx
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The acceleration vanishes at the values of speed which zero
out r.h.s. of this equation. If in physical-time parametrization
the four-force obeys the identity %, f* = 0, we have two
special points, [v| = ¢ and v/, determined from xgx = 0.
In absence of the identity, and if X, f* # 0 as [v| — c, the
speed of light does not represent a special point of (195). Let
us illustrate this equation with two examples.

Example 1. Consider the minimal interaction f* =

(e/mc*)F* ,D'x” and relativistic-contraction factor (187);
then (195) reads

e (VE)
mc3

va = —Xgx (c2 - v2) . (196)
Besides the usual special point, v? = 2, there is one more,
say v' = |[v'|, determined by xgx = 0. This surface is slightly
different from the sphere ¢* — v* = 0. So, the second special
point generally differs from the speed of light. To see this, we
compute the last term in (187):

%FFi = E; (8“2 ) E, + v'B,N;;B (197)
Here, N;; = §;; - v,»vj/v2 is projection operator on the plane
orthogonal to the vector v, so we can write BNB = (N B)? =
Bi. Then, factor (187) reads

—kgx =" -V +¢k [CZE(I - ¥>E+szi] . (198)
C

. 2 . . .
The quantity &;; — v;v;/c” turns into the projection operator
N when |v| = c. Hence,

—icgic M5 ek [E? +B2]. (199)
If E and B are not mutually parallel in the laboratory system,
this expression does not vanish for any orientation of v. This
implies that factor (187) does not vanish at |v| = c.

We confirmed that longitudinal acceleration generally
vanishes at two different values of speed, ¢ and v'. Then, (196)
implies the following possibilities.

(A) Let € = +1; then from (198) we conclude ¢ < v/, and
speed of the particle approximates to c. The second
special point v' turns out to be irrelevant. So, v, = c.

(B) Let ¢ = —1; then v' < ¢, and the particle with small
initial velocity will approximate to the critical velocity
! . .
Vg =V < c. So, it never approximates to the speed of
light.

Example 2 (possibility of superluminal motion?). Take rela-
tivistic-contraction factor (187) with € = +1 and nonparallel
electric and magnetic fields. As we have seen above, this
implies ¢ < v/, where v' is a solution of xgx = 0. Consider
the nonminimal interaction

= LZF”VD'xV + ]7#,

me (200)
~ -2
where f” = -k D'x*o* (FF)ag D'xP.
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We assume homogeneous and nonstationary fields with
growing tension:

OE=0B =0,

d
= [El> 0, (201)

d
— |B| > 0;
dtl | >

then F = 0, F = —(K Jcikg#)x(3/0t)(FF)%. The longitudi-
nal acceleration reads

va=a, (v)+a,(v)

- (202)
.. 2 2 kVZ, 0 .
- - - ——x— (FF) x.
xgx(c v) 2 xat( ) x

We have a,(c) = 0, while a,(c) is positive according to (197)
and (201). So, the particle overcomes the light barrier. In the
regionc < v < v/, we have a;(v) < 0and ay(v) > 0, so the
particle will continue to accelerate up to critical velocity v,
determined by the equation a, + a, = 0. If a, > |a,| in the
region, the particle will accelerate up to the value v, = v'.
Above this velocity, (202) becomes meaningless.

The toy examples show that critical speed in a manifestly
relativistic and reparametrization-invariant theory does not
always coincide with the speed of light, if we assume the usual
special-relativity definitions of time and distance. In general
case, we expect that v, is both field- and spin-dependent
quantity. In the next section, we repeat this analysis for more
realistic case of a particle with spin.

