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Fermion scattering on topological solitons in the nonlinear O(3) s-model
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The scattering of Dirac fermions in the background fields of topological solitons of the (2 4 1)-
dimensional nonlinear O(3) o-model is studied using both analytical and numerical methods. General
formulas describing fermion scattering are obtained and the symmetry properties of the partial scattering
amplitudes and elements of the S-matrix are determined. Within the framework of the Born approximation,
the scattering amplitudes, differential cross sections, and total cross sections of fermion-soliton scattering
are obtained in analytical forms, and their symmetry properties and asymptotic behavior are investigated.
The dependences of the first several partial elements of the S-matrix on the momentum of the fermion are
obtained using numerical methods, and some properties of these dependences are ascertained and

discussed.
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I. INTRODUCTION

Topological solitons of (2 4 1)-dimensional field models
[1-3] play an important role in field theory, high-energy
physics, condensed matter physics, cosmology, and hydro-
dynamics. Of these, the vortex solutions of the effective
theory of superconductivity [4] and those of the (2 + 1)-
dimensional Abelian Higgs model [5] are notable. Another
important example is provided by the soliton solutions of
the (2 4 1)-dimensional nonlinear O(3) o-model [6]. The
invariance of the static energy functional of the nonlinear
O(3) o-model under scale transformations results in a
corresponding zero mode of the quadratic fluctuation
operator in the functional neighborhood of a given soliton
solution. As a consequence, the o-model possesses a one-
parameter family of soliton solutions with the same
energy but different sizes, rather than a soliton solution
of fixed size.

Derrick’s theorem [7] offers a number of ways to fix the
size of the soliton. One of these is the addition of a potential
term and a fourth-order term in the field derivatives to the
Lagrangian of the nonlinear O(3) o-model. The modified
nonlinear O(3) o-model is known as the baby Skyrme
model, and its topological solitons [8—10] (known as baby
Skyrmions) have a fixed size. The baby Skyrme model and
other modifications to the nonlinear O(3) o-model have
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applications in condensed matter physics [11-14]. This
model also has applications in cosmology; it was shown in
Refs. [15—-17] that in the six-dimensional Einstein-Skyrme
model, the baby Skyrmion solutions realize warped com-
pactification of the extra dimensions and gravity localiza-
tion on the four-dimensional brane for the negative bulk
cosmological constant.

The baby Skyrme model is a planar analog of the original
(3 + 1)-dimensional Skyrme model [18], which can be
regarded as an approximate, low-energy effective theory of
QCD that becomes exact as the number of quark colors
becomes large [19,20]. It was shown in Refs. [21,22] that
nucleons and their low-lying excitations, which are three-
quark bound states from the viewpoint of QCD, arise as a
topological soliton of the Skyrme model (known as the
Skyrmion) and its low-lying excitations, respectively,
whereas pions correspond to linearized fluctuations in
the model’s chiral scalar field.

Topological solitons formed from scalar fields can
interact with fermion fields via the Yukawa interaction.
This fermion-soliton interaction may have a significant
impact on both the scalar field of the soliton and the
fermion field. In particular, it was shown in Refs. [23-25]
that the Yukawa interaction between the fermion and scalar
fields of the (3 4+ 1)-dimensional chiral-invariant linear
o-model results in the existence of the chiral soliton, a
stable configuration of the interacting scalar and fermion
fields that possesses bound fermion states. It was also
shown in Refs. [26-28] that an external chiral field can
polarize the fermion vacuum; this polarization can be
interpreted as a contribution to the baryon charge of a
chiral soliton [24,25]. Fermion bound states also exist in the
background field of a Skyrmion, and the properties of these
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bound states were investigated in Refs. [29,30]. The main
feature of the fermion-soliton interaction found in
Refs. [23-25,29,30] is that the spectrum of the Dirac
operator shows a spectral flow of the eigenvalues, where
the number of zero-crossing normalized bound modes is
equal to the winding number of the soliton. The planar baby
Skyrmions inherit this feature of the fermion-soliton
interaction. It was shown in Refs. [15-17] that in the
background field of a baby Skyrmion, the Dirac operator
also shows a spectral flow of the eigenvalues, and the
number of zero-crossing normalized bounded modes turns
out to be equal to the winding number of the baby
Skyrmion. This property of the Dirac operator is preserved
when the backreaction of the fermion field coupled with the
baby Skyrmion is taken into account [31].

