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1. Introduction

Topological solitons of (2 + 1)-dimensional field models play
an important role in various areas of field theory, physics of con-
densed state, cosmology, and hydrodynamics. Among them, we
should first mention vortices of the effective theory of supercon-
ductivity [1], vortices of the (2 + 1)-dimensional Abelian Higgs
model [2], and lumps of the (2 + 1)-dimensional nonlinear O (3)
sigma model [3].

In contrast to the (3 + 1)-dimensional case, electrically charged
solitons do not exist in the (2 + 1)-dimensional Maxwell elec-
trodynamics for a fairly straightforward reason: the electric field
goes like 1/r, so the electric field’s energy diverges logarithmi-
cally. In (2 + 1) dimensions, however, the dynamics of gauge
field may be governed not only by the Maxwell term but also
by the Chern-Simons term [4-6]. In the presence of the Chern-
Simons term, a gauge field becomes topologically massive, thus
making possible the existence of two-dimensional electrically
charged solitons. These solitons exist both in the Maxwell-Chern-
Simons models [7-9] and in the Chern-Simons models [10-14]
and can be both topological and nontopological. Topological soli-
tons are electrically charged vortices, whereas nontopological ones
are two-dimensional electrically charged spinning (possessing an
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angular momentum) Q-balls. The numerical research of such a
two-dimensional Q-ball has been performed in [15]. The three-
dimensional counterparts of these Q-balls have been described
in [16,17]. More recently, the influence of the Chern-Simons
term on electrically charged and spinning solitons of several
(2 + 1)-dimensional Abelian gauge models has been studied in
[18].

In this Letter a two-dimensional soliton system in the Maxwell-
Chern-Simons gauge model is considered. As well as in the
Maxwell gauge model [19], the soliton system consists of a vortex
and a Q-ball interacting through a common Abelian gauge field.
This vortex-Q-ball system possesses a radial electric field, carries
a quantized magnetic flux, and has a nonzero angular momentum,
but in contrast to [19], it also has a quantized electric charge. It is
shown that the vortex-Q-ball system combines properties of topo-
logical and nontopological solitons.

2. Lagrangian and field equations of the model

The Lagrangian density of the model is

1
L= FuF+ %GP“FWAT

+ (Dug)* D¢ — V (Ig])
+(Dux) D x —U (XD, (1)
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where the complex scalar fields ¢ and x are minimally coupled to
the Abelian gauge field A, through the covariant derivatives:

Dyp=0up+ieAydp, Dux =0,x +iqA.x. (2)

The self-interaction potentials used in this paper are the same as
those used in [19]:

Vash =5 (5797,

2 3
Udxh=m*x*x —g(x*x)"+h(x*x) . (3)
In Eq. (3), A, g, and h are the positive self-interaction constants, m
is the mass of the scalar x-particle, and v is the vacuum average
of the complex scalar field ¢. We suppose that the parameters m,
g, and h satisfy the condition

2 2
g g
— <h<—=—. 4
4m?2 3m? )
In this case, the potential U (|x|) has the two minima: the global
minimum at x =0 and a local one at some nonzero |x|.
The model's action S = [ L£d3x is invariant under the local

gauge transformations:

¢ (x) — ¢’ (X) =exp (—ieA ()¢ (),

X () — x' (%) =exp(—igA () x (),
Ap ) — Al () = Ay (x) + 3 A (X) (5)
if the local gauge parameter A (x) decreases rapidly at infinity. Be-
cause of neutrality of the Abelian gauge field A,, the Lagrangian
density (1) is also invariant under the two independent global
gauge transformations:
¢ () = ¢' () =exp(—ia) ¢ (x),
X0 — x () =exp(=ip) x (x). (6)

This invariance leads to the two Noether currents:

iy =i[¢*D"¢ — (D 9)" ¢],

=il x — (D*x)" x]. (7)
Under the discrete transformations C, P, and T, the Chern-Simons
term Lcs = ueP’? Fps Ar /4 behaves as follows:

l:(cg) = Lcs, Lé’? = —Lcs, E(CTS) =—Lcs. (8)

It follows from Eq. (8) that the Chern-Simons term breaks the P,
CP, and T-invariance of the model’s Lagrangian.
The field equations of the model have the form:

