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The formulas defining option cost and also evolution in time of portfolio and capital for the European option of purchase in case of hed-
ging with set probability (fractile hedging) at continuous time and diffusion model of the (B, S)-financial market have obtained. Some

properties of solution are investigated.

1. Introduction

Financial tools used in markets become more vario-
us and generate refined enough streams of payments.
The situation becomes complicated because fluctuation
of interest rates and profitablenesses in markets is
stochastic and mathematical models of these fluctua-
tions are casual processes. Therefore such primary goal
of participants of financial markets as price evaluation
of financial tools can be solved only with attrstock of
probability methods. At the same time, construction of
mathematical model of the financial market and the
analysis of processes which occur there, demand use of
mathematical methods at high level. In connection to
that, financial mathematics received great popularity.
The main object of research of financial mathematics is
various models of securities market [1, 2]. In the given
work the research of nonclassical problem of the option
theory is carried out — problems of hedging with proba-
bility of payment obligation performance, for the case of
purchase option when unlike stationary options the pa-
yment obligation is carried out not with probability equ-
al to one but with probability less than one, which cor-
responds more to realities of the financial market.

2. Problem statement

Let’s consider the model of financial market as pairs
of assets actives: nonrisk (bank account) B and risk
(stocks) S, represented by their prices B, and S, t<[0,T].
In this case the (B, S) — market with continuous time is
spoken about [1, 2]. Actives Band S'we shall name the ba-
sic actives or the basic securities. Concerning bank account
Bit is supposed that B=(B),, is the determined function
submitting to the equation dB=rBdt, i. e. B=B,e", B,>0,
r>0, where r is the interest rate (bank percent). For the
description of stock cost evolution S=(.5)),, we shall assu-
me that consideration of the problem occurs on the Vine-
rovskiy stochastic basis (Q2, F,F=(F),,P) [1, 3].

Introduction in consideration of the Vinerovskiy
process is caused by the role of casual component which
defines «chaotic» structure in really observable fluctua-
tions of stock prices. In this connection the model of
«geometrical», or «economic», Brown movement
S5=(S),, was offered by P. Samuelson, according to
which S'is the casual process with

2
S, =S, exp[(u—aszGW,], (1)
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where W=(W),,, is the Vinerovskiy process, >0, pie R.
Using the formula Mrto [3] from (1) we find that
stochastic differential dS,=S,(udt+odW)).

Let’s imagine some investor having initial capital X,=x
during the moment of time /=0, being on the bank account
Band in stocks § according to portfolio 7;=(f,,7), where
3, is a part of the nonrisk active (the sum on the bank ac-
count), ¥y, is a part of the risk active (the sum invested in
stocks). Thus, we shall find the initial capital X;=8,B,+%,5;.
Similarly, let z=(3,y,) is a pair describing condition of the
investor’s portfolio of securities during the moment of time
£>0. Then the current capital X=0,B+7,S.

Problem: To find the capital X, corresponding to it
portfolio 7=(f3,,y,) and initial value X;=C; of the capital
as costs of the option secondary securities at which per-
formance of the payment obligation is provided
X=f{(Sy), where f(.S;) is payment function with proba-
bility P(A)=1—¢, 0<e<1 [2, 4].

Let’s notice that in a standard problem of option
hedging performance of payment obligation is provided
with probability equal to one [1], i. . on each trajecto-
ry of the stochastic process .S, modeling price evolution
of the risk active.

3. Finding of option price

Let’s consider a problem of hedging with set proba-
bility P(A) (fractile hedging) of standard option of the
buyer (call-option) with function of payment
J=(5;—K)"=max(0,5—K) [1]. Under the theorem 6.1
from [2] we have that the optimum strategy in a problem
of fractile hedging coincides with perfect hedge of pay-
ment obligation f=f;-I,, where I, is a set (event) indica-
tor A which has the view

dP
A={o:—> t- , 2
o s o

P’ is martingal measure, i. e. the measure with respect
to which the process X=X/B, is martingal. Using that
density process of the martingal measure P’ relatively to
Pis([2],§ 3.2)

* 2
I —exp —”_FW;Jfl(u_rj T,
dP, o 2\ o

where W' =W, +(th is the Vinerovskiy process
o2

concerning the measure P’ we can write (2) as following:
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It is necessary to consider two cases separately:
(u—r)/ o<1, (u—r)/*>1.

