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The method of nonlinear realizations is used to clarify some conceptual and technical issues related to
the Schwarzian mechanics. It is shown that the Schwarzian derivative arises naturally, if one applies the
method to SL(2, R) x R group and decides to keep the number of the independent Goldstone fields to
a minimum. The Schwarzian derivative is linked to the invariant Maurer-Cartan one-forms, which make

its SL(2, R)-invariance manifest. A Lagrangian formulation for a variant of the Schwarzian mechanics
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the ultrahyperbolic signature is given.
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1. Introduction

When first encountering the Schwarzian derivative [1,2]

By 3(p0O\
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where p(t) is a real function, one may be amazed by its invariance
under the SL(2, R) transformations'
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Because sl(2, R) is a finite-dimensional subalgebra of the Virasoro
algebra, the Schwarzian derivative arises naturally within the con-
text of string theory and related field theories (see, e.g., Chapter 4
in Ref. [3]). In recent years there has been a burst of activity in
studying 1d quantum mechanics that arises as the low energy
limit of the solvable theory displaying maximally chaotic behaviour
- the so called Sachdev-Ye-Kitaev model.”> A peculiar feature of
the system is that its Lagrangian density is proportional to the
Schwarzian derivative of a specific function.

') ad—cb=1, = S('(®))=Sp®). (2)
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formation p’(t) = with ad — cb # 0. Because the matrices — (g

2 The literature on the subject is rather extensive. For an introduction and refer-
ences to the original literature see, e.g., [4].
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As S(p(t)) in (1) is SL(2, R)-invariant, any function of it can
be used to define the equation of motion of a higher derivative
1d mechanics enjoying SL(2, R) symmetry. In a recent work [5], a
variant of the Schwarzian mechanics was studied which was gov-
erned by the third order equation of motion S(p(t)) = A, where
A is a coupling constant. It was shown that in general the model
undergoes stable evolution but for one fixed point solution which
exhibits runaway behaviour. Conserved charges associated with the
SL(2, R) symmetry have been constructed by integrating the equa-
tion of motion and linking constants of integration to o(t) and its
derivatives. Yet, the Hamiltonian formulation in [5] was unconven-
tional and a Lagrangian formulation was missing.

The goal of this paper is to apply the method of nonlinear re-
alizations [6] so as to clarify some conceptual and technical issues
related to the Schwarzian mechanics.

We begin by demonstrating in Sect. 2 that the Schwarzian
derivative arises naturally, if one applies the method to SL(2, R) x
R group and decides to keep the number of the independent
Goldstone fields to a minimum. Furthermore, S(p(t)) is linked to
the invariant Maurer-Cartan one-forms, which make its SL(2, R)-
invariance manifest.

In Sect. 3, the Maurer-Cartan one-forms are used to build a
Lagrangian formulation for a variant of the Schwarzian mechan-
ics studied recently in [5]. The full set of conserved charges is
found. Similarities and differences between the Schwarzian me-
chanics and the conformal mechanics by de Alfaro, Fubini and
Furlan [7] are discussed.

Sect. 4 is focused on a geometric description of the Schwarzian
mechanics in terms of 4d metric of the ultrahyperbolic signature
which obeys the Einstein equations.

Some final remarks are gathered in the concluding Sect. 5.
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2. Schwarzian derivative via the method of nonlinear realizations

In what follows, we will need the infinitesimal form of the
SL(2, R) transformation exposed in Eq. (2) above

PO=pO)+a,  p't)=pt)+Bp),
p'(t) = p(t) + yp* (). (3)

The corresponding generators

P=id,, D=ipd,, K=1ip?d, (4)

are associated with the translation, dilatation, and special confor-
mal transformation acting upon the form of the field p(t). They
obey the structure relations of sl(2, R) algebra

[P,D]=iP,

[P,K]=2iD, [D,K]=iK. (5)

One more symmetry operator, which commutes with (P, D, K),
is related to the time translation

t=t+o, p'{t)=p®. (6)

Let us demonstrate that the Schwarzian derivative (1) comes
about naturally, if one applies the method of nonlinear realizations
[6] to SL(2,R) x R group and keeps the number of the indepen-
dent Goldstone fields to a minimum.

