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Abstract. In the present study, we examined the method of separation of variables in the Klein-Gordon equation,
based on full sets of symmetry operators of equation, which was described in papers [1-4]. Separable
coordinates presented were analyzed for verification of coordinate transformations with correct inverse
formulas determined in the whole space domain of physical variables. Those coordinate systems which do not
possess such transformations were modified and the problem of separation of variables was resolved for them.

These coordinate systems were called “selected”. Corresponding external electromagnetic fields, which admit
separation of variables in the Klein — Gordon equation are presented in the selected coordinate systems. The
modified coordinate systems form a two — parametric  family. We show that the Maxwell equations for the
admissible external fields do not depend on the parameters of coordinate systems. Moreover, we expect that the
modified coordinate systems will allow us to examine the problem of completeness of solution basises in

separable coordinates.

BBenenne. B 1972-74 rogax Obuia pemieHa 3amada pasleleHUs IMEPeMEHHBIX B ypaBHeHuH KieiHa-
T'opnona - B cepuu pa6ot [1 — 4]. Beutn HalIeHbI BCe THUITHI BHEITHUX 3JIEKTPOMATHUTHBIX TTOJIEH, 3a/1aBaeMbIX
MPOU3BOJILHBIMU (YHKIIMSAMH, JIOMYCKAIOUIMX pPa3/ieICHUEe NEepEeMECHHBIX B ypaBHeHum Kielina - ['opaona, a
TaKXKe KPUBOJIUHEHHBIX KOOPJUHAT, B KOTOPBIX 3TO Pa3/ieiCHUE MPOU3BOAMTCS. B paboTax MpHBEIEHO CBBIIIC
50 HaOOpOB pa3NENAIONIMXCS KPHUBOJIMHEHHBIX KOOPAMHAT, M COOTBETCTBEHHO, CTOJBKO K€ THIIOB
9JIEKTPOMATHUTHBIX TOJeH. 3aaaya Oblia pelicHa Ha OCHOBE IOJIHBIX HA0OPOB ONEPAaTOPOB CUMMETPHH, II0-
IMyCKaeMBIX ypaBHeHHeM. KaxqoMy momHOMY Habopy OIepaTopoB CHMMETPHH YPAaBHEHHS COOTBETCTBYIOT
KOOpAWHATHI, B KOTOPBIX YpaBHEHHE [OIyCKaeT pa3[elieHHe IEePEeMEHHBIX, W KJACC BHEIIHUX TOJIeH
(3amaBaeMBIil TIPOM3BOJNBHBEIMHA (DYHKIHMAMH), ¢ KOTOPBIM II€pEMEHHBIE MOTYT OBITH MOJENCHBI. Y paBHEHUE
Kneiina - I'opnoHa B NpOM3BOJBHOM KPUBOJMHEHHONW CHCTEME KOOpAMHAT IMILEM B CIEAYIOLIIEM BHIE

(moxpazymMeBaeM CyMMHUPOBAHUE O TIOBTOPSIOIIMMCS MHIEKCaM, €CJI HE OTOBOPEHO JIPYTroe):

("' PP —m*)Y =0 (1)
3necs g*' - merpuueckmii Temsop, P, = iV, — ed;, kil = 0,1,2,3, V, — KoBapuaHTHAs MPOU3BOAHAS IO

OTHOWEHWIO K X' B TpocTpaHcTBE MHHKOBCKOrO € METpHUECKHM TeHzopom g~'; A, - KoBapmaHTHbIE

Poccus, Tomck, 24-27 anpensa 2018 r. Towm 1. ®u3uka

87




XV MEXJIYHAPOJHAS KOHOEPEHIINA CTYIEHTOB, ACIIMPAHTOB 1 MOJIOJbIX YYEHBIX

88 «TEPCIIEKTUBbI PA3ZBUTUA ®YHAAMEHTAJIbHBIX HAVK»

KOMIIOHEHThI MOTEHIUAaNa 3JIEKTPOMATHUTHOTO MOJS, e - 3apsa] 2JEKTPOHA, | —MHHMMas €AMHUIA, m - Macca
YacTHLBI, 1) - BOJHOBAas (YHKIMS 4YacTUIBl. B JeKapTOBBIX KOOpAMHATAaX OyAeM IOJb30BATHCS METPUKON
curHatypsl (+, —, —, —) Bcroxy. Bcroay ucrnosb3yercst ectecTBeHHast ccTeMa eMHuI i = ¢ = 1.

