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Abstract

To avoid complex computations based on wide Fourier expansions, the electromagnetic field of synchrotron radiation (SR) was
analyzed using Lienard—Wiechert potentials in this work. The retardation equation was solved for ultrarelativistic movement of ro-
tating charge at distances up to the trajectory radius. The radiation field was determined to be constricted into a narrow extended
region with transverse sizes approximately the radius of trajectory divided by the particle Lorentz factor (characteristic SR length)
cubed in the plane of trajectory and the distance between the observation and radiation emission point divided by the Lorentz fac-
tor in the vertical direction. The Lienard—Wiechert field of rotating charge was visualized using a parametric form to derive elec-
tric force lines rather than solving a retardation equation. The electromagnetic field of a charging point rotating at superluminal
speeds was also investigated. This field, dubbed a superluminal synchrotron radiation (SSR) field by analogy with the case of a cir-
culating relativistic charge, was also presented using a system of electric force lines. It is shown that SSR can arise in accelerators
from «spot» of SR runs faster than light by outer wall of circular accelerator vacuum chamber. Furthermore, the mentioned cha-
racteristic lengths of SR in orbit plane and in vertical direction are less than the interparticle distances in real bunches in ultrarela-
tivistic accelerators. It is indicating that this phenomenon should be taken into account when calculating bunch fields and involved
at least into the beam dynamic consideration.
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1. Introduction The theoretical prerequisites for theory and expe-

Rather than solving the retardation equation, elec- rimenta} design of the coherent .radiation of electro-
tric field lines in special parametric form were used ~Magnetic waves by sources moving at speeds excee-
in this work to illustrate the SR field including the —ding the speed of light in empty space were conside-
Coulomb term for completeness. The electromagnet- ted in [1]. Furthermore, superluminal light spots
ic field of charging point rotating with speed exceed caused by c1rcu}ar rotation have been investigated
the speed of light is investigated. By analogy with the ~ [2, 3]. Superluminal radiation has been shown to oc-
case of a circulating relativistic charge we call this ~cur in an electromagnetic field reflection from a rota-

electromagnetic field as SSR. ting conducting cylinder [4, 5]. In [6, 7] examined a
model when the boundary surface is crossed by an

obliquely incident extended bunch of charged partic-
les, then superluminal transition radiation is the res-
ult of interference of radiation emitted by many par-
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ticles, and [8] examined superluminal electromagnet-
ic pulses produced by obliquely incident X-rays.

This work therefore aims to estimate of a superlu-
minal point-like charge moving on a circle. The SSR
is also presented by a system of electric force lines in
the same way as for SR. It is noted that the SSR can
arise from «spot» of SR runs faster than light by the
outer wall of circular accelerator vacuum chamber. It
is also pointed out that the characteristic lengths of
SR and SSR are less than the interparticle distances
in real bunches in ultrarelativistic accelerators. It is
indicating that this phenomenon should be taken into
account when calculating bunch fields and involved
at least into the beam dynamic consideration.

2. Synchrotron Radiation

Relativistic electrons rotating in a magnetic field
produce SR. The spectral SR energy emitted by one
electron can be calculated as follows [9—13]

d*W _ 3rymc 26072
dQdo 4 | W]

2 2
11 }/1/211//2 Kf”(x)}’

where v is the angle between the orbit plane and ra-
diation detection direction, 6 is angle of observation
in the horizontal plane, dQ2=d6dy, and  is the angu-
lar frequency of a photon. The Lorentz factor of an
electron yis equal to the electron energy divided by
m,c’, where m, is the electron mass and c is the velo-
city of light. The electron classical radius is defined
as ro=e’/m,’, x=(02w,)(1+y*y?)*?, the critical
frequency that divides the emitted power into equal
halves is w,=37’c/2p,, where p, is the radius of the
charge trajectory, and K,/; and K,/; are modified se-
cond-order Bessel functions. For ultrarelativistic
equations, >>1, the distribution is very wide and in-
volves harmonics up to a y’order of charge circula-
ting frequency, w,=cf/p,, where =v/c, where is the
velocity of the electron.

The radiation beam rotates together with an elec-
tron and is directed along the direction of the veloci-
ty with an angular spread of the order AG~1/y<<I.

Wide Fourier expansions are known to correspond
to narrow spatial structures. For SR the pulse width
has a duration of At=y’@,, where wy=eH/ym, is the
orbiting frequency (H is magnetic field). Therefore,
SR is dominated by frequency components in the
range w=y’w.

SR theory is based on Lienard—Wiechert potenti-
als [14], which give the equations for electromagnet-
ic field. Here, a circulating electron with constant ve-
locity was considered in the coordinate system
described in Fig. 1.