Except for the Dirac sea fermions, only fermion-bounded
states belonging to the discrete spectrum of the Dirac
operator were considered in the works cited above. One
main aim of the present paper is to consider the fermion
scattering states belonging to the continuous spectrum of
the Dirac operator. The topological solitons of the nonlinear
O(3) o-model are chosen as background fields for the Dirac
operator, since the nonlinear O(3) o-model is one of the
few models for which exact analytical soliton solutions are
known. Having obtained the analytical soliton solution as a
background field of the Dirac operator makes it possible to
obtain some analytical results relating to fermion scattering.
In particular, the scattering amplitudes, differential cross
sections, and total cross sections can be obtained in an
analytical form within the framework of the first Born
approximation.

This paper is structured as follows. In Sec. II, we
describe briefly the Lagrangian, symmetries, field equa-
tions, and topological solitons of the nonlinear O(3)
o-model. In Sec. III, general properties of fermion scatter-
ing are considered, such as the forms of the fermion
scattering wave functions, their asymptotic behavior, and
the symmetry properties of the partial elements of the
S-matrix. In Sec. IV, we give an analytical description of
fermion scattering within the framework of the first Born
approximation. In Sec. V, we present numerical results for
the first several partial elements of the S-matrix. In the final
section, we briefly summarize the results obtained in this
work. Appendix A contains some necessary information
about the plane-wave and cylinder-wave states of free
fermions. A resonance behavior of some partial elements
of the S-matrix is explained in Appendix B.

Throughout this paper, we use the natural units ¢ = 1,
h=1.

II. LAGRANGIAN, FIELD EQUATIONS, AND
TOPOLOGICAL SOLITONS OF THE MODEL

The model we are interested in is the (2+ 1)-dimensional
nonlinear O(3) o-model, which includes a fermion field.
The scalar isovector field ¢p of the model interacts with the

spinor-isospinor fermion field y via the Yukawa coupling,
leading to the Lagrangian

1 A . _
L=30,p-0"¢+5(b-¢p—H) +ipy" O +hp-ypey, (1)

where h is the Yukawa coupling constant and A is
the Lagrange multiplier, which imposes the constraint
¢ -¢ = H> on the scalar isovector field ¢p. In (2 + 1)
dimensions, we shall use the following Dirac matrices:

7’ = o3, ' = —ioy, r* = —ioy, (2)
where o; are the Pauli matrices. To distinguish the Pauli
matrices oy, acting on the spinor index i of the fermion field
v, , from those acting on the isospinor index a, we denote
the latter as 7;.

In natural units, the (2 + 1)-dimensional scalar field ¢
has dimension of mass'/2. We adopt the squared parameter
H? as the energy (mass) unit, and use dimensionless
variables

x - H2x,

A — H*J. (3)

w — H%y,
h — Hh,

¢ — Hp.

t > Ht,

In these new variables, the Lagrangian (1) takes the form

1 A
L=3040"¢+5(d¢—1)+igr Oy +hd-pry.  (4)

By varying the action S = [ Ld’xdt in ¢ and i, we obtain
the field equations of the model

0,0 — b (¢h-0,0'D) — hep (p-Frew) + hjey = 0. (5)
iy 0,y + hep-ty = 0, (6)

where we use the constraint ¢p-¢p =1 to express the
Lagrange multiplier A in terms of the fields ¢ and .

Model (1) is invariant under global SU(2) transforma-
tions of the isovector field ¢ and the isospinor field . Its
classical bosonic vacuum is an arbitrary constant scalar
field p(x) = ¢4, Which can be taken as ¢, = (0,0, —1).
We see that the vacuum ¢,,. breaks the original SU(2)
symmetry group of model (1) to its U(1) subgroup.
Any finite energy field configuration ¢(x) must tend to
¢, at spatial infinity. It follows that the finite energy
field configurations of model (1) are split into topologi-
cal classes that are elements of the homotopic group
7,(8%) = Z, and are consequently characterized by an
integer winding number 7.