As the first step, one considers a space parametrized by the
temporal variable t and equipped with the Goldstone fields p(t),
s(t), u(t), whose generic element reads®

H=id, =

G = eltH piP(OP pisOK piu(®D 7)

The left multiplication by a group element g’ = g - g, where
g = eloHeiaPoiyKolBD and (o, ar,y, B) are infinitesimal parame-
ters, defines the action of the group on the space. Taking into
account the Baker-Campbell-Hausdorff formula

e”‘Te’iA:T—l—Z%[A,[A,...[A,T]...]], (8)
n=1

n times

one gets

pP=pt)+a, s'(t) =s(t),

u'(t) = u(t)

p'(t)=pt)+Bo(), s'(t) = s(t) — Bs(t),

u'(t) =u(t) + B,

o' (t) = p(t) + yp*(®), ') =s() + y(1—2p®)s(t)),

u'(6) = u(t) +2yp(®), (9)
along with
t'=t+o, o't =p), st =s(), u' () =u().

(10)

As a sample calculation used in the derivation of (9), we display
below the chain of relations involving the infinitesimal parameter

B

3 It should be born in mind that both the form of the SL(2, R) transformations
and the invariant Maurer-Cartan one-forms essentially depend on the order of the
factors entering the right hand side of (7). The choice (7) proves to be optimal.

eIBDoiPOP _ oip(OP p=ip(O)P 5iBD oip(H)P
— iP(OP (l + iﬁe—ip(t)PDei,o(t)P)

=e?OP (1 +iB[D + p(®)P])
— plPOA+B)P ,iBD (11)

Note that the Baker-Campbell-Hausdorff formula was used on the
last but one step only. Because g is infinitesimal, one can approxi-
mate (1+iB[D + p(t)P]) by elfPOPeifD

As the second step, one computes the Maurer-Cartan one-
forms

g 'dg =i(wyH + wpP + wiK +wpD), (12)
where

wy =dt, wp = ,(')e_”dt, wg = e (S +52p) dt,

wp = (11 — 25p) dt, (13)

which are invariant under the transformation g’ = g- g represented
by Egs. (9), (10) above. These provide convenient building blocks
for constructing invariant action functionals or equations of mo-
tion.

If, for some reason, it is desirable to reduce the number of the
independent Goldstone fields, one can use (13) to impose con-
straints. For instance, choosing the following restrictions:

wp — pwy =0, wp + 2voy =0, (14)

where @ and v are arbitrary constants, one can express u and s in

terms of p

e‘“:ﬁ,, s:K,+L,. (15)
o o 2p2

Substituting these relations into the remaining form wy, multiply-

ing by 2, and subtracting 2v2wy, one gets

2wk —2v:wy = S(p(t)dt, (16)

with S(p(t)) defined in (1).

Thus, the Schwarzian derivative arises quite naturally, if one ap-
plies the method of nonlinear realizations to SL(2, R) x R group
and decides to keep the number of the independent Goldstone
fields to a minimum. Note that within the group-theoretic frame-
work the SL(2, R)-invariance of the derivative is obvious as it is
built in terms of the invariant Maurer-Cartan one-forms.

3. Lagrangian formulation for the Schwarzian mechanics

In a recent work [5], a variant of the Schwarzian mechanics
was studied which was obtained by setting S(p(t)) to be equal to
a coupling constant X

S(p(t) = A. (17)

The consideration in the preceding section allows us to immedi-
ately build a Lagrangian formulation which reproduces (17).

Consider the action functional composed of the invariant
Maurer-Cartan one-forms (13)

fdt i’ (a)pa)K+vawD)=/dt,b(é+sz,b—2vs), (18)

where v is an arbitrary nonzero constant. Note that in (18) we
dropped the total derivative term vii. A variation of the action with
respect to s yields the equation
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b .

s=o 4o (19)
o 2p

which links s to p. This is identical to the rightmost constraint in

Eq. (15) above. Varying the action with respect to p, one finds

d

o <§+252p —2vs> —0. (20)
Upon substitution of (19) into (20), one gets

! dS( =0 = S(pt)=2r
20 dt Y = 1Y =A,

(21)

% (342525 —2v5) =

where A is a constant of integration. Identifying the latter with a
coupling constant, one reproduces the dynamical system (17).