HoBu3na npo6aemsbl. boul npoBesieH aHanu3 NpUBEICHHBIX B paborax [1—4] KpUBOJIMHEHHBIX CUCTEM
paszensomuxcsi KoopauHat. [IpoBepeHbl M3BECTHBIE CHCTEMBI Pa3[elSIFOIIMXCS KOOPJIMHAT Ul CBOOOIHOTO
ypaBHeHust Kneitna-I'opgona Ha mnpeaMeT Hanwdus ONIPENCICHHBIX BO BCEM IPOCTPAHCTBE (pr3mueckux
nepeMeHHbIX (popmyn oOpaTHON 3ameHsl. [l HaOOpOB ONEPATOPOB CHMMETPHH, KOTOPBHIM COOTBETCTBYIOT
pa3lensronecss KOOPANHATH C HE COOTBETCTBYIOIIMMH TpeOOBaHHUAM (opMyrTaMu OOpaTHOHM 3aMEHBI, 3a/a4a
paslencHns IEPEMEHHBIX ObliIa PelIeHa 3aHOBO, M HAaWIECHBI MOAN(GHUINPOBAHHBIE CHCTEMBI Pa3ICIISIOIIIXCS
KOOpIMHAT, o0ylajatomue TpeOyeMbIM KadecTBOM. B MOAM(GHUIMPOBAHHBIX KOOpPIMHATAX pasJeiicHUE
NIepPEeMEHHBIX OCYIIECTBISIETCSI BO BCEX 00JIACTSIX MPOCTPAHCTBA - BPEMEHHU.

IIpomwnnroctpupyem ckazaHHoe. M3 [1] u3BeCTHBI crneAyroliue pasiensioluecs KOOPAMWHATHI JUIs

cBobonHOTO (A;=0) ypaBHeHu (1) (3M€Ch HIKHIE HMHACKCH KOOPIMHAT U; BBEACHBI TSI yI0OCTBA):

1

Ug =X
uy =x? @
1 x0 +x3

=M E e

u; = Je(x0)Z — (x3)?,
I'ne € - Ge3pa3mepHBIli HapaMeTp, MOAOMpPAEMbIi Tak, YTOObI B KaXJIOW OOJacTH NPOCTPAHCTBA —
BpemeHn ¢Gopmyinsl (2) Obun ompexpeneHsl. [lapamerp € MOKHO BBIOpaTh cienyromeil QyHkuueit (imbo

MIPOTIOPIIMOHAILHOM € ¢ HEKUM TIOJIOKUTEBHBIM KO3PPUITUESHTOM ):

s 0N 2 372Y x°+x3
e = sign((x®)? — (x*)?) = sign (525 3)
Brum BeramcieHsl GopMyasl 00paTHOH 3aMeHHI K (2). OKa3pIBaeTcs, YTO OHHU 3aBHCAT OT TOTO, B KaKOH
00JacTH IPOCTPAHCTBA — BPEMEHH MBI BEIUUCIIIEM 00paTHBIE (POPMYJIBI, I HIMEET CMBICI BRIICIUTH 4 001acTi —

cMm. Puc 1.