It is well known [6] that the nonlinear O(3) o-model
possesses a variety of topological soliton solutions. These
soliton solutions exist in each topological sector of the
model, and are absolute minima of the energy functional.

045011-2



FERMION SCATTERING ON TOPOLOGICAL SOLITONS IN THE ...

PHYS. REV. D 104, 045011 (2021)

In the topological sector with a given nonzero winding
number n, the maximally symmetric soliton solution has
the form

sin (f(r)) cos (nd)
sin (f(r)) sin (n) |, (7)

¢(r,0) = S
cos (f(r))
where r and 0 are the polar coordinates, and the profile
function is

flr) = 2arctan[(r/r0)|”‘]. (8)

Soliton solution (7) is invariant under the cyclic subgroup
Z, (0 -0+ 2xk/n,k=0,...,n—1) of the spatial rota-
tion group SO(2). It is also invariant under the simulta-
neous action of spatial rotation through an angle 6 and
internal rotation about the third isotopic axis uz = (0,0, 1)
through an angle —nd

¢(r,0) = Ry, (=nd)p(r,0 + 5), ©)

where the rotation matrix is

cos(p) —sin(gp) O
Ry, (@) = | sin(p) cos(p) O [. (10)
0 0 1

Note that soliton solution (7) depends on the positive
parameter r,, which can be interpreted as the spatial size of
the soliton. However, the energy of the soliton solution

E= 27[/oo E(r)rdr
0

T )

: (11)

=4xz|n

does not depend on ry. This is because the bosonic part of
the action § = f Ld*x of model (1) is invariant under scale
transformations r — ar.

III. FERMIONS IN THE BACKGROUND FIELD
OF THE SOLITON

We consider fermion scattering on the topological
soliton of the nonlinear O(3) o-model in the external field
approximation. In this approximation, the backreaction
of a fermion on the soliton’s field is neglected, and the
fermion-soliton scattering is described solely by the Dirac
equation (6). We can rewrite the Dirac equation in the
Hamiltonian form

al//i.a
ot

[ =H,ujpVjps (12)

where the Hamiltonian
Hiujp= afj ® Ly (=i0y) — hpy; @ sy, (13)

I is the 2x2 identity matrix, a'=y"%!=o0,,
o> =y%? = -0y, and f=9y"=05. In Egs. (12) and
(13), all spin and isospin indices are explicitly shown,
and the summation convention over repeated indices is
implied.

The invariance of soliton solution (7) under combined
transformation (9) results in the existence of the conserved
generalized angular momentum or grand spin, which we
denote by K,

[H,K;3] =0, (14)

where

. 1
K36 = Lij @ Lypergxy(—i0;) + 203ij ® Ly

n
+5]Iij ® 7341 (15)

and the 2 x 2 antisymmetric matrix €;; = ioyy;. It follows
from Eq. (15) that the grand spin K3 is the sum of the orbital
part Ly =1 ® Teyx,(—id;), the spin part s3 = (03/2) ® L,
and the isospin part nl; = nl ® 73/2. None of the terms
Ls, 53, and I3 are conserved separately in the background
field of soliton solution (7). Using Eq. (15), we can obtain
the eigenfunctions (") of the operator K. These eigen-
functions satisfy the relation

Kyl = myl, (16)

ia

and can be written in the compact matrix form

cr(r)e? ¢, (r)eiln?
= (e o) 07
where the orbital quantum numbers
lh=02m-n-1)/2, (18a)
lp=02m+n-1)/2, (18b)
lyy =02m-n+1)/2, (18c)
lyy =2m+n+1)/2, (18d)

and c¢;,(r) are some radial wave functions. The eigenfunc-

tions y/l(-;")(r, 0) should be single-valued functions of the

polar angle #. This fact and Eq. (18) tell us that the
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eigenvalues m are integers for odd winding numbers n, and
half integers for even winding numbers 7.