Remark 1: Further everywhere means ®'(y) a fun-
ction that is reverse to the Laplas’ function

xexp| — >const- (S, —K)" =

InS, +

u+r_GZJT]>const~(S,- —K)*}. A3)
+7

2

» 1 -
() = [ p(r)dx, ¢(x)= e
Theorem 1. Let

y0<r,s0>=(1n§_(r_“;)rj/oﬁ. @

Then at (u—r)/o’<1 the option price is defined by
the formula

C =S, |:(D[bc_6\/?)_q)(J/o(T:So)_G\/f):|_

JT
o b
~Ke"" {GD (\/%) —D(y,(T, SO))}, o)
where the constant b, has the view
b, =TO'(1-e)+ L1 (6)
(o)

Proof. To the case corresponds the following figure
defining structure of hedging set A.

(p(S T )
A @ (S T )
=0, (S T )
0 K d Sy
Fig. 1. Structure of hedging set: (u—r/c*<1; (Sy)=const(S;—K)*;

0AS)=5/""

The shaded area is the area of inequality solution
(3). Thus, in this case the set (event) A4 is represented in
the form of

A={S, <d}={W; <b}=

= {ST <5, exp {(r—a;jT +bGJ} ()

at restriction (E is averaging as far as P") [2]. From (7)
we have that

P(A) = P{ST < S, exp [[V— G;)T-kbcj}. (8)

As with respect to (1)

ST:SOexp{(u—c;JT+GWT}, )

then the use of (9) in (8) gives that

2
Soexp(,u—c;]T+aWTJ<
o’ )
<LS, exp((r—z)Tﬁ-bdj
62
exp[[,u—zJT+0'WTJ<
:P =
02
<exp[(r—]T+bcrj
2
o’ o’
=P\ uy—\T+oW,<|r—— |T+bo ;=
2 ! 2

=P{oW, <boc —(u—-r)T}=

:p{WT<b-(”;’jr}.

With respect that the Vinerovskiy process W, has a
normal distribution with zero average and dispersion ¢,
from (10) we get

ool )

where P(A)=1—¢is probability of successful hedging, 0<e<1.
Hence, for constant finding b=h, we have a condition

(b—”_rTJ/\/?:CD‘I(I—g),
(2

which proves (6). According to the Theorem 1 from [1]
we have that price of purchase option is defined by the
formula

P(4)=P

(10)

C,=e""E.(S,), (11)

where F{S)=E"{1f{(Sp|S,}. Then with respect to the
function for purchase option we shall receive

1 be/NT G\/Ty + .
F.(S)=——— | f.|S,ex 2 2y =
Wy \/E :[O | Po CXP +(r—0-7)T y
1 be/NT G\/Ty-k )
= S, exp 2 =K ey, (12
V2r ,vn(f[,&,) ' +(V—%)T (12

where y,(7,S,) is the solution of the equation

2
S, exp{c«/nyr(r—%)T}—K: 0,
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which is defined by the formula (4). Having substituted
FAS) ofkind (12) in (11) we shall receive in view of (6) that

¢ = eirTFr (Sy) =

e—rT bc/ﬁ Gﬁy+
= S, exp S e

2 },O(J, ol +(r—%)T
_ S() ter *l[,vfc T]Zd KeirT bC]‘ﬁ %2 _
= e ly — —— e’ "dy=

27[: yo(T,8¢) 27[: o(T.S0)
b.
=S, {@[ﬁ—oﬁj—mm(ﬂ&)—oﬁ)}—

—Ke" |:CD (j%} - (D(yo(T:So))}a

That is we came to (5). The theorem is proved.

Theorem 2. Let y,(7,S,) be defined by the formula
(4). Then at (u—r)/o*>1 the option price is defined by
the formula

bl _ _ _
L cp[ﬁ m/?] D(y,(T,S,)-oT)+ )

+®(—%+aﬁ}

- b |_ _ b
—Ke {@[\/Tj d)(yO(T,SO))+CD[ \/fj:|’ (13)

where constants b, and b, are such, that they satisfy to
the condition

P(A):l—g:d)((bl—“;rTj/\/fj+

q)((—bz + “;rTj/ﬁj.
Proof. To the case corresponds (u—r)/c*>1 the fol-

lowing analogue, fig. 1.
¢(ST)

(14)

0| K 4, d, S;

Fig. 2.  Structure ofse;t hedging: (u—r)/a*>1; @|(Sy)=const(S;—K)";

PuSp=S+"°
In this case the set 4 has the following structure:

A={SKAFHSKdy={Wr<bjU{W;>by}. As sets {5;<d}
also {S;<d,} do not cross, then

P(A)=P{S, <d,} + PiS, >d,} =
= P{S, < S, exp((r —%Z)T +ho)) +
LP(S, > S, exp(r — ‘772)T +h,0)). (15)
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With respect to (9) from (15) follows

P(4)=P{W, <b, - ”;”T}+P{WT >b, - ”;”T}. (16)

As W, has normal distribution with zero average and
dispersion ¢, with respect to the property ®(x)+®d(—x)=1,
from (16) follows (14). Thus, we found that constants b,
and b, should satisfy to the condition (14), but they are not
found in an obvious kind. Similarly (12)

F T (So) =
1 }’1/ T 5 y?
_ r—oc ., 7
= or | SexploTy+ o) e 2y

0

1 r—o’y, o
+—— S, exp{o~Ty + e rdy. (17
ﬂbl/jﬁf“(’ plovTy+1=0)) ¢ 2dy. (17)

Further transformations on development of the for-
mula (13) after substitution (17) in (11) are similar to
transformations on development of the formula (5) and
consequently are not presented. The theorem is proved.

