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1 Introduction

In this paper we consider a process of a quantum particle interaction with a powerful nonuniform
laser field in a channeling regime, mathematical description of which is based on well-known
Kapitza method [1]. Since publication of that first work studying charged particles dynamics in
electromagnetic fields of various origins is of great interest, proved by large number of published
works on this subject. Main achievements in this research together with new developments have
been discussed and resumed in a number of recent papers. For instance, classicalmotion of a charged
particle in standing laser wave has been deeply analyzed in the work [2], while in our paper [3] the
effective potential describing the classical particle trajectory in a laser lattice of arbitrary geometry
has been derived. Many papers were devoted to the quantum description of particle interaction in
nonuniform electromagnetic fields for both nonrelativistic and relativistic cases (see in [4–6] and
refs. therein). Particle spin was taken into account in a number of articles too [7–9]. As known,
the use of Kapitza method allowed to predict the phenomenon of electrons diffraction by standing
laser waves. The method has been successfully applied for description of a wide range of new
phenomena [10–13]. In this paper, we have extended the method generalizing it to channeling
phenomenology that allowed revealing the effective potential for a quantum particle of arbitrary
energy in a field of arbitrary configuration.

First of all, let indicate the main features of classical particle interaction in a nonuniform laser
field [3]. In the case of a low energy charged particle, the method for deducing the effective potential
is fairly simple based on the general approach [14]. The interaction under channeling conditions is
in fact a special case of the Kapitza-Dirac phenomenon. Indeed, channeling takes place when the
particle scaters in optical latice at glancing angle to the direction defining standingwave structure less
than so called critical angle of channeling. The method is applicable for description of the particles
motion in a periodic field, and to consider the motion in two “independent” modes, i.e. the high-
frequency oscillating rξ defined by the external field that is small in amplitude, and slowly varying
in time r̄ defined by the field averaging. Such description is applicable in the case when the period of
averaged motion T̄ is much larger than the period of small oscillations T̄ � Tξ , and the interaction

– 1 –



2
0
1
8
 
J
I
N
S
T
 
1
3
 
C
0
2
0
1
8

energy in external field is too small with respect to the particle rest energy mc2 � Vint. Further we
use the Kapitza method to describe interaction of scalar quantum particle with nonuniform laser
field in channeling regime, when transverse energy less then depth of effective potential.

In the case of an external field formed by superposition of running electromagnetic waves (a
wave packet) simple averaging does not work. In this case, it is necessary to take into account the
difference between the particle oscillation and the external field frequencies that can be done within
the frame of new variables [3]. Such description is valid if during one oscillation period the particle
energy slightly changes that is always true when the particle total energy exceeds the interaction
energy in the external field. It should be underlined that in this approximation the duration of
interaction is long enough to have the total particle energy changed considerably [15]. However, the
particle energy still remains much greater than its interaction energy with the field. On the contrary,
when the particle energy is comparable or less than the energy of its interaction with the field and
radiation losses are neglected, we deal with the system transition to chaos [16].

At channeling regime the condition of smallness for the interaction energy with respect to the
particle total energy effectively means the smallness of the interaction energy with respect to the
particle longitudinal energy. Let us consider the particle channeling motion for both laser field and
particle energy being arbitrary and without taking into account the radiation losses for a particle.

2 Effective potential for a scalar quantum particle

Let analyze the dynamics of a negatively charged relativistic particle e within a spin neglecting
approximation in a nonuniform laser field Aµ = (0,A){

A = az(r, t) sin φez + a⊥(r, t) cos φ ,
φ = ω0t − kz

0 z
(2.1)

The expression (2.1) represents a wave (nonuniform in space and time) of the frequency ω0 prop-
agating in the direction of the Oz axis with the wave vector kz

0 . We assume that the amplitudes of
the vector potential components az, a⊥ vary much more slower in time then the phase φ.

Let define longitudinal energy of a particle of the mass m as ~ω‖ = c
√
~2q2

z + m2c2 with a lon-
gitudinal momentum ~qz . Such definition allows us to describe both relativistic and nonrelativistic
particles in the case when inequality ~ω‖ �| eA | is valid. In the low-energy limit this condition
is written as mc2 �| eA |.