Note that, in general, the full system of field equations (5)
and (6) cannot be described in terms of the ansatz given by
Eqgs. (7) and (17). It can be shown that this ansatz is
compatible with Egs. (5) and (6) only under the condition
Im[cy;c}, — ¢a1¢3,] = 0. Obviously, the real (modulo a
common constant phase factor) radial wave functions
¢ia(r) will satisfy this condition. In particular, the radial
wave functions of bound fermionic states, if any, can always
be chosen to be real. This is because these wave functions
satisfy a system of linear differential equations with real r-
dependent coefficients and real boundary conditions
Cia(r) = 0as r — oo. In contrast, the radial wave functions
of the fermionic scattering states satisfy some complex
asymptotic boundary condition (i.e., superposition of inci-
dent and outgoing waves), and therefore do not need to
satisfy the reality condition Im[c;c}, — ¢3,¢3,] = 0. When
the backreaction terms are neglected in Eq. (5) (as in the
external field approximation), the ansatz given by Eqs. (7)
and (17) becomes valid without restriction.

We now discuss the symmetry properties of the
Dirac equation (12) under discrete transformations.
Unlike the Dirac equation (A1) that describes the states
of free fermions, Eq. (12) is not invariant under the C-
transformation (A4). Instead, the Dirac equation (12) trans-
forms into one that describes fermions in the background
field of the topological soliton with the opposite winding
number n. The Dirac equation (12) is also not invariant
under the modified C-transformation

w(t.x) = wC (1x) = iy ey (tx),  (19)

which acts on the both spin and isospin indices of
the fermion field. It can easily be shown that the
C’-transformation (19) changes the sign of the Yukawa
coupling constant # in Eq. (13). The reason for the
noninvariance of Eq. (12) under the C’-transformation
(19) is that the fundamental representation of the SU(2)

¢, and ¢, components are unchanged for even n and the
sign changes for odd n. It follows that the Dirac equa-
tion (12) is invariant under the P-transformation

w(t.x) = yP(t.x) =y @ By (t.—x).  (20)

where 7 is the winding number of the soliton and we use the
fact that 75 is I for even n and 75 for odd n. Note that the
eigenfunctions ") of the grand spin K5 are also eigen-
functions of the P-transformation

y P = (=), (21)

where the upper (lower) sign is used for odd (even) winding
numbers n. Hence, unlike the (3 + 1)-dimensional case,
parity conservation does not lead to new restrictions on
fermion scattering. This is because, unlike the (3 + 1)-
dimensional case, the inversion is equivalent to a rotation
through an angle « in (2 + 1) dimensions. Let us denote
by the symbol II, the operation of coordinate reflection
about the Ox axis; (x1, x,) = (x|, —x,). It can then easily
be shown that the Dirac equation (12) is invariant under the
combined IT,7-transformation

w(t.x) =y (1X) = ' (<3 —xn). (22)

Finally, the Dirac equation (12) is invariant under the
combined transformation

l//(t’ X) - yZ ® TZW([’XI ) _XZ)’ (23)

which changes the signs of the orbital, spin, and isospin parts
of grand spin (15). Note that the invariance of the Dirac
equation (12) under transformations (22) and (23) results
from the specific property z-¢h(x;, —x,) = 75-¢p(x1, x,) of
soliton field configuration (7).

We now turn to the radial dependence of the eigenfunc-
tions of the grand spin. By substituting Egs. (7), (8), and
(17) into the Dirac equation (12), we obtain the system of
linear differential equations for the radial wave functions

group is pseudoreal. The noninvariance of Eq. (12) under Cia(r)
any version of the C-transformation leads to substantial
differences between fermion and antifermion scattering in dc;,
the background field of the soliton. dr Aia:jCjbs (24)
Under the inversion X — —X, the isospin component ¢
of soliton solution (7) does not change, whereas both the where the matrix
|
In _ o _ 2h(r/ro)"!
r 0 e+ h =g T (r/ro PP
/ 2h(r/ry)"!
0 % - l+(r/r((:))2\”\ e—h+ 1+(r3};0)2\”\
Aia;jb = (25)
—e+h— 2h _ 2h(r/rp)"! by 0
1+(r/rg) " 14(r/ o) r
_ 2h(r/r)" —e— 2k I
/o €= F TG 0 v

