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Abstract. The unique solvability of the initial value problem with the initial function for a differential operator
equation with a perturbed argument is studied. Researches are carried out by methods of the theory
of the Sobolev—Schwartz generalized functions with values in Banach space. The concept of fundamental
solution of differential operator with delay is used. This approach is used to prove the existence and uniqueness
of the solution of the considered problem in the class of distributions with a left-bounded support
and to construct its generalized solution. We have obtained conditions under which generalized solution

are equal to the classical solution of the considered problem.

PaccmaTpuBaercst pyHKIMOHATBHO-TU(PPEpEHIIMATBHOE YPABHCHHE
u'(t)— Au(®)— Bu(t—h)= f(t), t>0. €))
3mece u W f — HEW3BeCTHas W 3aJaHHas (QYHKIMH CO 3HAYCHMSIMH B OaHAXOBOM NPOCTpaHCTBE £
COOTBETCTBEHHO, A, B — nuHEWHbIe HempepbhIBHBIE omepaTopsl w3 £ B E, h>0 — 3amanHoe wucno. s
ypaBHeHH (1) TOCTaBHM HadaNbHYIO 33129y
u®)=p{), -h<t<0, 2)

rae ¢(t) € C([-h;0]; E) mzBectHa. Ilon knaccuueckum pemenuem 3amaun (1), (2) Oynem moHHMaTh (yHKIUIO

u(t)e C(t 2 —h; E)mCl(t>O; E), oOpamaromyro B TOXIECTBO ypaBHeHHE (1) H yHOBIETBOPSIOMIYIO

HavaJibHOMY ycnoBuio (2). Jns uccienoBaHWs OIHO3HAYHOM pa3pelIMMOCTH HavaibHOW 3amaun (1), (2)
ucnonp3yercs ammapat pacupenaenenuii Codonesa—lllBapia co 3HaueHUsIMH B 0aHAXOBOM mpocTpancTte [1].
B npocrparctee K (E) 0600meHHbIX QYHKIHMH ¢ OrpaHHYCHHBIM CJIeBa HOCHTEIEM paccMaTpHBacMas 3axada
MIPUHUMAET BUJI CBEPTOYHOTO YPABHEHHUS

(16'(t) = A6(t) = BS(t —h) *u (1) = g (1) , A3)
C IpaBOH 4acThbIO

g() = f(O)0(t) — Ap(t)(0(t + h) = 0(t))+ 5'() * (1) O(t + 1) — (1)) + p(0)S (1) .
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3mecs O(¢t) m O(t) — dynxumn XoBucaiina u Hupaka, 1 — ToxxaecTBeHHbIN omepatop B E . EquHCTBEeHHBIM

pemenneM ypaBHeHHUS (3) (00obOwjennvim pemieHueM HadaidbHOW 3amauu (1), (2)) sBuseTcs pacmpeneicHHe

u(t) =¢(t)* g(t), rme o6oOIICHHAS OTIePaTOP-QYHKIUS €(f) YAOBIECTBOPSIET CIICAYIOIINM JIBYM YCIOBHSM:
{8'(t)— AS5(t) = BS(t —h)) x&(t) *v(t) = v(t) , &(t) *(15'(t) — AS(¢) — BS(t — h)) *v(t) = v(t),
npu moboM v(¢) € K (E), u HasblBaeTcs (hyHOaMeHmManbHbIM PelieHHeM IH(depeHInaIbHOro oneparopa
16'(t)— A5(t)— BS(t —h) ¢ OTKIOHAIOMIUMCS apTyMEHTOM.
Teopema 1. [lycte 4, Be L(E), Toraa ¢pynaamenrtanbHoe pemienue auddepeHimansHoro oneparopa

16'(t)— AS5(t)— BS(t — h) umeer BuJ
e(t) = 00 + 3 DU (1 — kIOt — kh)
k=1

roe e — omepatopmas >KCIIOHEHTa, {U bl (t)} — OIepaTopHO-PYHKIMOHANBHAS I10CIIE0BATEIbHOCTD,

keN
t

3amanHas pekyppentao U, (1) = [V(s)U,_ (s)ds, Uy(t) =1, npuuem V(¢) = e Be’
0

Otmernm, uto V' (0) = B, onepatops!l V(t) u A obpa3syror napy Jlakca, T. €. yIOBIETBOPSIOT YPaBHEHHUIO
V'(t)= [V(t),A]. ITo crexctBuio u3 popmynsl beiikepa—Kemmnoemra—Xaycnopda [2] oneparop-pyukius V()

npeacraBuMa paBHOMCPHO CXOAAIIUMCS B TOIIOJIOTHUA L(E) OHepaTOpHO-(byHKIII/IOHaJILHLIM paaoM

V(t):B+[B,A]1£!+[[B,A],A]g+[[[B,A],A],A]%....