7. Spinning Particle in an Arbitrary
Electromagnetic Field

71. Lagrangian and Hamiltonian Formulations. In formula-
tion (51), the vector model of spin admits interaction with
an arbitrary electromagnetic field. To introduce coupling of
the position variable x with electromagnetic field, we add the
minimal interaction (e/c)A #x“ . As for spin, it couples with
A¥ through the term

eu

Do = 0" - A —F"w,,
c

(203)

where the coupling constant y is the magnetic moment. They
are the only terms we have found compatible with symmetries
and constraints which should be presented in the theory.
Adding these terms to the free theory in (51), we obtain the
action

S = J d‘ri [a'cNa'c + DwNDw
4)

- \/ [4N% + DoNDw)]? - 4 (iNDw)? (204)
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In their work [22], Hanson and Regge analyzed whether the
spin-tensor in (50) interacts directly with an electromagnetic
field and concluded on impossibility to construct the inter-
action in closed form. In our model, an electromagnetic field
interacts with the part w” of the spin-tensor.

Let us construct Hamiltonian formulation of the model.
The procedure which leads to the Hamiltonian turns out
to be very similar to that described in Section 4.1, so we
present only the final expression (for details, see [32]).
Conjugate momenta for x¥, w”, and A are denoted as p¥,
m¥, and p,. We use also the canonical momentum " =
p* — (e/c)A¥. Contrary to p¥, the canonical momentum
P* is U(1) gauge-invariant quantity. With these notations,
we obtain the Hamiltonian variational problem which is
equivalent to (204):

Sy = J-drpﬂjc“ + 1,0 + pyA
- [& <p2 — S (FS) + (me)? + 7P - i) (205)
2 2¢ w?

+ A, (wrr) + A5 (Pw) + A, (Prr) + )topA] .

The expression in square brackets represents the Hamilto-
nian. By A,, A5, A, and A, we denoted the Lagrangian multi-
pliers; they are written in front of the corresponding primary
constraints. The fundamental Poisson brackets {x*, p"} = #*”
and {o*, 7"} = #*"" imply

{x, P} =1,

(206)

(P P} = SR,
C

{57, 8%F} = 2 (S — 8% — S + yPSH) . (207)

According to (207), the spin-tensor is generator of Lorentz
algebra SO(1, 3). As wrr, w?*, and 7* are Lorentz-invariants,
they have vanishing Poisson brackets with S*”. To reveal
the higher-stage constraints, we write the equations T; =
{T;,H} = 0. The Dirac procedure stops on third stage with
the following equations:

p/\:0$

Tlsyz-z—‘c‘(zzsnmzc%nz—%:o: (208)

AC+A,D=0,

2 [0
Tzz(wﬂ)zozTSEﬂ—EZO, (209)
T, = (Pw)=0= A, = —Z—AcaC, (210)

e
T,=(Pn)=0= Ay = 2—)LCaD. (211)
e
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We have denoted
co_cWw-1 (WFP) + ¥ (wo) (FS),
c 4c
(212)
p-_cW-1 nFP) + H (70) (FS) .
c 4c

Besides, here and below we will use the following notation. In
the equation which relates velocity and canonical momentum
will appear the matrix T#”:

T = — (4 =1)a (S,
i e (213)
T e —e(2u+ 1) SF)’

Using the identity $**F,z8" = —(1/2)(S*F,;)$*”, we find
the inverse matrix

T ="+ (u-1)b(SF,

b 2a _ —2e (214)
2+ (u-1)a(SF) T amPcd - 3eu (SF)
The vector Z* is defined by
2t = Do (0,F,p5) S = b g, (k). (215)
4c ot op 4 7

This vanishes for homogeneous field; OF = 0. The last
equation from (208) turns out to be a consequence of
(210) and (211) and can be omitted. Due to the secondary
constraint, T appeared in (209); we can replace the constraint
T, on the equivalent one:

T, = 9 - ‘;iz (FS) + m*c = 0. (216)

The Dirac procedure revealed two secondary constraints
written in (216) and (209) and fixed the Lagrangian multi-
pliers A5 and A,; the latter can be substituted into the Hamil-
tonian. The multipliers A, and A, and the auxiliary variable
A have not been determined. H vanishes on the complete
constraint surface, as it should be in a reparametrization-
invariant theory.