and ¢ is the energy of the fermionic state.
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Equations (24) and (25) define the system of four linear
differential equations of first order. In the general case, the
solution to this system depends on four independent
parameters. However, fermionic states should be described
by regular solutions to system (24). It can be shown that the
regularity condition imposed at the origin reduces the
number of the independent parameters from four to two.
In the neighborhood of the origin, a regular solution to
system (24) has the form

en(r) = ril(ay + 0(r2)), (26a)
cia(r) = rihel(by + 0(r?)), (26b)
ca(r) = r™l(co + 0(r)), (26¢)
cxn(r) = ril(dy + O(r?)), (26d)

where only two of the four parameters ay, b, cg, and d, are
independent. Note that each of the radial wave functions
Cia(r) has a definite parity under the substitution r — —r.
This is because in Eq. (24), the differential operator d/dr
and each of the nonzero elements of the matrix A;,.;, also
have a definite parity under this substitution.

We present the linear relations between the parameters
ag, by, co, and d, for the cases of the first odd (n = 1) and
the first even (n = 2) soliton winding numbers. By choos-
ing by and ¢, as the independent parameters, we obtain for
ap and dO

2m ¢y

_ 0 (e = )60,
a Cog+h+2 €~ h)du
e—h 2|h| m
dy=-b , 27
0 02(m~|—1)+c0r0(£—|—h)m+1 (27)
in the case where n = 1 and m > 0, and
2(m—1/2) ¢
= ey M) 0 e g5
o =—Co— +2(-’3 e
e—h 2|k 2m—1
d b , 28
0= 03 o TR e yam s P

in the case where n =2 and m > 1/2. The expressions
obtained from Egs. (27) and (28) by the substitution

ag — d(), do — dp,

m— —m. (29)

Co — —b(),

b() — —Cp,

are valid for negative m. Finally, the expressions obtained
from Eqgs. (27) and (28) by the substitution

ay — by, by — ay, co — dy,
dy — ¢y, h — —h, (30)
can be used in the cases n = —1 and n = —2, respectively.

It follows from Appendix A that the third component /5
of the isospin is conserved in the case of free fermions. The
fermion scattering on the soliton can therefore be regarded
as a transition from the free “in” state, with spatial
momentum p = (p,0) and isospin I3, to the free “out”
state, with spatial momentum p’ = (p cos(6), p sin(9)) and
isospin /5. A transition without (with) a change in the
isospin can be considered to be elastic (inelastic).
According to the theory of scattering [32,33], the scattering
state that corresponds to the “in” isospin /5 and the “out”
isospin 74 is described asymptotically by the wave function

1 el[]r
lI’1’3.13 ~ l//e.p,1351’3.13 + \/—2—8 Me,p’,Igflg,I3 (p.9) ﬁ (31)
where 61/3 1, 18 the Kronecker delta, v, , ;, is wave function
(7) of the “in” state with momentum p = (p, 0) and isospin
I3, uep p, is the spinor-isospinor amplitude of wave
function (A7) of the “out” state with momentum p’ =
(pcos(d), psin(0)) and isospin I3, fr ., (p.0) is the
scattering amplitude, and the factor —i under the square
root sign is introduced for convenience. Using Eqgs. (A12),
(A16), (A17), and standard methods from the theory of
scattering [32,33], we obtain an expansion of the scattering
amplitude [, (p,0) in terms of the partial scattering

amplitudes f Z"L (p)

Fra(p.0) = e BIEDONTE (p)eim?. (32)

In turn, the partial scattering amplitudes fg,mL (p) are
..

expressed in terms of the partial elements of the S-matrix

m 1 m
s a(p) = =S () (330)
—1/2,12\P) = i2mp V22 p),
Y R (33¢)
Fip-2(p N TR p) ¢
0 (p) = A= (8" (p) = 1) (33)
-1/2.-12\P) = i/2np —1/2,-1/2\P ‘

The importance of the partial elements of the S-matrix is
that the asymptotic behavior of the radial wave functions
¢io(r) can be expressed in terms of these as r — oo,
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()~ =i /FHT )" S ()] =S (P (34)
Cialr V 2rwpr e=hfj—n(_1\m+l =ipr S(m) ipr £+ (m) ipr
S (=1)" e + 1/2,1/2(17)6 ] S_]/21/2(p)€
for the “in” isospin I35 = 1/2, and
1)/4 _’\/ S1/2 1/2 ple’ - %[i"(—l)me_imJFS(—Wll)/z,—]/z(P)em]
Cialr) ~ (35)

\/27rpr

%Sl/z,—l/z(l’)eipr

for the “in” isospin I3 = —1/2.