Because the action functional (18) is given in terms of the
Maurer-Cartan one-forms, it does not change under the transfor-
mations (9) and (10). Constructing the Noether charges by conven-
tional means,? one finds

H=,<'>(§+52,[)>, P=3+25%p — 2vs,

K=p*P+(1—25p)p +2vp. (22)

Taking into account the condition (19) and the equation of motion
(17), one finds that H degenerates to a constant

D=pP —sp,

1
HZE)\-"'VZ, (23)

while P, D, and K yield the integrals of motion associated with
Eq. (17)

1 175 2 ..
p=—(1+-(2) ). bp=pp-L2,

20 2\ p 20
K=p2P+p—% (24)

The expressions for P and D agree with those found in [5] by
the explicit integration of (17), while K proves to be functionally
dependent

A
PK —D? — 5:0. (25)

Concluding this section, it is worth emphasising that, within
the context of the Schwarzian mechanics, SL(2, R) group acts in
the space of the Goldstone fields (9) by affecting their form only.
This is to be contrasted with the 1d conformal mechanics by de
Alfaro, Fubini and Furlan [7], in which SL(2, R) is realized in the
1d space parametrized by the temporal variable t (cf. (9))

t'=t+o+pt+yt2 (26)

This is accompanied by the transformation law of the Goldstone
field

1
p't)=p(t)+ 5 (B+2yHp® (27)

4 Lagrangian symmetries, which we consider in this work, are of the form t' =
£+ 8t(t), x{(t') = x;(t) + 8x; (£, x(t)). If the action S = JdtL(x, %) holds invariant up

to a total derivative, §S = | dt(‘fj—f), the conserved quantity is derived from 8x; gf, -

ar(x,- % — £) — F by discarding an infinitesimal parameter of the transformation.

For the case at hand, only the special conformal transformation associated with the
last line in (9) yields a total derivative term, F = —2vyp.

and gives rise to the second order invariant equation
)\'2

p(t)3’

where A is a coupling constant. The derivation of the conformal

mechanics [7] by the method of nonlinear realizations was re-
ported in [38].

pt) = (28)

4. Geometric description of the Schwarzian mechanics

Within the general relativistic framework, the conventional
method of describing a classical mechanics systems with d de-
grees of freedom is to embed its equations of motion into the null
geodesic equations associated with a Brinkmann—type metric de-
fined on (d+2)-dimensional spacetime of the Lorentzian signature
[9]. Let us discuss a geometric formulation for the Schwarzian me-
chanics (17).

As the first step, one constructs the Hamiltonian® corresponding
to the action functional (18)

Hyg = ps (p,o _52P5+2V5), (29)

where (p,, ps) designate momenta canonically conjugate to the
configuration space variables (p, s). As the second step, one intro-
duces two more canonical pairs (t, p;), (v, py) and promotes Hyq
to the function which is homogeneously polynomial of degree two
in the momenta (see Sect. 2 in [10] and related earlier work [11])

Hyy — Hag=ps (pp —$%ps + ZVSpV) + DPebv. (30)

Identifying the latter with the 4d geodesic Hamiltonian Hyy =

1gMNpypn, in which py = (pe, pv. Pp. Ps). one finally gets the
Eisenhart metric

gundzMdzN =2 (dtdv — 2vsdtdp + s*dp® + dpds) , 31)

where we denoted ZM = (t, v, p, s). By construction, the null re-
duction of the geodesic equations associated with (31) along v
reproduces (17).

A few comments are in order. Firstly, the metric (31) is given in
the global coordinate system. Secondly, it is of the ultrahyperbolic
signature (4, 4+, —, —), which is in agreement with the geomet-
ric analysis of higher derivative models in [12]. Thirdly, the metric
admits five Killing vector fields

¢M8M = ap,
Moy = /028/) + (1 —=2ps)ds +2vpd,
(32)

of which 9, is covariantly constant. Two of these can be used to
construct the energy-momentum tensor

2 1
Tun = —:—nSMEN - E(%‘MXN +EnXm), (33)

Moy = dy, x Moy = o,

Y Moy = pd, — sds.,

which allows one to regard (31) as a solution to the Einstein equa-
tions

1
RmN — EgMNR =871 Tun- (34)
For more details concerning the Eisenhart lift of a generic 2d me-

chanics see a recent work [13].