4. Finding of capital and portfolio

Let’s designate through 7'=(f’,7) the minimal hed-
ge (optimum portfolio), where " is a part of the nonrisk
active (the sum on the bank account), and ¥ is a part of
the risk active (the sum invested in stocks). Negative va-
lue B or ¥ means taking corresponding active on credit.

Theorem 3. For the case (u—r)/c<1 the capital X,
and portfolio 7,;=(f3,,,) are defined by the formulas

b.
| = —G\/T—l‘j—
X =S (\/T—t

~®(y,(T-1,5)~oNT~1)

b
—Ke" T @(C
(=

7*=<D{ b

Jr—1 _G\/Ti_tj_
O (T-1,5)-oNT—1),

]_(D(yO(T_t’St))j|ﬂ (18)

(19)

. K b. ) B
B = BT|:(D(\/T7—tJ O (y (T t’S;)):|, (20)

where y,(T—t,S,) and b, are defined by the formulas (4)
and (6) with replacements 7—(7—f) and S,— S,

Proof. Under the Theorem 1 from [1] we have that
X, =e""F_(S). 2D

where F,_(S)=E"{1f{(Sp|S}. Then, having substituted
expression (12) for function F,(S,) with replacements
T—(T—f) and §,— S, in (21), we get the formula defi-
ning evolution of the current capital

X, =e’"E _(S)=

t

r(Tt) bc/\/J_T-t oNT —-ty+
e -y*/2

= S, exp 2 -K e’ dy=
\2m Yo(T—1.5,) +(V—%)(T—t)
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S - o Ty PN
t 2 d _ Ke -y /Zd _
VAT (15,0 T VAT @)

=S

b.
t |:CD(\/T—_t
—Ke T |:(I) (\/ﬁc—_tj_q)(yo(]ﬁ_t'st))}

which proves the formula (18).
Under the formulas (4.22), (4.23) from [1] we have:

* —r(I'—t a]:'—t
=T (r)TaiS(S)(St)’ (22)

1 g ) o] XS
ﬂf—BT[FH(S,) 5 < (S»}— )

B
With respect to (18), (21)

3
I, ()=

={CD[\/[T)C__Z—ox/T—tj—CD(yO(T—t,s)—crx/T—t)}—

b
—Ke " | ==
o=

—o«/ﬁj—@(yo(T—t,S,)—a\/ﬁ)}

j_q)(yo(T_ M))}-

Then from (22) follows
* _ 0 (-0 _
yt —g(@ FT—t(S))‘S, -

i)
~® (3, (T-1,8,)-0NT~1)

—s%q)(yo(T—t,s)—Gx/T—t)‘sl +

+Ke T %(p( 2T =15)|s - (24)

With respect to the function y,(T—1,s) typewe get

=X

Yo(T-ts) 2
F I e |-
L 0(y,(T~15) as[ NS I e dx]

T e RSP
_\/Ee asyO(T t,8)=
1 M
5o 2,T(T_t)e (25)
Then
%Q(YO(T—t,s)—gﬁ)z
-1 M
o Zﬂ(T_t)e (26)

From (25), (26) with respect to the function
y(T—t1,5) type follows that

s%d)(yo(T—t,s)—cr\/T—t)—

ke Ly, (T -1,5) =

o (T-ts)-oNT—1)?

_ L, et

o+ 2n(T —-t)
_Go(T—ts)-oT)*

Ke "0 o . _

+7
sa+2n(T —t)
1

=X

Co\2n(T—1)

(o (T—45))° (T (T
N W 25) |:Ke;(Tt)_Ker(Tt)}:O
e P :

- @7
Substitution of (27) in (24) leads to (19). From (18),
(19), (23) follows
S b
=D P(—=—=— T —1)-
B =gl =0T

0, (T~1,8,)~oNT 1))

Ke "™ be \_ _ _
B (=)0 TS
S, b,

5 [ rf"ﬂ)_

—Dy,(T-1tS)-oNT—1)]=

_ K’ be _
= eB [(D(\/ﬁ)_(b(yo(T_tlS/))]_

t

b | 3
\/T_—l‘) CD()/O(T t’Sr))]’

-_K
==l

that is we came to (20). The theorem is proved.