111

-
20 + 2% = )

IV

Puc. 1. Obracmu npocmpancmea — 8pemeHnu, 8 KOMopwix Qopmyivl 3amelvl, 00pamuou K (2), paziuunsl

[Ipu srom nomywaercs, Hampumep, yto B obnactsx I m III mapamerp (3) mpuHMMaeT OJMHAKOBOE

3HAQ4YCHHUE & = —1, OJIHAKO q)OpMyJ'II)I OGpaTHOﬁ 3aMCHbI TOJYYarOTCA Ppas3IMYHbIMU B I3THUX OGJ’IaCTﬂX, T.C.
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mapaMeTp He TO3BOJISIET SAMHOOOPA3HO 3alKucaTh OOPATHYIO 3aMEHY. AHAJIIOTUYHOE PACCYKICHHE UMEET MECTO
s oonacredt I u IV. Otcrona crieyeT He0OXOAUMOCTh MOAM(UKALIMU CHCTEM Pa3IEISIONIUXCS KOOPAUHAT,
COOTBETCTBYIOIINX MPOCTPAHCTBEHHO - MOJOOHBIM M BPEMEHH - MOJOOHBIM 00JIaCTSM MPOCTPAHCTBA-BPEMEHH.

HaGop omepatopoB cummerpun it cBobomHoro ypaBHeHHs (1), kotopomy B [l] comocraBieHBI

Lij = x;p; — x;p;. Hnst aroro

. d
paszeNAIOIKMEcs KOOPAMHATEI (2), UMEET BHA {P1, D, L3o}, THE Dpj = io5» Li

Habopa 3amava pasfeNieHHs] MEepeMEHHBIX OblIa pelIeHa 3aHoBO, Ooyiee oOmMM 00pa3oM, W TOJXYYEHBI

MO}_'[I/I(l)I/IHI/IpOBaHHI)IC pasacasAaronuecs KOOpANHATBL AJIs1 CBOGOHHOFO YpaBHCHUA (1)

u; = x?, 4)

(x0)2 — (x3)2
az—p2
rie a u B - 6e3pasmepHble napameTpsl (a? # 2), KOTOpbIe TIO3BOJSIOT €AMHOOOPA3HO HATMCATH OOPATHYIO
3ameHy Bo Bcex obmactsax [-IV (Puc.1):
x3 = uz(asinhu, + B coshu,),
x° = uz(a coshu, + B sinhuy).

HaGop omnepaTopoB CUMMETPHUM {p;,D,, L3o} nomyckaer motennman suma A;((x°)% — (x3)?) . Dro
03HaYaeT, YTo oneparop ypaBHeHHs (1) ¢ TaKMM NOTEHIMAJIOM MO-NIPeXXHEMY OyJeT KOMMYTHPOBATh ¢ HAOOpPOM
{p1, P2, L3} Kak creacrBue, mo TeopemMe 0 pas3ielieHuH epeMEHHbIX, TpHUBeIeHHOM B [1], koopauHatsl (2) u (4)
— pasaensromuecs s ypasHenus (1) ¢ mpoussonbHbIM noTenmanom suaa A;((x%)? — (x2)?).

3nauenue. MonubuIupoBaHHbIE pa3IeAIONIHecs] KOOPAUHATHI (4) TIO3BOJISIOT MPOBOIUTH Pa3jielicHUue
TIEPEMEHHBIX €IMHOO0Pa3HO KaK B MPOCTPAHCTBEHHO - MOJOOHBIX OOJIACTAX, TAK M BO BPEMEHH - MOJIOOHBIX.
Osxumaercsi, 9TO MOTyYeHHbIE MOIU(HUIIMPOBAHHBIE CHCTEMBI KOOPAMHAT (4) MO3BOJIAT UCCIEIOBATh MPOOIeMy
TIOJTHOTHI s peleHui ypaBuenus Kieitna - ['opiona, nosyyaromuxcst B pa3zieJIeHHbIX KOOpAXHAaTaX.

Mony4yennblie pe3yasTaThbl. [lonydeHbl MCKOMBIE CHUCTEMBI pa3felsIoLIMXcs KoopauHat (4) B Oosee
obmei ¢opme, gem (2). [ xiacca 3MeKTPOMAarHUTHBIX TOJICH, JOMYCKAaIOUIMX pas/ielieHHe NEePEeMEHHBIX B
KJacce MOIU(UIMPOBAHHBIX KPUBOJIMHEWHBIX CHCTEMaX KOOPIHHAT, OIYyUYCHbI SBHBIC BHIPAKEHHS. BbIMHUCAHbI

YpaBHCHUA Makcsenna JJIA OTUX TOJICH B IBHOM BHJIC.
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