(1+77y’)’ X

X K22/3 (x)+

(1)
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Here, a charge is circulating in a counter-clock-
wise direction and is placed at the top of the circle at
time =0. The unit vectors corresponding to position
of the charge on the circle were: ¢,(®) — directed
along the radius, &,(®) — along the charge velocity.
Angle @ was measured in the counter-clockwise di-
rection, where @=0 corresponds to y direction for
€,(®). The radius-vector of moving charge is written
in form:

ro(t) = pyer(P), (2)
where @ = @t.
Po
ei(0)
e2(0) e:(P)
ei(®d)
Po

Fig. 1. Used coordinate system: r, is the radius of the charge
trajectory, axes of laboratory coordinate system are denoted
by x, y, unit vectors é,(®) and &,(®@) are directed along radius
and tangent to trajectory, angle @ is counted out from y axis
in counter-clockwise direction

The electric and magnetic fields of a circulating
charge can be calculated as [6] follows:

T)=e { y:(ﬁ_@g L nx(i-B) {{B}/ dt’]]}, o)
D*(1-1ip) cD(1-17p)
H(t)=[nxE], (4)

where all values on the right side are taken at retarda-
tion time ¢’ coupled with ¢ by the retardation equation

c(t—t)= ‘;—;o(l') (5)

and D=c(¢-t") in (3).

It should be noted that equations (3—5) formally
solve the Maxwel equations for poin-like charge mo-
ving with speed exceed the speed of light.

Since 1979, Lienard—Wiechert ficlds have been
investigated by solving the retardation equation near
the charge but far from the Coulomb area [15, 16].

The fields in the SR areas were estimated as done
previously [17], where radius-vector of the observa-
tion point is described as:
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r= p,(1+ 5)?1((1)) + pogg;a (6)

where é;=[¢,(®P)4e,(P)], and D, 6, and ( represent
the angular, radial, and vertical shifts in unit of radi-
us from the charge position in the observation time.
By expansion of parameter y=(®+fc(-t")/p,)/2 over
small values of y2, @, 8, , c(t-t")/p,, the correspon-
ding retardation equation was found to be as follows:

23y =8) -3y P +3(P*-57-(?)/4=0. (7)

SR is concentrated in the area defined by the si-
multaneous position of light signals emitted at retar-
ded times along the direction of the charge velocity.
Light signals emitted exactly in this direction along
the velocity in retardation points form a line 7. Near
the charge, this line can be described by the equation
which is as follows:

1y (@) = p,(1+ (D) / 2) er( D). (8)

The observation points near the line 7, can be
described using the angular shift ¢ normalized by the
typical value of SR area angular width y’by fol-
lowing expression:

¢ =(P-(28)"/3)y". )
Substituting this value into the retardation equa-

tion (7) provides an expression for y which is as fol-
lows:

xX=~0/2+n,
where n:(m+3¢)1/3_(m_3¢)1/3-

This provides the corresponding expressions for
the electric and magnetic fields in the SR area:

(10)

&gﬁ _ 2\/57/4(12_3”2) {el(l(/lz)) —\/522((13)}, (11)
e 1+n) o
&gﬁ _ 2x/§}/4(1—n2);3 . (12)

d+n°y
The main factor 2V2(1-17)/(1+17°) is presented in
Fig. 2 as a function of the angular (longitudinal) shift
¢ of the observation point from 7.

Electric field lines were used to illustrate the field
of SR. The first complete formula was obtained in
[18]. Rather than solving the transcendental retarda-
tion equation, a parametric line can be introduced:

e

L(t,t") = p,e: [ﬁc(t—t')J+
Po

+c(t—t') [nlgl [ﬁc Be

(t—t'))+n2éz[
P p

0

(t—t’))+n323]. (13)

One can see that observation point described by
equation (13) and radius-vector of charge at retarda-
tion time ¢’ are coupled by retardation equation (5) by
definition.

For simplification, the dimensionless parameters
as follows: 7=ct/p,, o=ct'/p, were introduced, al-
lowing (2) and (12) to be rewritten as:

0

;O(T)/po =é1(ﬁf), (14)
L(t,0)/ p, =ei(B(—0))+
+H1—0)(n e (B(t—-0)+meAB(t—0)) +ne», (15)

where n,, n,, and n, are projections of unit vector 7
along €,(B(70)), &(B(70)) and &, respectively.

Electric/magnetis field, arb. umits

-2.5 -1.5 -1 -0.5

Longitudinal coordinate, p/73

0 0.5 1.5 25

Fig. 2. Electromagnetic field in area of synchrotron radiation (SR) concentration
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Parameters n,, n,, and n; are found from the con-
dition that the derivation of (15) on 70 is directed
along the electric field that gives following expres-

sions:
— \/@sin(ﬁy(r—ﬁ)+cl) ’ (16)
y( +[3\/1 —022 cos(By(t—0)+c))
. B+J1-¢ sin(By(t-0)+c)) (17)
© 14+ 1= cos(By(t—0) +c))
) c (18)

1+ B cos(Br(T-0) )

where —n<c;<m and —1<c,<1 are integration con-
stants. One can see that these ranges of constants co-
ver all initial directions of electric lines outgoing
from the charge.