Theorem 4. For the case (u—r)/c>1 the capital X,
and portfolio 7;=(3,,y,) are defined by the formulas

b, B —
q)(\/T_—t o~NT tj
(T -1,5)~oNT—1)+ |-

+(D(—\/%+c\/ﬁj

b
I 1,8
i q)[\/ﬁj ®(.yO(T' t t))+
o
T—t

oo

~®(y,(T-1.8,)-cNT—1)+

+<D(—\/%+m/ﬁ],

—Ke (28)

(29)
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b B
 Jel v

B, +(D[_ b, j
Tt

where y,(T-1,S,), b, and b, are found under the formulas
(4), (14) with replacements 7—(7—f) and S;— ..

The proof of the given theorem is conducted simi-
larly to the proof of the Theorem 3 with use of the formu-
la (17) instead of (12).

Consequence. Let CT, ' ;/,,B, designate correspon-
ding values at &=0, when the perfect hedging is reached.
Then

éT = Soq)(aﬁ_ yO(T,SO))— Ke_rrq)(_yo(T’So))’ (31)

(30)

X, =S,0(0NT—t - y,(T-1,5)-

—Ke "D (—y, (T -1,S.)), (32)
=®(cNT—1-y,(T-1S,)), (33)
B == 5Dy (T~15,)). (34)

Proof. Let’s consider the case (u—r)/c’<l. As
®'(1)=o0, then from (6) follows that b=oo at £=0. As
®(o0)=1, then according to (5)

Cp = S,[1-®(y,(T.S,) —oT)] -
_Ke_rT[l - (D(yo (T, So))]- (35)

As ®(x)+®d(—x)=1, then (31) follows from (35).
Formulas (32)—(34) follow from (18)—(20) similarly.

Let’s consider now the case (u—r)/c*>1. Then at
&=0 with respect to the property of the function ®(x)

from (14) follows that
o (n-t5T) -l (n-157) ).
i.e. b=b=b.
Hence, according to (13),

CD[\/[%—G\/F]—(D()/O(T,SO)—Gﬁ)+

G, =S, -

+@(_ﬁ+aﬁj

_Ke T b |_ __b
K {(D(ﬁj cD(yo(T,So))“D( ﬁﬂ (36)

Then the formula (31), with respect to the property
O(x)+D(—x)=1, follows from (36) in obvious manner,
and in similar manner formulas (32)—(34) follow from
(28)—(30). Consequence is proved.

Remark 2: In case of, when fractile hedging switch-
es over to perfect hedging (with probability equal to
one), results of Theorems 1—4 switch over to results of
the Theorem 2 from [1] as formulas (31)—(34) represent
formulas (4.26), (4.29)—(4.31) from [1].
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5. Coefficients of sensitivity

Dependences of the option price on parameters u
and &, absent in the solution of the perfect hedging pro-
blem, [1] are of interest. These dependences are defined
by the values C#=dC;/du and Ci=dC;/de.

Theorem 5. For the case (u—r)/o’<1 coefficients of
sensitivity C# and Cz are defined by the formulas

ct _ﬁ{ O(p(\/_—ij Ke" (\bﬁﬂ (37)

o (b
-1 2 Ke*'T(p (Cj -
(@7(-) JT

. )
_ P T
O(P( \/? 0'\/7}
Proof. According to (4) and (6)
dyy(T,S,) _ d(3y(T,S,) —oT)

Ci=~2r e (38)

du du =0,
(%) A7) 5
du du -

Then with respect to the formula (5) and designa-
tions for the function @(x) (see Remark 1)

be >
C]‘f = dCT = SO [ 1 _%(ﬁ_aﬁj . \/?J —

du ¢

27 o

= [Se [ yfj —Ke e lhﬁ]Z]
276’

ol

i. e. we came to the formula (37). Using the rule of dif-
ferentiation of inverse functions

(@™ (x) _ {d¢(¢l(x»}' ,

dx dx
we have that

d@'(1-¢2) [do@'a-e)]" |
de B de B N

Then from the formula (6) follows that

db, ds =—~2rTe ™

Lip! 2
S(®7 (1-¢))
62

Thus
. dC b o7 ) @ amey?
CT _ d8T :S()[—e 2[ﬁ ]e 2 ]_



Mathematics and mechanics. Physics

(if (@ (1-2)?
—Ke™ | —e 2

1
2
V1) o _

LKe”Teﬁ[%j. -

\/_ (m"(;—m)z /27r

= 271'6 =

b
-1 2 Kein(D (C] -
©(-2) JT

{fes]

=+/2re

i. e. we came to the formula (38). The theorem is proved.

6. Conclusion

. In case of the perfect hedging, with respect to
(31)—(34), the decision possesses essential lack, be-
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