We summarized the algebra of Poisson brackets between
constraints in Table 2. The constraints p,, T}, T,, and T;
form the first-class subset, while T; and T, represent a
pair of second class. The presence of two primary first-class
constraints p, and T), is in correspondence with the fact that
two Lagrangian multipliers remain undetermined within the
Dirac procedure.

The evolution of the basic variables was obtained accord-
ing the standard rule z = {z, H} (equivalently, we can look for
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TABLE 2: Algebra of constraints.
Tl TS TZ T3 T4
T, = 9 - ? (ES) + m*c 0 0 0 -2C 2D
c
- - - 20
TS_n_T 0 0 —2T5~0 —2T4~0 WT?’NO
T, = wr 0 2T =0 0 -T;=0 T, =0
T, = Pw 2C 2T, ~0 T, ~ 0 0 RN
5 2ca  2ca
T, = Pn 2D -2 T, %0 T,~0 -5~ 0
(w?) 2ca 2ca

the extremum of variational problem (205)). The equations
read

s =a(r,9+ B2,
(217)
. e
= € (Fa + 2204 (Fs),
c 4c
=2 (Fw)¥ — A%g’” + 7t + A",
[ e
(218)
it = A By - 22L&y oant,
¢ (w?)

The ambiguity due to the variables A and A, means that
the interacting theory preserves both reparametrization and
spin-plane symmetries of the free theory. As a consequence,
all the basic variables have ambiguous evolution. x* and %"
have one-parametric ambiguity due to A while w and 7 have
two-parametric ambiguity due to A and A,. The variables with
ambiguous dynamics do not represent observable quantities,
so we look for the variables that can be candidates for
observable quantities. We note that (218) implies an equation
for $*” which does not contain A,:

§ = A% (FS)) 4 29l 5, (219)
This proves that the spin-tensor is invariant under local spin-
plane symmetry. The remaining ambiguity due to A contained
in (217) and (219) is related with reparametrization invariance
and disappears when we work with physical dynamical
variables x'(¢). Thus, we will work with x¥, 2*, and S*".

The term «/2w” in Lagrangian (204) provides the con-
straint Ts which can be written as follows: w’7* = «. Together
with wrr = 0, this implies fixed value of spin:

§S,, =8 (w2n2 - (wrr)z) = 8, (220)
for any solution to the equations of motion. The constraints
wP = 1P = 0 imply the Pirani condition for the spin-tensor
in (50):

SP, = 0. (221)
Equations (220) and (221) imply that only two components of
spin-tensor are independent, as it should be for spin one-half
particle.

Equations (217) and (219), together with (220) and (221),
form a closed system which determines evolution of a
spinning particle.

The quantities x¥, P¥, and S*’, being invariant under
spin-plane symmetry, have vanishing brackets with the cor-
responding first-class constraints T, and Tj;. So, obtaining
equations for these quantities, we can omit the corresponding
terms in Hamiltonian (205). Further, we can construct the
Dirac bracket for the second-class pair T; and T,. Since the
Dirac bracket of a second-class constraint with any quantity
vanishes, we can now omit T5 and T, from (205). Then, the
relativistic Hamiltonian acquires an expected form:

A
2
Equations (217) and (219) follow from this H with use of Dirac
bracket, z = {z, H}pg.