I F*Y + WY =", (9)
DMD“¢+A(¢*¢—VZ>¢=O, (10)
DMD“X+(m2—2g(x*x)+3h()(*x)2)x=O, (11)

where the dual field strength *F¥ = €"*#Fy4/2, and the electro-
magnetic current j is expressed in terms of the Noether currents:
i’ =ejy +aiy. (12)

Integrating the left and right hand sides of Eq. (9) with the in-
dex v =0 over the spatial plane, we obtain an important relation
between the electric charge and the magnetic flux:

Q=eQp+qQy=—ud, (13)

where Q4 = fjgdzx and Q = fj?(dzx are the conserved Noether
charges.
The symmetric energy-momentum tensor of the model and the
corresponding expression for the energy density are written as:
1
4
+(Dud)* Dug + (Dvd)* Dyudp
— &uv ((Dug) D¢ —V (16))
+(Dux) Dux +Dvx)*Dux
—guv (Dux)" D*x = U (IxD). (14)
1 1,
ToozinEi+§B (15)
+ (Do¢)* Do + (Di¢)* Dig + V (Ip])
+ (Dox)* Dox + (Dix)* Dix + U (Ix]),

where E; = Fy; are the components of electric field strength and
B = —F1, is the magnetic field strength.

In this paper we adopt the following gauge condition: dg¢ = 0.
Using the analogy of Q-ball, we find a soliton solution of model
(1) that minimizes the energy E = [ Tood?x = H = [ Hd?x (H is
the density of the Hamiltonian H) at a fixed value of the Noether
charge Q, = [ j%d*x. In this case, the soliton solution is an un-
conditional extremum of the functional

F=/7—td2x—a)/j?(d2X=H—wa, (16)

Tyv =— FuF) 4+ ~guFapFMP

where  is the Lagrange multiplier. The Noether charge Qy is
written in terms of the canonically conjugated fields x, x*, 7y =
dL/3 (Box) = (Dox)* and 7y =9L/d (dox*) = Dox as follows:

Qy = —i/ (x7ry — x*7yr) d*x. (17)

From Eq. (17), we obtain the variation of the Noether charge Q,
in terms of the canonically conjugate fields:

5Q, :—i/ (x8my +my8x — c.c.)d?x. (18)

At the same time, the first variation of the functional F vanishes
for the soliton solution:

8F =8H —w8Q, =0. (19)

From Egs. (18) and (19), we obtain the following Hamilton field
equations:

8H
30X=8—=—ia)x, dox* = =iwyx*, (20)

T[X 57TX*
while time derivatives of the other model’s fields are equal to zero.
We see that the scalar field x has the time dependence of Q-ball
type:

X () = x (X)exp (—iwt), (21)

whereas the other model’s fields do not depend on time for the
adopted gauge condition dg¢p = 0. Extremum condition (19) leads
to the important relation for the soliton solution:

dE

where it is understood that the Lagrange multiplier « is some
function of the Noether charge Q.



114 A.Yu. Loginov, V.V. Gauzshtein / Physics Letters B 784 (2018) 112-117

3. The ansatz and some properties of the solution

To solve field equations (9)-(11), we apply the following ansatz:

AR (x) = <A° 0 L enja <r>> ,
er
¢ (x)=vexp(iNO)F (r),
X () =0 (r)exp(—iwt), (23)

where ¢;; are the components of the two-dimensional antisym-
metric tensor (€12 =1) and n;j are those of the two-dimensional
radial unit vector n = (cos (6), sin(#)). We suppose that the func-
tion o (r) is real, so ansatz (23) completely fixes the model’s gauge.

It can be shown that ansatz (23) is consistent with field equa-
tions (9)-(11), so we get the system of second order nonlinear
differential equations for the ansatz functions:

Ap(n) | Ao(r)

r2 - lu/A/(r)

Ap(r) —
—2 (ezsz "?* + ¢ (r)z)
x Ao(r) + 2equwro (r)? =0, (24)

W A0

— nAG(r)

—2e?v2 (N + A(n) F ()2
Ao(r) _

—2¢%0 (N*A(M) +p ;

0, (25)

F”(r) + m _ izr)
r T

x ((N+ A2 = Ag(n?)

o2 (1 - F(r)z) F(r)=0, (26)

" o'(r)
o"(r)+ T + o (1)

2 2 2
((o- o) - £ A7) )

- <m2 — 280 (1) + 3ho (r)4) o (r)=0.