Using standard methods from the theory of scattering
[32,33], we obtain an expression for the differential
scattering cross section of the process /3 — I} in terms
of the scattering amplitude f 10

d613,13/d9 = |f1’3.13 (P, 9)‘2- (36)

Similarly, the partial cross sections of the scattering process
I3 — I’ are expressed in terms of the partial scattering

amplitudes f 52";3

m m 2
o'y, =2zlf") (P (37)

Note that in (24 1) dimensions, the cross sections

doy,;,/do and 0577;3

in the initial dimensional units.

The partial matrix elements S;, ™) must satisfy a unitarity
condition; this follows from the’ unltanty of the S-matrix,
SST = §TS = I, which is a consequence of the conservation
of probability. At the same time, the Dirac equation results
in conservation of the fermion current j* = yy*y, the time
component of which is the probability density. Hence, to

obtain the unitarity condition for SE/mL
L

have the dimension of length [32]

we shall use the

conservation of the fermion current: ‘E)ﬂ j* =0.
From Eq. (17), we obtain the contravariant components
of the partial fermion current j#("™) = (") y#y ") in polar

coordinates,
J = len? 4 len + leal® +lenl’, (38)
Jm = 2Imlexnct, — ey, (38b)
JOm = —2r~1Relcy ¢k, + canchy). (38c¢)

The conservation of j#") results in the constancy of the
radial component of the fermion current, i.e., 9,;7 " = 0.
The regularity of the eigenfunctions (") at the origin leads
us to the conclusion that the radial component ;™)

_i\/ %[in(_l)%le_ipr + S(—nf)/2,—1/2(17)€ipr]

vanishes. From Egs. (34), (35), and (38b), we obtain the
asymptotic form of the radial component of the partial

fermion current in terms of the partial matrix elements SE:"L
L

jrim v (m) 2 (m) 2
7 NTpr“Sl/lIz| IS5, =1, (39)

“ n

where I3 = +1/2 is the isospin of the corresponding “i
fermion state, and v = (1 — h%¢~2)!/? is the asymptotic
fermion velocity. The vanishing of the radial component
770" results in the diagonal part of the unitarity condition

for the partial matrix elements SE,mL
3943

Z [55?33]*55?33 =0on1- (40)

1"
13

We now turn to the symmetry properties of the partial
matrix elements Sg,m,z. The basic symmetry property of
3243

S(””)

1.1, 18

(=m)  _ olm)
S—Ig,—l3 - 51’3.13'

(41)
This property follows from the invariance of the Dirac
equation (12) under combined transformation (23), which
in turn is a consequence of the specific form of soliton field
configuration (7). The sequential action of the I, and T
transformations leaves the eigenvalue m of grand spin (15)
unchanged but permutes the isospin labels I3 and I5.
The invariance of the Dirac equation (12) under I1,7-
transformation (22) then results in the symmetry relation

g _ gm)

. L1

(42)

When 15 = I}, relation (42) is trivial, but for unequal (i.e.,
opposite) /3 and I it can be rewritten as

Sy, =St i L+ =0 (43)
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(m)

and thus imposes nontrivial restrictions on S, I Finally,
L

from Eqgs. (41) and (43), we obtain a further symmetry

relation for S;f";
3243

S(m) _ S(—m)

= Spy) it I 1 =0, (44)

The partial elements SE, ; of the S-matrix depend on the

three variables; the fermion momentum p, the Yukawa
coupling constant %, and the size of the soliton r,. Using
Eq. (24), the explicit form (25) of the A matrix, and the
asymptotic form (31) of the scattering state, it can be shown

that in reality, Sg,mk depends only on two combinations of
3943

p, h, and ry
glm) - glm) 1 45
13,13 51{3,13( P rO)’ ( )

are some functions of the two variables. In

particular, the dependence of SET"L on the size of the soliton
5

where éfy"}z
355

ro occurs only through the combination hry.