3n1ech [B, A] = BA— AB — xommyTartop onepatopoB B u A . Ecnm ux cyneprno3uns KOMMYTaTHBHA, TO

o _ k
e(t) = eMO(1) + 3 A %Bkﬁ(z‘ —kh) .
k=1

OToT cnydaih monpoOHO M3ydeH aBTOopoM B padore [3]. Hauwanpnas 3amaga (1), (2) mns auddepennmanbHo-

OTIEPaTOPHOTO YpaBHEHMsI CIICMAIbHOTO BUA, kKoraa B=a A, a € R, paccMoTpena B [4].

B ycnoBusix Teopemsl 1 HauanpHast 3aga4a (1), (2) uMeeT eanHCTBEHHOE 0000IIEHHOE peleHNe

(1) = ()0t + ) — 00 |+ 5 {eA(’_kh)Uk (t — kh)p(0)+ (j)eA(t_(k”)h_s)Uk (t = (k + 1)l — s)Bo(s)ds +
k=0 _h
+ t_jkh AT (1)t — kh—s) f(s)ds}@(t —kh)+
0

Yy fef“"s)Uk ()t — 8)Bo(s — (k +1)h) ds[0(t — k) — O(t — (k + 1)h)]
k=0 (k+1)h

KOTOpO€ SIBJIETCS PETYJISAPHBIM paclpeieieHHeM MU IOPOXKAEHO KyCOuHO-3aJlaHHOW ¢yHKuued wu =u(t),
Ha TOJyHHTEpBajax [(k—l)h;kh), k € {0} UN. INomyueHHass QyHKUMS SBISETCS KJIACCHYECKUM DPELICHHEM
HavasbHOM 3amaum (1), (2) mpu f(¢) € C( [0;+ oo);E). Ecm f(¢) e C"_l([0;+ oo);E), TOrZla B TOYKax ¢ =kh,
KpaTHBIX 3amasjabiBanuio, rue k =0,1,...,n—1, pemenne umeer k MOPSIOK CHIBHOW TJIaJKOCTH, @ B JIPYIHX
TOYKaX MHTEpBaJia (O;+ 00) HOPSAIOK TIIAAKOCTH paBeH 7. Y CTaHOBJICHHBIE (AKTHI COIIACYIOTCS C M3BECTHBIMHU

CBEJICHUSIMU O CKalspHBIX ypaBHeHUsAX ( £ = R ) 3amazapiBatomiero tuma [S].
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Ipumep 1. Paccmotpum ypasrenue y'(¢1) = y(t—1), ¢ >0, ¢ nauansueiM yenoBuem @(f)=1,-1<¢<0.

3mece E=R, 4=0, B=1, f(¢#)=0.O000meHH0e pemeHrne JaHHOH 3aja9i UMEeT B
- +o ] L
Ft)=3 —(t—k+1)0@—k+1).
k=0 k!

Ee ximaccuyeckoe peleHne 3a1aeTcst KyCouHo cienyoeii Gpopmynoit

n+l
y(0) = i%(t—k+1)k , te[nn+l).

[Ipennaraemslii mo1xo 1 OKa3aJics MPUMEHNM K 3aa4e Ooliee o01ero Buia
u'(t)— Au(t)—Bu(t—h)= f(), t >0, 1)
u®) =), -h<t<0, u(0)=u,, @)
rae u, € E —3amaHHBIN BEKTOp, KOTOPYIO MOXKHO TPAKTOBATh KaK 3aJady C HauaJIbHOH (DyHKIMEH U Ha4aJIbHBIM
3HaueHHeM, JIH00 Kak 3amady ¢ paspbiBHOW B Touke f=0 HavambHOW QyHkimed. B npoctpanctee K (E)
paccmarpuBaemMas 3anaua (1), (4) qomyckaer cBEpTOYHOE NPE/ICTABICHUE
18'(t)— AS(t)— BS(t—h)) = u(t) = Z(t) ,

B KOTOPOM Z(t) € K (E) umeer BuZ

h(1) = £ ()00~ Ap(t) 0t + ) = 0(1))+ ')+ p(1)(O(t +h) = 0(6)) +u5(0) -
EnuHcTBeHHBIM  00OOINECHHBIM  peleHHeM HavanbHOW 3amauu (1), (4) sBmseTcs pacmpeelicHue
u(t)=¢(t)* h (¢) , toe oneparop-GyHKIUSA €(f) M3 TEOPEMBI 1, KOTOPOE OKA3bIBACTCS PETYISIPHBIM H MTOPOKIECHO
KYCOYHO 3aJaHHOW (yHKIHEeH u =u(t), ymoBieTBopsiomeill ypaBHeHHIO (1) W HadaapbHOMY YCIOBHIO (4).
YcranoBneHo, 4To, eciu oneparop B Heobpatum, u (1, — ¢(0)) € N(B), To 310 pemeHne od1agaeT TAKUMH XKe

«XOPOIIIMMK» CBOWCTBAMU, KaK M KJIACCHUECKOe pelieHre HadanbHo# 3agaqn (1), (2).
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