The expression for the energy density £ = Tgp can also be written
in terms of the ansatz functions:

1A% 1 /(AN  5.n
gzie27+§<<?)> +v°F
N + A)2 + Ag?
+(( r)2 0)V2F2

A 2
+5v (FZ - 1) +07
A 2 2 AZ
+ (a)—q—0> o+ q—z—zoz
er e’r
+m?o? —ga4+h06. (28)
The regularity of the soliton solution at r =0 and the finiteness

of the soliton’s energy E =2m foooé’ (r)rdr lead us to the following
boundary conditions for the ansatz functions:

Ap(0) =0, Ao(r) =20

A0)=0, A —> —N,

FO =0, F@) —1,

0’'(0)=0, o) -0 (29)

From the boundary conditions for A(r) it follows that the magnetic
flux of the vortex-Q-ball system is quantized:

oo
2
d>=27r/B(r)rdr=?nN, (30)
0

where B(r) = —A’(r)/(er) is the magnetic field strength. Moreover,
from Eqgs. (13) and (30) it follows that the total electric charge of
the vortex-Q-ball system is also quantized:

Q=———uN. (31)

In terms of the ansatz functions, the C-transformation is writ-
ten as

w— —w, N— =N, Ag — —Ao,
A——-A, F—F, 0—o0. (32)

It is easily shown that Egs. (24)-(27) are invariant under trans-
formation (32) as well as energy density (28). According to
Eq. (8), C-transformation (32) is the only discrete one that leaves
Egs. (24)-(27) invariant. All other discrete transformations (P, CP,
and T) do not leave Eqs. (24)-(27) invariant. We see that trans-
formation (32) changes the sign of w, but at the same time, it
also changes the sign of the soliton’s winding number. From this it
follows that the energy of a soliton with a given fixed N is not in-
variant under the change of sign of the phase frequency: E (—w) #
E (w). Similarly, it can be shown that Qg y (—®) # —Qg,x (@), SO
the absolute values of the Noether charges are also not invariant.

From Egs. (24)—(27) and boundary conditions (29) it follows
that at r =0, the power expansion of the soliton solution has the
form:

as 3 5
Ao(r)=a1r+§r +0(r),

by 5  ba 4 6
A(r):ir +Ir +O<r),

CIN| _|N| CINI+2 _|N|+2 IN|+4
F(r)y=—— —_— o ,
O=N" TN T (r )
d2 , 4
oM =do+ ot +o(r). (33)

In Eq. (33), the expressions of the next-to-leading coefficients as,
ba, ¢|nj42, and d; are

3
as =3qd§ (a19 — ew) + S b2,

by=3 (qzbzd% + 2N€2V2C|2N‘31,|N|> + pas,
CIN| 2 2
vtz == L (NI +2) (a} + NI b2 +2v?).

dy = %" (43 (3d3h - 2¢)

+e72(qa; +e(m — w))
X (—qa; +e(m+ w))] R (34)
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where 81n| is the Kronecker symbol. Linearization of Egs. (24)-
(27) at large r and use of corresponding boundary conditions (29)
lead us to the asymptotic form of the solution as r — oo:
Ao (1) ~ Qoo /MAT €XP (—MAT)
A(r) ~ =N 4 aoo/mar exp (—mar),
exp (—mgr)
/Mgl
exp (—«/m2 - a)2r)
Jmr ’

F()~1+ceo

o (N ~dy

where

M2
ma =,/2e2vZ 4+ — — — 36
A=, s (36)

is the mass of the gauge boson and my = +/21v is the mass of the
scalar ¢-particle.