The dynamics of scalar particle motion in external field is described by the equation[
c2

(
i~∇ −

e
c

A
)2
+ m2c4

]
Ψ =

(
i~
∂

∂t

)2
Ψ , (2.2)

the solution of which could be presented in the form

Ψ(r, t) = ϕqz (r, t)e
i(qz z−ω‖ t) (2.3)

Successfully using new variables z′ = z − qzc2t/ω‖ and introducing the longitudinal velocity
β‖ = qzc/ω‖ together with the longitudinal Lorentz factor γ‖ = ~ω‖/mc2, as done in [3], we can
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write the following equation for the function ϕqz

i~
∂ϕqz
∂t
= eβ‖Azϕqz +

(
i~∇ −

e
c

A
)2 ϕqz

2γ‖m
+

~2

2γ‖mc2

(
∂2

∂t2 − 2β‖c
∂2

∂t∂z′
+ β2

‖
c2 ∂2

∂z′2

)
ϕqz (2.4)

The right-hand side of the equation (2.4) is presented in the descending order of the longitudinal
energy value. The transition to new variables enables calculation for the case at which the velocity
of relativistic particle is comparable with the phase velocity of laser wave. Neglecting the last term
in eq.(2.4) brings us to a known eikonal approximation, which is used, for instance, in the paper [6].
However, in this case we a priori exclude the singularities of the effective potential as a function of
longitudinal particle velocity.

Solution of eq.(2.4) could be presented as a product of the functions describing oscillations in
a periodic laser field with a constant amplitude χ and a function ϕ̄ describing the averaging over the
period of oscillations with the frequencyω = ω0−β‖kz

0 . Thus, we obtain the following equations for
fast and slow motions (hereinafter we use the nominations A2

1 = (a
2
⊥ − a2

z) cos (2ωt), A2
2 = a2

⊥ + a2
z)

i~
∂ χ

∂t
=

(
eβ‖Az −

i~eA∇ ln ϕ̄
γ‖mc

+
e2 A2

1
2γ‖mc2

)
χ , (2.5a)

i~
∂ϕ̄

∂t
=

(
−

~2

2γ‖m
∇2 +Ueff

)
ϕ̄ , (2.5b)

where

Ueff =
e2 A2

0
4γ‖mc2 −

~2

2γ‖m
(∇ ln χ)2 −

i~e
γ‖mc

A∇ ln χ +
~2

2γ‖mc2
©­«
(
∂

∂t
ln χ

)2

−2β‖c
∂

∂t
ln χ

∂

∂z′
ln χ + β2

‖
c2

(
∂

∂z′
ln χ

)2ª®¬
(2.6)

In the expression for the effective potential, the bar means averaging over the oscillation period with
a frequency ω. As aforementioned, the expression (2.6) is valid for both relativistic β‖ → 1 and
non relativistic β‖ → 0 particles. The main requirement is the smallness of the field in comparison
with the longitudinal energy (the rest energy for non relativistic particle). As an example, we write
out the effective potential formed by two crossed p-polarized plane laser waves [3] that is defined
by the field parameters (2.1) 

az = −2
E0c
ω0

cosα sin (k x cosα) ,

ax = 2
E0c
ω0

sinα cos (k x cosα) ,
(2.7)

where α defines the angle between two laser beams. Using the field defined by the expressions (2.7)
and keeping in the expression (2.6) for the potential the terms up to the first order in longitudinal
energy (γ‖mc2)−1, the effective potential can be presented as follows

Ueff(x) = −
e2E2

0

γ‖mω2
0

f (β‖) cos (2k x cosα) ,

f (β‖) =
(
β‖ − sinα

1 − β‖ sinα

)2
−

1
2

(2.8)
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As seen, the effective potential derived from general quantum-based expression coincides with the
potential for a classical particle that was reported earlier in [3].

3 Particle dynamics

Let now consider the dynamics of relativistic particle β‖ ∼ 1 in the field (2.7). Solution of the
equation (2.5a) written in new variables, for which φ = ω0t− k0z sinα, can be simplified to the form

χ ≈ exp
(
i
eβ‖az
~ω

cos φ
)

(3.1)

Using normalization of eq.(2.2) with E ≈ γ‖mc2, the particle wave function can be presented in
the following form (the motion is simplified to be transversely planar one, i.e. no motion along the
Oy axis)

Ψ =
∑
n

in
√
γ‖
ϕ̄qz Jn

(
eβ‖az
~ω

)
ei(q

n
z z−ω

n
‖
t)
, (3.2)

where qn
z = qz + nkz

0, ω
n
‖
= ω‖ + nω0, Jn(ξ) is the Bessel function of the first kind and n is the

quantum state number. Assuming the function ϕ̄qz , normalized to 1, is the solution of eq.(2.5b)
with the potential (2.8), we can get the particle probability density as a squared modulus of the
wave function (3.2).