We can exclude the momenta 9 and the auxiliary variable
A from the equations of motion. This yields second-order
equation for the particle’s position. To achieve this, we solve
the first equation from (217) with respect to & and use the
identities (SFZ)* = —(1/2)(SF)Z* and T",Z2" = (b/a)Z;
this gives P* = (1/)T" ,&" — ucZ". Then, the Pirani
condition reads (1/1)(ST x)* = uc(SZ)*. Using this equality,
P? can be presented as P? = (1/A)(xGx) + yzczZz, where
the symmetric matrix appeared:

_ 2 M 22
H = (9 E (F) + mie ) (222)

Go=(7'7)
‘” (223)

= [+b(u—1)(SF+FS) + b (u—1)° FSSF]W
The matrix G is composed of the Minkowsky metric #,,, plus
(spin- and field-dependent) contribution; G, = #,,, +h,,(S).
So, we call G the effective metric produced along the world
line by interaction of spin with electromagnetic field. We

substitute 2% into constraint (216); this gives expression for
A

3 V-xGx
e (224)
2 2 ue 2,2
= - —(FS)-u2Zz.
m; = m’ = 25 (FS) ~

This shows that the presence of A in (203) implies highly non-
linear interaction of spinning particle with electromagnetic
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field. The final expression of canonical momentum through
velocity is

m,c
V=xGx
Using (224) and (225), we exclude " and A from Hamil-
tonian equations (217), (219), and (221). This gives closed

system of Lagrangian equations for the set x, S. We have the
dynamical equations

Pt = T & -z,

(225)

D[m, (TDx)"] = c% (FDx)* + ﬁ;af* (SF)

(226)

+uDZV,

Ds” = £ (pg)l
m,c
—2bm,c (u - 1) Dx¥ (SFDx)" (227)
+2ucDx 2",

the Lagrangian counterpart of Pirani condition
. prers
s |(Tx) -7 | =0, (228)
4 m

r

as well as to the value-of-spin condition; SWSW = 8w. In the
approximation O*(S, F,0F) and when y = 1, they coincide
with Frenkel equations; see [31].

Equation (226) shows how spin modifies Lorentz-force
equation (1). In general case, the Lorentz force is modified
due to the presence of (time-dependent) radiation mass m,
(224), the tetrad field 7, and the effective metric G and due to
two extra terms on right hand side of (226). Contribution of
anomalous magnetic moment y # 1 to the difference between
&* and " in (225) is proportional to J/c® ~ h/c’, while the
term with a gradient of field is proportional to J*/c*> ~ h*/c’.

Consider the homogeneous field;

0,F*" =0,
» (229)
=0.

Then, contraction of (228) with F, yields (SF)" = 0; that is,
S$*F,, turns out to be the conserved quantity. This implies

#, = a = b = 0. Hence, the Lorentz force is modified due
to the presence of time-independent radiation mass m,., the

tetrad field 7, and the effective metric G.
Consider the “classical” value of magnetic moment y = 1.

Then, 7' = #* and G, = 1, The Lorentz force is modified
due to the presence of time-dependent radiation mass m, and
two extra terms on right hand side of (226).

Let us specify the equation for spin precession to the case
of uniform and stationary field, supposing also 4 = 1 and
taking physical time as the parameter; 7 = t. Then, (228)
reduces to the Frenkel condition, $*’%, = 0, while (227)

reads 8 = (eV-i2 /mrcz)(FS)[’”]. We decompose spin-
tensor on electric dipole moment D and Frenkel spin-vector

23

S according to (50); then D = —(2/c)S x ¥, while precession
of § is given by

ds B eVe2 -7

e [—Ex(iz’xS)+cS><B]. (230)

3
m,c

7.2. Ultrarelativistic Limit within the Usual Special-Relativity
Notions. After identification of 6,, = RWOCﬁS"‘l3 ~ F,
and k ~ p, equations of motion in electromagnetic and in
gravitational fields acquire the similar structure. Equations
(217) and (219) can be compared with (149)-(151) and (226)-
(227) with (157). In particular, in the Lagrangian equations
with anomalous magnetic moment (¢ # 1) in Minkowski
space also appeared effective metric (223). So, we need to
examine the ultrarelativistic limit. In this section, we do this
under the usual special-relativity notions; that is, we suppose
that the particle probes three-dimensional geometry (175).
We show that the critical speed turns out to be different
from the speed of light while an acceleration, contrary to
Section 4.4, vanishes in ultrarelativistic limit. It will be suf-
ficient to estimate the acceleration in uniform and stationary
field (229). We take 7 = t in (226)-(228) and compute the
time derivative on Lh.s. of (226) with y = 1,2, 3. Then, the
equations read

i Vi d
e 2 (=vGv) dt (=vG)

eV—vGv

2
m,c

(231)