For symmetric energy-momentum tensor (14), the angular mo-
mentum tensor has the form

JHEY = TV _ XV T (37)

Use of Eqgs. (14), (23), and (37) leads us to the angular momen-
tum’s density expressed in terms of the ansatz functions:

T oij q Ao\ >
j:ieij] ”:—rBEr—i-ZEA (a)—q;)o
Ag(N+ A
_zw‘ﬂp% (38)

r

In Eq. (38), Ex(r) = — (Ao (r)/(er)) is the radial electric field
strength. Integrating the term —rBE, = —e=2A’ (Ao/r)’ by parts,
taking into account boundary conditions (29), and using Eq. (24)
to eliminate Aj, we obtain the expression for the soliton’s angular
momentum | =27 [;° 7 (r)rdr:

o0
]:—4an2/Ao ") Fz(r)dr-i-ne%Nz. (39)
0

At the same time, Egs. (7) and (23) lead us to the following ex-
pression of the Noether charge Qg:

oo

Qp= —4nv2/Ao (r) F2(r)dr. (40)
0

From Egs. (13), (31), (39), and (40) it follows that for the vortex-
Q-ball system the important relation holds between the angular
momentum | and the Noether charges Q4 and Q:

j:NQ¢+ne%N2=—NgQX—neﬁ2N2. (41)
We see that the angular momentum depends linearly on the
Noether charges of the scalar fields.

Any solution of field equations (9)-(11) is an extremum of
the action S = [ Ld?xdt. It is readily seen, however, that the La-
grangian density (1) does not depend on time if the field config-
urations are those of ansatz (23). It follows that any solution of
system (24)-(27) is an extremum of the Lagrangian L = fﬁdzx. Let
Ao(r), A(r), F(r), and o (r) be a solution of system (24)-(27) sat-

isfying boundary conditions (29). After the scale transformation of

oo rrm T T eI T T “
\
\
O S W—
-~ ‘l
------------------ oy
0.5¢ Ty
‘._\
..:"
Nee
0.0 < T S T o VL LT ] r, m—l
. 3 10 15,7720 25 30
\\~‘- —// \\\
-os5f T
\\
-ob T

Fig. 1. The numerical solution m~'/2Aq(r)/(er) (dotted), A(r) (dashed), F(r) (solid),
and m~120 (r) (dash-dotted) for the vortex-Q-ball system. The model’s parameters
are e=q=03m'"2, ©=05m, A =0.335m, v=1.221m"2, g =1.0m, h =0.26,
and N = 1. The phase frequency w = 0.38m.

the solution’s argument r — Ar, the Lagrangian L becomes a func-
tion of the scale parameter A. The function L (1) has an extremum
at A =1, so its derivative with respect to A vanishes at this point:
dL/dAly,—; = 0. From this equation it follows that the virial relation
holds for the vortex-Q-ball system:

2(E® — % 4+ EP) 4+ 1 — 0, =0, (42)

where

o0
1 Ao\’
E(E)=§/EiE,-d2x=n/<(e—:>> rdr (43)
0

is the electric field’s energy,
oo
1 A/2
E® = —/Bzdzx:n/—dr (44)
2 e’r
0
is the magnetic field’s energy,
o
EP =2m / [V (¢ + U (Ix D]rdr (45)
0

is the potential part of the soliton’s energy, and

L) = %feP“prGA,azx (46)
is the Chern-Simons part of the model’s Lagrangian.

4. Numerical results

Now we present some numerical results concerning the vortex-
Q-ball system. For numerical calculations, we use the natural units
¢ =1, i=1.In addition, the mass m of scalar y -particle is used as
the energy unit. After that, the model is completely determined by
the seven parameters: e, q, i, A, v, g, and h. We chose the follow-
ing values of these parameters: e =q =0.3m!'/%, £ =05m, » =
0.335m, v =1.221m'/?, g =1.0m, and h = 0.26, where the pa-
rameters’ dimensions correspond to the (2 + 1)-dimensional case.
The correctness of the numerical solution were checked by use of
Egs. (13), (22), (41), and (42).

In Fig. 1, we can see the dimensionless zero component
m~1/2Aq(r)/(er) of the gauge potential along with the dimension-
less ansatz functions A(r), F(r), and m~/20(r). The vortex part
of the soliton system is in the topological sector with N =1, the
phase frequency w is equal to 0.38m. Fig. 2 presents the numerical
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Fig. 2. The numerical solution m~1/2Aq(r)/(er) (dotted), A(r) (dashed), F(r) (solid),
and m~1/?
act with each other. The model’s parameters are the same as in Fig. 1.