Transformation equations were then used to pres-
ent the results in x and y coordinates which are as fol-
lows:

&,(Bo) =—sin(Bo)x+cos(o) y, (19)

&,(Bo) = —cos(o)x sin(Bo)y, (20)
where X, ¥ are unit vectors along the x and y axis, re-
spectively, as in Fig. 1.

[lustrations of SR electric field lines for orbit
plane are presented in Figs. 3 and 4. The shape and
density of these lines describe the SR spatial structu-
re. Thus, one can see the concentration of electric fi-
eld lines stretched along the particle trajectory radius
with transversal sizes strongly depend on charge en-
ergy.

To separate the area of SR concentration, the j-re-
gion was introduced as a domain placed between the
lines of signals emitted with angles +y'relative to
particle speed. The electrical lines of SR in the 7-re-
gion are presented in Fig. 5

For relativistic particles the surfaces on which the
spot of yregion is running with linear velocity equal
to speed of light and other one on which this spot is
running with velocity more than speed of light are
placed near the charge trajectory. Corresponding
projections of charge trajectory on these surfaces we
call luminal and superluminal trajectories (see Fig. 6
for =50).

The yregion when =7 on the scale of orbit is
presented in Fig. 7.

On the outer wall of vacuum chamber, the «spot»
of SR is rotating with angular velocity w=pc/p, equ-
al to angular velocity of circulating charge. When the
distance between the charge trajectory and the outer
wall of the vacuum chamber is dp, then the linear ve-

4

__.-—'-""'—"

Fig. 3. Electrical field lines of SR when Y=3. One can see how these lines concentrate in space highlighting the SR
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Fig. 4. Electrical field lines of SR when y=7. The area of SR concentration is separated out. Scale factor
of picture relative to Fig. 3 is 5

Gamma region

Fig. 5. Electrical field lines and "Y-region of SR when Y=20. Scale factor of picture relative to Fig. 3 is 25
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Gamma region

Superluminal

Luminal

Subluminal

Charge

Fig. 6. The Y-region for Y=50. From bottom to top: trajectory of particle emitting the SR (subluminal trajectory), luminal
trajectory corresponding to circle with linear velocity equal to velocity of light, and superluminal trajectory that is wall
of vacuum chamber on which this spot is running with velocity more than speed of light. Scale factor of picture relative

to Fig. 3is 250

Fig. 7. The Y-region when Y=7 in scale of particle trajectory (blue). This is an area in which the SR concentrated
into the space. Scale factor of picture relative to Fig. 3 is 0.0125
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locity of the «spot» is equal to Be(1+0). For typical
values of synchrotron light sources fc(1+0) is grea-
ter than for very small values of 8. E.g. for the CAN-
DLE project [19] £=3 GeV (§=5.87E+03) and radius
of the trajectory in dipole magnet p,=7.4 m (which
corresponds to magnetic field H=1.35 T) the distan-
ce dp, at which velocity of «spot» exceed the speed
of light is only 0.5 mum. Therefore, the SR spots
move along the outer wall of the vacuum chamber fa-
ster than the speed of light. B

The size of one spot is S=(py/¥*)(PyV/7), where
parameter 6 depends on distance of particle to the
wall. As the electric field in this area was directed
along the radius, i.e., perpendicular to the wall surfa-
ce, (11) and (12) could be used for field calculations.
For a wall with ideal conductivity, the induced char-
ge is calculated as:

qg=-0,S,

21)
where o, is the surface charge density equal to the
magnitude of the electric field. Applying (11),

(22)
Y

To estimate how the limit of the wall’s conducti-
vity decreases this value, a simple estimation of the
charge displacement Ax was done as by [20] via the
action of an electric field E:

Ax = (eE | m)At?, (23)

where Ar=py/cy’is the SR acting time. Using (11),
the following estimation can be obtained:

v 24

Ax =7, N (24)

Induced by this displacement of all electrons of
media with density n, from the charged nuclei, elec-
trical field is written as
eny, _,
NG Y
which is about n 1 p,*y ° of the SR field magnitude and
can be treated as correspondingly decreasing of wall
conductivity. The CANDLE project found n,7p,*y “to
be approximately 3.2-107 (for n,=29-8.5-10*m™ cop-
per value), indicating that the charge induced in a SR
spot for one radiating electron is about 9.3-10°e. We
assumed that all electrons in copper for correspon-
ding frequencies are free.

E, =~en,XAx= (25)

>

3. Superluminal Synchrotron Radiation

This work aims to estimate electric field lines of a
superluminal point-like charge moving with angular
velocity @, on a circle of radius p.