As known, quantum features of a particle motion in the field defined by potential well become
much pronounced at low bound energies, i.e. closer to the potential well bottom. Thus, let consider
the particle motion near the bottom of the potential well (2.8) that allows us using the parabolic
approximation for the effective potential [17]

Ueff ≈
γ‖mΩ2

0(β‖)

2
x2 (3.3)

with the oscillation frequency (namely, channeling oscillation frequency)

Ω0 =
eE0 cosα
γ‖mc

√
8 | f (β‖) | (3.4)

Eq. (2.5b) describes a slow motion transverse to the channel axis with the discrete energy levels
defined as ~ω f

⊥ = ~Ω0( f + 1/2) and the wave functions — as

ϕ̄qz =
∑
f

u f

(
x

√
γ‖mΩ0

~

)
e−iω

f
⊥t ,

u f (ξ) =
1√

2 f f !

(
γ‖mΩ0

π~

)1/4
e−

ξ2
2 Hf (ξ) ,

(3.5)

where Hf (ξ) is the Hermite polynomials.
Thus, the function u2

f J2
nγ
−1
‖

represents the probability density distribution of a particle with
energy En, f = ~(ω f

⊥ + ω‖ + nω0) and longitudinal momentum pz = ~(qz + nkz
0) (for n > 0 particle

absorbs n photons, for n < 0 particle radiates n photons). Figure 1 shows dependence of the distance
between the energy levels as a function of longitudinal velocity β‖ for two values of the angle α. As
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Figure 1. Dependence of the dimensionless distance
between the energy levels 4ω⊥(γ‖Ω0)

−1 on the lon-
gitudinal velocity β‖ for different angles α = 0 (blue
curve), α = π/4 (green curve).

Figure 2. The plot shows the probability density dis-
tribution normalized to 1 for the states with energy:
1 - E0,4; 2 - E2,4; 3 - E3,4, where the first lower index
is the number of absorbed/radiated photons, and the
second one describes the averaged transverse motion
of channeled particle.

seen on the plot, the distance between levels turns to zero at potential inversion points (for details
see in [3]). This means that at β‖ = βinv

‖
the particle becomes scattered in a periodic laser field

rather than channeled in it. Moreover, increasing the number of absorbed/radiated photons leads to
decreasing of the maximum values of the probability density by many orders of magnitude as well
as in local maxima shift out of the channel center. In the figure 2 probability density curves for
different states are given in the same scale for convenience of perception, but, in fact, the maximum
values of the density for the states with a large number of absorbed/radiated photons differ by many
orders of magnitude.

4 Channeling radiation in a laser lattice

Using the results of previous section we derive the expression for the spectrum of electromagnetic
radiation of a deeply channeled electron due to spontaneous transitions. The probability, averaged
over polarization and per unit of time, for emission of a photon with the wave vector kλ in the
direction n due to transition from the state i with the longitudinal momentum qi

z + nikz
0 to the state

f with the longitudinal momentum q f
z + n f kz

0 can be written in the form [18]:

dw f i

dt
=

e2d3kλ
2πγ2

‖
m2~ωλ

��[n, j f i(kλ)]��2 δ (
4ω f i

)
(4.1)

where

j f i ≈ ~ezqi
z

∫
uσf Jn f e−ik

x
λ xuσi Jni dx − i~ex

∫
uσf Jn f e−ik

x
λ x

∂

∂x
[
uσi Jni

]
dx ,

4ω f i = ωλ(1 − β‖ cos θ) − (ni − n f )ω0(1 − β‖ sinα) −Ω0(σi − σf )
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In the expression (4.1), we neglected themomentum of the absorbed/radiated photons in comparison
with the particle longitudinal momentum. Moreover, the expression for the frequency shift is written
down accuratelywithin (ωi

‖
)−1. The argument for the delta function leads to the following expression

for the frequency of emitted photon

ωλ =
(ni − n f )ω1

1 − β‖ cos θ
+
(σi − σf )Ω0

1 − β‖ cos θ
(4.2)

Here ω1 = ω0(1 − β‖ sinα) is the frequency of small oscillations of a classical particle. Eq. (4.2)
matches with the radiation frequency for a classical particle [3], where n f ast = ni − n f and
nlow = σi − σf are the numbers of radiated photons for high and low frequency harmonics. The
frequencies ω1 and Ω0 differ by orders of magnitude, so the probability of the radiation decays into
two terms corresponding to the frequencies