—02f

Fig. 3. The dimensionless versions of the electric field strength E,(r) = m=3/2E(r)
(solid), the magnetic field strength B(r) = m~3/2B(r) (dashed), the scaled en-
ergy density 0.5£(r) = 0.5m3&(r) (dash-dotted), the electric charge density
jo(r) = m™5/2jo(r) (dash-dot-dotted), and the scaled angular momentum’s density
0.57(r) =0.5m~27(r) (dotted), corresponding to the solution in Fig. 1.

solution for the case g = 0, whereas the other model’s parameters
remain the same as in Fig. 1. This corresponds to superimposed
gauged vortex and non-gauged Q-ball that do not interact with
each other. From Figs. 1 and 2, we can conclude that the gauge
interaction between the vortex and Q-ball components leads to
significant changes in the shapes of the ansatz functions Ag(r),
A(r), and o (r), while the shape of F(r) does not change signifi-
cantly.

Fig. 3 shows the dimensionless versions of the electric field
strength E,(r) = m—3/2E,(r), the magnetic field strength B(r) =
m~3/2B(r), the scaled energy density 0.5£(r) = 0.5m3&E(r), the
electric charge density jo(r) = m~>/2jo(r), and the scaled angu-
lar momentum’s density 0.5.7(r) = 0.5m~27(r) that correspond
to the soliton solution in Fig. 1. We see that just as in [19], the
vortex-Q-ball system consists of three parts: the central transition
region, the inner region, and the external transition region. We also
see that the densities of the energy and the angular momentum
are approximately constant in the inner region, while the electric
and magnetic field strengths are close to zero there.

In Fig. 4, we can see the dimensionless soliton energy E =
m~1E as a function of the dimensionless phase frequency & =
m~'w. The function E (d)) is presented in the range from the min-
imum values of |c?)| that we have reached by numerical methods
to its maximum value of 1. The most important feature of Fig. 4
is that the soliton’s energy is not invariant under the change of
sign of the phase frequency: E (—@®) # E (®). This fact is a direct
consequence of the T-invariance breaking, which is caused by the
Chern-Simons term in the Lagrangian (1). From Fig. 4 it follows
that the soliton’s energy E tends to infinity as |(Z)| tends to its
minimum values (thin-wall regime). In the thin-wall regime, the

o (r) (dash-dotted) for the system of vortex and Q-ball that do not inter-

400F
300F
200}

100F

-1.0 -0.5 - 0.5 1.0

Fig. 4. The dimensionless soliton energy E =m~'E as a function of the dimension-
less phase frequency @ =m~'w. The model's parameters are the same as in Fig. 1.

E |0,
s0F

40f

30F

20 }_"‘_-T:_— ——————————————————————————————

07 T, LV
0.92 0.94

0.96

||
0.98 1.00

Fig. 5. The dimensionless soliton energy E =m~'E (solid for & > 0 and dash-dotted
for @ < 0) and the absolute value of Noether charge Qy (dashed for @ > 0 and dot-
ted for @ < 0) as functions of the absolute value of dimensionless phase frequency
|@| in a neighbourhood of |@| =1.

spatial size of the soliton’s inner region increases indefinitely, so
the main contribution to the soliton’s energy and angular momen-
tum comes from this region.

As @ — 1, the vortex-Q-ball system goes into the thick-wall
regime. As well as in the thin-wall regime, the soliton’s Noether
charge Q, and energy E tend to infinity in the thick-wall regime.
It was found numerically that Q (@) and E(®) have the following
behaviour as @ — 1:

QX ~—>B+A(]—(1~))7%’
w—1

=

I:I~—>]C+A(2—d))(1—d))_ , (47)
w—

where A, B, and C are positive constants. From Eq. (47) it follows
that the behaviour of Q, (@) and E (&) in the thick-wall regime
is in agreement with Eq. (22). Such behaviour of Q (@) and E(&)
in a neighbourhood of the maximum value @ =1 is very different
from that of the two-dimensional non-gauged Q-ball [20]. It is also
quite different from the behaviour of the vortex-Q-ball system [19]
in the Maxwell gauge model. However, the behaviour of Qy (®)
and E(®) in a neighbourhood of & =1 is similar to that of the
usual three-dimensional Q-ball [20].