. ; —
= Tl (Fv)l - v ava >

Vv

a
dt
d
g
dt
ey \/—1;Gv (ES) (]
m,c

(232)

_ merC (‘M - 1) v[” (SFV).V] ’
-vGv

SV +b(u—1)(SSFv)* =0, (233)
where v = (¢, v). Equations (233) and (223) imply
—vGv=—vTv=c"-v - (u—1)b(vSFv). (234)

We compute the time derivatives in (231):

% (—vGv) = -2 (va) - (u—1)b {[v (FS + SF)]; a'

L V-vGv

2
m,c

[(vFFSv) + (vESFv)] (235)

_2mc(u-1) [V* (VFSFv) — (vSFv) (VF")]} :

—vgv
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id=v 4 eV—-vGv ;
—Tvzg’ oV :—W {M(‘u—l)b(FSFV)

— (= 1)a(SFFv) - pu(u—1)" ab (SFFSFv)'} (236)

2b ~1
. m,c(u—1)

— T', [v" (vESEv) — (SEv)” (vFv)].
We note that all the potentially divergent terms (two last
terms in (235) and in (236)), arising due to the contribution
from § ~ 1/v/-vGv, disappear on the symmetry grounds.
We substitute nonvanishing terms into (231) obtaining the
expression

i i eV=vGv ; ;
M'a’ = s {(Fv)’ —y(u—1)b(FSFv)
+(u—1)" a(SFF [ + ubSF] v)’ (237)
ip(u-1)b
- v ——— (VFFS ,
Y 2 (-vGv) (vFESY)
where the matrix
. YO
M. =8 + —H,
T 2(=vG) (238)
with Q; = 28,; + (4~ 1) b(FS + SF),,;
has the inverse
; ) VIHEQ
M. =6 - adl , 239
7ol 2 — (U= 1) bv# (FS + SF) 0 V° (239)
with the property
—i vy 2 (-vGv)
75T 2¢r — (1) b (FS + SF) 0 v° (240)

Applying the inverse matrix, we obtain the acceleration

a = eV-vGv {Mij [(Fv)j _l/‘(l/‘_ l)b(FSFV)j

2
m,.c

+(u~1)"a(SFF [+ ubSF] v)'] - v/ (241)

p(u—1)b(vFFSy)
22— (- 1)bvk (ES+SF),00° |

For the particle with nonanomalous magnetic moment (4 =
1), the right hand side reduces to the Lorentz force, so
the expression in braces is certainly nonvanishing in the
ultrarelativistic limit. Thus, the acceleration vanishes only
when v — v, where the critical velocity is determined by
the equation vGv = 0.
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Let us estimate the critical velocity. Using the conse-
quence (xSFx) = —b(u — 1)(xFSSFx) of the Pirani condition
and the expression $¥ S* = —4[r*w"w” + w*n'7"], we write

- (%xGx)

= -V (242)

+ 46 (- 1)* [7* (wF5)” + o” (nF%)°].

As 7 and w are space-like vectors (see the discussion below
(70)), the last term is nonnegative, so v, > ¢. We show that
generally this term is nonvanishing function of velocity; then
Ve > . Assume the contrary that this term vanishes at some
velocity; then

wFx = -’ (Ev) + (w,cE+ v xB) =0,
(243)
nFx = -n° (Ev) + (m,cE+vxB) =0.