ωλ =
(σi − σf )Ω0

1 − β‖ cos θ
, ni = n f (4.3)

ωλ ≈
(ni − n f )ω1

1 − β‖ cos θ
, ni , n f (4.4)

The expression (4.3) characterizes transition between the levels of channeledmotionwith successive
emission of channeling radiation. According to the result of the previous section, the probability
to be for a particle in a state with absorption of n , 0 photons is extremely small, so we assume
n f = ni = 0. In this case for the transition current we get

j f iz = ~qz Iσf
σi

(
kx
λ

√
~

2γ‖mΩ0

)
,

j f ix = −i~
√
γ‖mΩ0

2~

[
√
σi I

σf

σi−1

(
kx
λ

√
~

2γ‖mΩ0

)
−

√
σi + 1Iσf

σi+1

(
kx
λ

√
~

2γ‖mΩ0

)]
,

(4.5)

where

Imn (x) =
√

n!m!(−ix)n−me−
x2
2

m∑
s=0

Cnm
s x2s ,

Cnm
s =

(−1)s

s!(m − s)!(n − m + s)!

(4.6)

Here n =max(σi, σf ), m =min(σi, σf ). The argument of the functions Imn is characterized by a very
small value kx

λ

√
~/(2γ‖mΩ0) � 1 when(

8πe2c~2

(mc2)4
Wl

) 1
4

� 1 (4.7)

Where the intensity of a laser field Wl given in CGS units. The condition (4.7) is satisfied in a wide
range of intensities, hence we can simplify the functions Imn to the following form

Imn (x) ≈ (−i)n−m
√

n!
m!

xn−m

(n − m)!
(4.8)
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The probability of transition to the level σf = σi − 1, which corresponds to the emission at the
fundamental frequency ωλ = Ω0/(1− β‖ cos θ), reaches its maximum. If we introduce squared am-
plitude for particle oscillations as x2

m = ~σ/(2γ‖mΩ0), and for large σi � 1 x2
σi
≈ σi

√
~/(γ‖mΩ0),

we obtain the spectral distribution of radiation, which is an agreement with the classical one [3].
In order to define the limits of applicability of classical description for the motion of a high-

energy particle, we can estimate the width δEσ of the energy level σ with respect to the energy
of spontaneous emission 4Eσ

⊥ = ~Ω0 defined by the difference between energy levels (which is
constant for parabolic potential)

δEσ
4Eσ
⊥

≥
e2

~c
γ2
‖

~Ω0

3mc2σ (4.9)

This relationship reveals the fact that near the channel center— or, in other words, the potential well
bottom — practically for any reachable field intensity a particle, for instance, with electron mass
and γ‖ ∼ 102 behaves like a quantum object. Moreover, eq.(4.9) shows that when the longitudinal
velocity approaches the inversion point β‖ → βinv

‖
∼ 1 and the distance between transverse energy

levels decreases Ω0 → 0, the channeled motion becomes more and more quantum.

5 Conclusion

In the presented work the effective potential of a quantum scalar particle of an arbitrary energy
interacting with a powerful nonuniform laser field of arbitrary configuration has been derived.
Analyzing a particular field geometry it is shown that the revealed potential mightmatch the classical
one obtained earlier. Some features of particle dynamics in such a field have been evaluated in the
parabolic potential approximation. Within that approach the processes of spontaneous transition of
a particle from one transverse level to another accompanied by photons emission are considered.
It is shown that the probability of photons emission consists of two terms, one due to particle
channeling and the other due to inelastic scattering of laser photons on a particle.

We state that deep channeling of relativistic particles of about electron rest mass with γ‖ ≥ 102

in laser fields (motion near the channel bottom) is a quantum phenomenon.
Spontaneous processes of particle transition with photon emission/absorption have been also

considered in this paper. However, as known from the classical description, the transition frequency
can be optimized to be equal to the frequency of external laser field by means of an appropriate
selection of both particle energy and intensity of an external laser field. In this case, in addition to
spontaneous emission, stimulated emission might take place.

In general, the laser field forms periodic channels, and similar to crystal channeling [19], the
transverse quantum states of channeled particles might have a band structure. However, for the
case of particle motion near channel bottom, the wave functions of adjacent channels are negligibly
small overlapping.
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