In Fig. 5, we can see the dependences of the dimensionless soli-
ton energy E and the absolute value of Noether charge Qy (which
is negative for @ < 0) on the absolute value of @ in a neigh-
bourhood of |@| = 1. From Fig. 5 it follows that the behaviour of
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200+
150
100

50

““‘\““\““\“ll
50 100 150 200 Qx

Fig. 6. The vortex-Q-ball system’s dimensionless energy E as a function of the abso-
lute value of Noether charge Q for @ > 0 (solid) and for @ < 0 (dash-dotted), and
that for the two-dimensional non-gauged Q-ball (dash-dot-dotted) with the same
parameters m, g, and h as for the vortex-Q-ball system. The dashed line is the
straight line E = Qy |

the vortex-Q-ball system in the neighbourhoods of @ = —1 and
@ =1 is completely different. Indeed, its behaviour near & =1
corresponds to thick-wall regime (47). At the same time, its be-
haviour near @ = —1 is rather unusual. Firstly, there is no thick-
wall regime here. Secondly, the Q-ball component of the vortex-
Q-ball system disappears at @ = —0.93. For @ € (—1, —0.93), we
have only the single Maxwell-Chern-Simons vortex without any
Q-ball component.

Fig. 6 shows the dimensionless energy E as a function of
the absolute value of Noether charge Q, for the both signs
of @. It also shows the similar dependence E (]QX ‘) for the two-
dimensional non-gauged Q-ball with the same parameters m, g,
and h as for the vortex-Q-ball system. In addition, the straight
line E = |QX| is also shown in Fig. 6. We can see that the curve
E (| Qy ]) corresponding to the two-dimensional Q-ball is tangent to

the straight line E = |Q, | at some nonzero |Qy| as it should be
[20]. In contrast to this, the vortex-Q-ball system is described by
the two curves, which correspond to the both signs of the phase
frequency @. The curve E‘(QX) corresponding to the positive @
is similar to that of three-dimensional Q-ball. In particular, it has
the cusp and consists of two branches. As Q, — oo, the lower
branch goes into the thin-wall regime, while the upper one goes
into the thick-wall regime. At the same time, the curve E(— Qx)
corresponding to the negative @ has no cusp and consists of only
one branch. The curve starts at Q, = 0 and goes into the thin-wall
regime as Q, — —oo. From Fig. 6, we can conclude that in the
thin-wall regime the Q-ball component of the vortex-Q-ball sys-
tem is stable to the decay into the massive scalar y-particles.

5. Conclusions

In the present paper, we have researched the soliton system
consisting of a vortex and a Q-ball that interact with each other

through a common Abelian gauge field. Like a vortex, this two-
dimensional soliton system has quantized magnetic flux (30). Due
to the Chern-Simons term in the Lagrangian, the quantized mag-
netic flux leads to quantized electric charge (31) of the soliton
system and, as a consequence, to a nonzero radial electric field.
As a result, the soliton system possesses nonzero angular mo-
mentum (41) that depends linearly on the Noether charges of
the scalar fields. Owing to the Chern-Simons term, the energy
of the vortex-Q-ball system is not invariant under the sign re-
versal of the phase frequency w. This in turn leads to the sig-
nificant change of the dependence E(Qy) in comparison with
the vortex-Q-ball system [19] and with the two-dimensional non-
gauged Q-ball [20]. The vortex-Q-ball system combines properties
of both nontopological (Eq. (22)) and topological (boundary condi-
tion (29) for A(r) and, as a consequence, magnetic flux quantiza-
tion (30)) solitons.

Finally, let us point out a possible application of the results ob-
tained in [19] and in the present paper. A vortex-Q-ball string may
arise when a cosmic string passes through a charged scalar con-
densate. Such a condensate could exist in the early universe; elec-
trically charged boson stars [21], if they exist, also consist of such
a condensate. A part of the condensate may be carried away by the
passing cosmic vortex string, with the result that the vortex-Q-ball
string arises. In this case, the gauge interaction between vortex and
Q-ball components of the vortex-Q-ball string leads to significant
changes of their properties.
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