This implies ¢(DE) + (D, v x B) = 0. Consider the case B =
0; then it should be (DE) = 0. On the other hand, for the
homogeneous field, the quantity S‘“’FW = 2[(DE) + 2(SB)] =
2(DE) is a constant of motion. Hence, we can take the initial
conditions for spin such that (DE) # 0 at any instant; this
implies v, > c.

7.3. Ultrarelativistic Limit within the Geometry Determined
by Effective Metric. According to the previous section, if we
insist on preserving usual special-relativity definitions of time
and distance (175), the speed of light does not represent
special point of the equation for trajectory. Acceleration of
the particle with anomalous magnetic moment generally
vanishes at the speed slightly higher than the speed of light.
Hence, we arrive at a rather surprising result that speed of
light does not represent maximum velocity of manifestly rel-
ativistic equation (237). This state of affairs is unsatisfactory
because the Lorentz transformations have no sense above c,
so two observers with relative velocity ¢ < v < v, will not be
able to compare results of their measurements.

To keep the condition v., = ¢, we use formal similarity
of the matrix G which appeared in (223) with space-time
metric. Then, we can follow the general-relativity prescription
of Section 2 to define time and distance in the presence of
electromagnetic field; that is, we use G of (223) to define
three-dimensional geometry (5)-(8). The effective metric
depends on x' via the field strength F(x°,x") and on x°
via the field strength as well as via the spin-tensor S(x°).
So, the effective metric is time-dependent even in stationary
electromagnetic field. With these definitions we have, by
construction, —xGx = (dt/dx")*(c* - (vyv)), so the critical
speed coincides with the speed of light. The intervals of time
and distance are given now by (5) and (6); they slightly differ
from those in empty space.
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In the present case, the expression for three-acceleration
can be obtained in closed form in an arbitrary electromag-
netic field. We present (226) in the form in (44):

D S —y
DD =t = —px P S _qu p5 () pye
mf'
m € v He
+T", {mrcz (FDx)" + 4m$c3a (SF) (244)
+ ﬁDZV} )
mT

Then, the acceleration is given by (46). The first two terms
on right hand side of (244) give potentially divergent con-
tributions arising from the piece S~ 1/4/c® - vyv of (227).
In the previous section, we have seen that the dangerous
contribution contained in the second term disappears. To
analyze the first term, we substitute ' from (244) into (46).
Using thg property M jvj =v((c* - vyv)/ ¢?), we obtain the
acceleration
v

—_—F s
M T T
ct —vyv

i 2 i mr
a=(c-vyv)|-v 5 -
m,c

e

2. /02
m,c*[c* — vyv

P o\ (SF) + ¢ A

3
m:c [2
m,\[c* = VYV

+ M1, (Fv)’

(245)

S
NN

so the divergency due to ri1, ~ 1/4/c? — vyv is cancelled by

the factor in front of this term. In the result, the acceleration
is finite as v — c. Besides, taking into account the property

(vy)ifr/li j= (vy) ]-((c2 - Vyv) /c?), we conclude that longitudi-
nal acceleration (47),

vya =

& —vyv =i
S )

1/ dt\™"
+ z (@) (VaOYV):| ,

vanishes in this limit.

(246)
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8. Conclusion

In this work we have studied behavior of ultrarelativistic
spinning particle in external fields. To construct interaction
of spin with external fields and to analyze its influence on
the trajectory of the particle, we used the vector model
of spin. Minimal interaction with gravity was formulated
starting from the Lagrangian variational problem without
auxiliary variables (56). The nonminimal interaction with
gravity through the gravimagnetic moment « [25] has been
achieved in the Lagrangian with one auxiliary variable (170).