5 Interestingly enough, although the Hamiltonian (29) does describe a higher
derivative theory, it is apparently not of the Ostrogradsky type.
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5. Conclusion

To summarize, in this work we applied the method of nonlin-
ear realizations to SL(2, R) x R group and demonstrated that the
Schwarzian derivative arose naturally, if one decided to keep the
number of the independent Goldstone fields to a minimum. A La-
grangian formulation for a variant of the Schwarzian mechanics
studied in [5] was constructed in terms of the invariant Maurer-
Cartan one-forms and the full set of the integrals of motion was
exposed. A geometric formulation has been constructed in terms
of 4d metric of the ultrahyperbolic signature which obeys the Ein-
stein equations.

Turning to possible further developments, it would be inter-
esting to generalise the analysis in this work to the case of the
super Schwarzian derivative (see, e.g., [4] and references therein)
and the supersymmetric Schwarzian mechanics. A possible link of
the Hamiltonian formulation (29) to the Ostrogradsky method is
worth studying. Last but not least, it would be interesting to anal-
yse if the method in Sect. 2 may result in other interesting higher
order derivatives enjoying a given symmetry group.

Acknowledgements

This work was supported by the Russian Science Foundation,
grant No. 19-11-00005.

References

[1] H. Schwarz, Gesammelte mathematische Abhandlungen, Springer, Berlin, 1890.

[2] V. Ovsienko, S. Tabachnikov, What is the Schwarzian derivative?, Not. Am.
Math. Soc. 56 (2009) 34.

[3] D. Liist, S. Theisen, Lectures on String Theory, Lect. Notes Phys., vol. 346, 1989.

[4] T.G. Mertens, GJ. Turiaci, H.L. Verlinde, Solving the Schwarzian via the confor-
mal bootstrap, J. High Energy Phys. 1708 (2017) 136, arXiv:1705.08408.

[5] A. Galajinsky, A variant of Schwarzian mechanics, Nucl. Phys. B 936 (2018) 661,
arXiv:1809.00904.

[6] S.R. Coleman, J. Wess, B. Zumino, Structure of phenomenological Lagrangians.
I, Phys. Rev. 177 (1969) 2239.

[7] V. de Alfaro, S. Fubini, G. Furlan, Conformal invariance in quantum mechanics,
Nuovo Cimento A 34 (1976) 569.

[8] E. Ivanov, S. Krivonos, V. Leviant, Geometry of conformal mechanics, J. Phys. A
22 (1989) 345.

[9] L. Eisenhart, Dynamical trajectories and geodesics, Ann. Math. 30 (1929) 591.
[10] G.W. Gibbons, T. Houri, D. Kubiznak, C. Warnick, Some spacetimes with higher
rank Killing-Stackel tensors, Phys. Lett. B 700 (2011) 68, arXiv:1103.5366.

[11] C. Duval, G.W. Gibbons, P.A. Horvathy, Celestial mechanics, conformal structures

and gravitational waves, Phys. Rev. D 43 (1991) 3907, arXiv:hep-th/0512188.
[12] A. Galajinsky, 1. Masterov, Eisenhart lift for higher derivative systems, Phys. Lett.
B 765 (2017) 86, arXiv:1611.04294.
[13] A.P. Fordy, A. Galajinsky, Eisenhart lift of 2-dimensional mechanics, Eur. Phys. J.
C 79 (2019) 301, arXiv:1901.03699.


http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4853s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4F54s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4F54s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4446s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4D5456s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4D5456s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4147s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4147s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib43575As1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib43575As1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib444646s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib444646s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib494B4Cs1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib494B4Cs1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4C45s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib47484B57s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib47484B57s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib444748s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib444748s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib474Ds1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib474Ds1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4647s1
http://refhub.elsevier.com/S0370-2693(19)30416-2/bib4647s1

	Schwarzian mechanics via nonlinear realizations
	1 Introduction
	2 Schwarzian derivative via the method of nonlinear realizations
	3 Lagrangian formulation for the Schwarzian mechanics
	4 Geometric description of the Schwarzian mechanics
	5 Conclusion
	Acknowledgements
	References


