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Abstract. Construction of dynamical realizations of I-conformal Galilei algebra without higher derivative terms is discussed.

Introduction. In recent years nonrelativistic conformal Galilei algebras attracted considerable interest [2-7].
The conformal extension of the Galilei algebra is parameterized by a (half)integer parameter 1 [1]. A pecuilar feature
of this algebra is that it involves acceleration generators along with the standard set of generators of Galilei algebra.
Most of the examples of dynamical realizations of this algebra encouters with a problem of the precence of higher
derivative terms or functional dependence of the acceleration generators. The main goal of this note is to construct
metric on the coset space of I-conformal Galilei group and analyze corresponding geodesics equations. Considering
geodesics equations as a dynamical realization, we show that it is free of the problems mentioned above.

[ -conformal Galilei algebra. The l-conformal Galilei algebra involves the generators of time translation H ,

dilatation D , special conformal transformation K , spatial rotations M ij (with i =1,...,d ), spatial translations C i(O)

, Galilei boosts C l.(l) and accelerations Cl-(a) with  =2,...,2/ . The structure relations of the algebra read

[H,D]=iH, [H,K]=2iD, [D,K]=iK, [H,C""1=inC" ™, [D,C\"1=i(n-1C™,
[K.C{" = i(n—-20C"™V, My, C = -is,, € +i5 1.7,
(M, My 1= —idyM j =i My +ioyM j +i6 ;M. (1)
We construct a metric on the coset space of I-conformal Galilei group G/H . Let us choose H generated by dilations
D and rotations M ; operators. For an element G of the coset space G/H , we define corresponding Maurer-Cartan

one-forms by the standard way

GG =i(wy H +og K +opD+ o Cc™). )
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In what follows we will also need the form of the algebra (1) written in terms of Maurer-Cartan one forms

doy —og rnop =0, dox —oprog =0, dof —noy Aol —(n—-Dop Aol —(n-2Dog Aol =0, (3)
Geodesics on the coset space as dynamical realization. Maurer-Cartan one-forms on the coset space

transform homogeneously under the action of l-conformal Galilei group. Using these one-forms we are able to

construct a metric in G/H

ds? = = ook +S, ma)(”) (m) 4)

The metric written above is invariant under the action of /-conformal Galilei group, provided by the following
restriction on the matrix S,,, coefficients
Spn(m+n=20)=0, Vm,n. ®)]
Having fixed the form of the metric, let us write down the action, defining geodesics equations
jdxl(a)Ha)K +S, ™" (m)J (6)
where it is supposed that all the differentials in Cartan one-forms are replaced by velocities. Varying this action and
using structure relations (3), one may obtain geodesics equations written in terms of Cartan one-forms

1. 1 1. 1
SOH =5 OHOp ¥ (q—ZZ)Sp’qHa)(p)a)(q), 50K =5 @K@ +qu’q_1a)(p)a)(q),

2
a')(p)Sp’n =—(n —Z)Sp,na)(p)wD —nSp’n,la)(p)wH —(n —2I)Sp,n+1a)(p)a)K, (7)

where dot over the symbol denotes derivative with respect to parapeter A .

To proceed, we fix the form of the coset representative

G- eitHeirKeixlgn)Ci(n) , )
with coordinates #, » and xi(n) on the coset space. Corresponding Maurer-Cartan 1—forms (2) read
oy =dt, g =ridi+dr, op=-2rdt, o™ =d" +adi+b"dr, )
a™ =2r(n=Dx™ —(n+1)x"D — 2 (=20 -1)x"V b = _(n—20-1)x"D.
Left multiplication by the group element determines transformations generated by the 1-conformal group
=2 k=022 0- 2tr)——2t(n Nx™ . NHx™ 0
ot ot o ( n’ ot or o ( )’
_ n—s | _ |
i = z(n) 0 (n) 0 C( m) _ —pm_Y 0 . B™ = g (=1 m! (2] —s)! (S s (10)
ox (n) Y O (") o™ s=0 8! (m—s)!(n—s) (2] —n)!

1

where it is assumed that in the last formula the terms with § > m and § > 1 vanish. Geodesics equations (7) are
invariant under the action of 1-conformal group, generated by the vectors written above. In order to construct the

(n)

corresponding integrals of motion in the explicit form, we redefine the coordinates X;

X = (Blyw (P), (11)
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with the use of the matrix (B -l )" inverse to B"”

alyr = ¥ DTGP g g-p, (12)
s=n (g~ p)l(g -1l —q)!

where it is assumed that the terms with p > ¢ and n> ¢ vanish. The generators of the symmetry transformations in

the new coordinate system read

Hzﬁ-(nﬂ)x;(”ﬂ)i, D=t3—ri—(n—1)x;(”’i,
K =1 3+(1-2tr)i-(n ~2/-1)x" D i, c = °_ (13)
ot or ox ™ ax™
Now, we can write the integrals of motion in the explicit form
H =272 +i—(n+1)x " D™ D =1@r¥i+7)—ri—(n-1)x;"C™,
K =@+ i)+ (1=2r)i-(n=-20-1)x" e, ¢ = BPs, 0™ (14)

It is straightforward to verify that (14) are the functionally independent integrals of motion for (7).

Conclusion. Let us summarize our results. We constructed a metric on the coset space of /-conformal Galilei
group. Considering geodesics equations for this space as a dynamical realization, we have shown that the
corresponding acceleration generators are independent. Geodesics equations represent second order dynamical system,
i.e they do not involve higher derivative terms typical for the most of the examples of dynamical realizations of /-
conformal algebra. In this regard, it is interesting to investigate for a possible link between dynamical realization

discussed in this note and other known realizations possessing / -conformal symmetry.
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