The variational problems imply the fixed value of spin
(78); that is, they correspond to an elementary spin one-
half particle. The vector model also allowed us to construct
Lagrangian action (94) with unfixed spin and with a mass-
spin trajectory constraint, that is, with the properties of
Hanson-Regge relativistic top [22]. In this model appeared
the fundamental length scale and spin has four physical
degrees of freedom. At last, interaction of spinning particle
with magnetic moment y with an arbitrary electromagnetic
field was achieved in the Lagrangian action with one auxiliary
variable (204). Equations of motion of minimally interacting
spinning particle (i.e., with ¥ = 0) have been identified with
Mathisson-Papapetrou-Tulczyjew-Dixon equations. They are
widely used in the current literature for description of
rotating bodies in general relativity. To study the class of
trajectories of a body with fixed integrals of motion V-P% = k
and S* = B, we can use our spinning particle with m = k/c
and o = /8.

To study our general-covariant equations in the labora-
tory frame, we used the Landau-Lifshitz 1 + 3-splitting for-
malism of four-dimensional pseudo Riemann space, where
the basic structure is a congruence of one-dimensional time-
like curves identified with world lines of the laboratory
clocks. This formalism allows one to determine the time inter-
val, distance, and then velocity between two infinitesimally
closed points x* and x* + 8x* of the particle’s world line.
The basic requirement for definition of the three-dimensional
quantities is that speed of light should be a coordinate-
independent notion. Due to the decomposition of space
time into time + space, one manipulates only time-varying
vector and tensor fields. In the resulting three-dimensional
geometry with Riemannian scalar product, we asked about
the notion of a constant vector field. We have suggested
notion (27) which follows from the geometric requirement
that scalar product of constant fields does not depend on the
point where it was computed. For the vector field of velocity,
its deviation from the constant field has given us acceleration
(28). Then, we showed that the definition adopted is con-
sistent with the basic principle of general relativity: massive
spinless particle, propagating in a gravitational field along a
four-dimensional geodesic, can not exceed the speed of light.
With this definition at hand, we analyzed ultrarelativistic
behavior of the spinning particle in external fields.

Evolution of the fast MPTD particle in the laboratory
frame was studied on the base of Lagrangian equations (92)
and (93). In these equations, we observed the emergence of
effective metric (89) instead of the original one. We have
examined the two metrics as candidates for construction of
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three-dimensional space-time geometry (5)-(8) probed by
the particle. In both cases, the MPTD equations have unsat-
isfactory behavior in the ultrarelativistic limit. In particular,
three-dimensional acceleration (28) increases with velocity
and becomes infinite in the limit.

Further, we showed that spinning particle with ¥ = 1 is
free of the problems detected in MPTD equations. For this
value of gravimagnetic moment, the effective metric does
not appear and the three-dimensional geometry should be
defined, unambiguously, with respect to the original metric.
Critical velocity of the theory coincides with the speed of light
and three-dimensional acceleration vanishes as v — ¢. So, the
spinning particle with gravimagnetic moment ¥ = 1 seems a
more promising candidate for the description of a relativistic
rotating body in general relativity. An interesting property
of the resulting equations is that spin ceases to affect the
trajectory in ultrarelativistic limit; the trajectory of spinning
particle becomes more and more close to that of spinless
particle as v — c. Besides, the spin precesses with finite
angular velocity in this limit.

Equations in electromagnetic and in gravitational fields
become very similar after the identification of y ~ « and
RMW‘BS“ﬁ ~ F,,. In particular, interaction of spin with
electromagnetic field in Minkowski space also produces effec-
tive metric (223) for the particle with anomalous magnetic
moment y # 1. If we insist on the usual special-relativity
notions of time and distance, the critical speed turns out to
be more than the speed of light. To preserve the equality v, =
¢, we are forced to assume that particle in electromagnetic
field probes the three-dimensional geometry determined
with respect to the effective metric instead of the Minkowski
metric. In the result, we have rather unusual picture of the
Universe filled with spinning matter. Since G depends on
spin, in this picture there is no unique space-time manifold
for the Universe of spinning particles; each particle will
probe its own three-dimensional geometry. In principle, this
could be an observable effect. With effective metric (223), (5)
implies that the time of life of muon in electromagnetic field
and in empty space should be different.
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