A point-like charge was assumed to be induced by
a reference charge moving on a concentric circle of
radius p,. For a superluminal charge trajectory p’(7)

25

and retardation line L "(7) attached to this trajectory,
this indicates the following:

r®_ . [BT+CI)0], (26)
Po n
L (1,0) =n21[B(T_O-)+CDO)+
Po n

nlél (B(T_G) +(I)OJ+

+H7-0) , (27)
+n,e (B(T_G) +CD()]

where  n=p/p,,  T=ctlp,, o=ct'/p,, and

B=nB=m/1-y>>1, assuming that at time =0 a super-
luminal charge is placed on angle @,,. The electrical
field on line (27) according to (3) can be rewritten as:

e(1- B*)
— X
D*(1-Bn,)’

[ OB’
n
X

L —"
n(-587)
+[(n2—B)(l—

E

(1—Bn2—nf)Jél+

n1):|éz

where @=1-0, D=p,(7-0), and > = 1. [B(rn—o) + (DOJ.

(28)
©B’

n1-B%)

Calculating the derivation of (27) on © we find the
tangents on these line at fixed observation time #:

L
pod®

=(n, +@(%+ n,B))er +0(n,— B+ (%— nBe: (29)

Compare this equation with (28) we find the dif-
ferential equations for n, and n,:

dn B

n?é:nz(l_an)ﬁ’ (30)
dn

nTé:_nl(l_an)ﬁ. (31)

One solution of these equations is presented as:

_ sinh(BG(1—-0)/m)+¢c,) (32)
G(1+ Bcosh(BG(1—0)/ n) +¢,))

P _
n =

P = B +cosh(BGo +c¢,)
> 1+ Bcosh(BGo +c,)’

where G=1/B>~1 and the integration constant
—oo<cp<teo. One can see that initial directions of unit
vectors with components n; and n, outgoing from
charge cover only angle +arccos(1/B) according ve-

(33)
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0.8

0.6

0.4

0.2

nl, n2

-0.2

-0.4

-0.6

-0.8

0.5

Integration constant

—nl plus —n2 plus

—nl minus —n2 minus

0

0.5

Fig. 8. Dependence of components of unit vector of electric line outgoing from the superluminal charge: nl_plus, n2_plus
for «plus» solution (32-33) and nl_minus, n2_minus for «minus» solution (34—35) on integration constant

locity of the charge (we mark this solution as «plus»
according to sign in denominator).

To cover other directions one can obtain the «mi-
nus» solution in form:

o sinh(BG(t—o0)/n)+c,,)

M = : (34)
G(1-Bcosh(BG(t—0)/ 1) +c,,))

i B—cosh(BG(t-0)/1n)+¢,,)
> 1-Bcosh(BG(T-0)/ M) +c,)’

(35)

where the integration constant —eo<c;,<+oo. Both so-
lutions cover all possible initial directions of electric
lines outgoing from the charge (see Fig. 8).

One can see that solutions (32-33) and (34-35)
for electric lines are separated in space by surface gi-
ven by a condition 7 B=1 known as Mach surface. As
lead from (28) the field on the Mach surface goes to
infinity.

The electric lines resulting from (27, 32-35) are
shown in Figs. 9 and 10.

4., Discussion

This work aims to emphasize the fine spatial
structure of SR. Vacuum chamber, especially the ou-
ter walls contribute to beam self-produced field a lot
of faster than lights moving «spots.» The structure of
the fields is so fine that for real bunches in accelera-
tors it is thinner than interparticle distances, indica-
ting that these effects should be involved at least in-
to dynamic consideration. The issue will be interes-
ting also for coherent SR investigation [21, 22].

26

Fig. 9. Superluminal trajectory, G=7. Set of «plus» lines for
all —1<c L1 (solution (32—33)) and Mach surface projection in
orbit plane. This set of lines completely enclosed in the Mach

surface. Scale factor of picture relative to Fig. 3 is 12.5
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Luminal

it
it r'f '|‘ 7
e
I H.'f”ln'.’HJ[‘F'Iilllll‘.‘n I

{1
/

T
[ {
i

(b)

Fig. 10. Superluminal trajectory, G=7. a) Set of «minusy lines (solution (34-35)) for —0<c,<5 and Mach surface projection
in orbit plane. b) Set of «minus» lines (solution (34-35)) for —5<c,<0 and Mach surface projection in orbit plane.

The «beaky of «plusy branch of Mach surface lies on the luminal trajectory, where the velocity of linear propagation
is equal to velocity of light, and the field reaches its maximum. c) Set of «minus» and «plusy lines (34-35) for —5<c,<0

and Mach surface projection in orbit plane. Scale factor of picture relative to Fig. 3 is 12.5
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