IV. THE BORN APPROXIMATION FOR THE
SCATTERING AMPLITUDES

The rather complicated structure of the matrix in Eq. (25)
makes it impossible to split the system of differential
equations (24) into smaller subsystems. Hence, the solution
to the system of four linear differential equations in Eq. (24)
is reduced to the solution to a linear differential equation of
fourth order. Due to its rather complex form, this equation
cannot be solved analytically. Consequently, scattering
amplitudes (32) also cannot be obtained in an analytical
form. In view of this, it is important to investigate the
fermion scattering in the Born approximation, which gives
us a chance to obtain an approximate analytical expression
for the scattering amplitudes f, ;

Eq. (4) tells us that the fermlon soliton interaction is
described by the Yukawa term

—hyée-Ty, (46)

IIII -
where 6¢p = ¢p — ¢, is the difference between soliton field
(7) and the vacuum field ¢, = (0,0,—1). The known
condition of applicability of the Born approximation
[32] has the form |Vi,| < pa/(m,a*), where p is the
momentum of the fermion, my, is its mass, and a is the size
of the area in which the fermion-soliton interaction is
markedly different from zero. In our case, this condition
can be written as

h*ry < p, (47)

where we have taken into account that in dimensionless
variables (3) adopted here, the fermion mass m,, = h. Note
that fulfilling condition (47) guarantees only that the
amplitude of the scattered outgoing wave is much smaller
than the amplitude of the incident plane wave. At the same
time, for the Born approximation to be valid, the second-
order Born amplitude should be much smaller than the first-
order one. We shall see later that for elastic (I} = I3)
fermion scattering, this last condition may not be satisfied
even if condition (47) is met.

Using standard methods from field theory [34], we
obtain an expression for the first-order Born amplitude
of the scattering process I3 — I}

f];,[:; = _(871-p)_1/21/”7‘1:‘.p’,1’3]I ® [&b(q)'r]u&,p,ly (48)

where

5b(q) = / 5p (x) e (49)

and q =p’ —p is the momentum transfer. The Born
amplitudes can be obtained in an analytical form. For
winding numbers satisfying the condition |n| > 2, the
amplitudes are expressed in terms of the Meijer G func-
tions. In the important case when the solitons have the
winding numbers n = 1 and n = —1, the Born amplitudes
are expressed in terms of modified Bessel functions of the
second kind

fipip =V 2rhrip~V2(e + h

— 7270 (e — h))Ko(qry),  (50a)
f-i212 = (=1)*V2zhrgp™'/?
x e* 8 gK, (qry), (50b)
Fijp-1y2 = (=1)V2zhrgp'/2
x e~ Ot K, (gry), (50c)
f—l/2,—1/2 =V Zﬂ'hl%p_l/z(&‘ + h
%279 (e — h))Ko(qry), (50d)

where 9; () is the polar angle that defines the direction of
motion of the “in” (“out”) fermion, g = 2p sin (|9, — 9|/2)
is the absolute value of the momentum transfer, and » is
equal to 1 for n =1 and O for n = —1. For antifermion
scattering, the Born amplitudes take a similar form
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Sij2ap ==V 2zhrgp='2(e + h

— el (e — h))Ko(qry),  (51a)

f_1/2,1/2 _ (_1)1+x1 /2ﬂhr(2)p"/2
% e—i(l—}!)(19|+l9z)qu (qr‘o)7 (Slb)

f1/2,—1/2 _ (_l)lJr;{1 /271']11‘%])_1/2
x el(1=901+82) gK | (gro). (51c)

fipp-1yp = =V 2zhrgp™ (e + h
— 79279 (e — h))Ko(gro).  (51d)

Note that the partial elements of the S-matrix SE,mL =
(e

i/2xp fg,mL + 6,/3,,3 that correspond to the Born amplitudes
e 3
(50) and (51) can be written in form (45).

From Egs. (50) and (51) it follows that the amplitudes are
Hermitian with respect to the permutation of the isospins
and momenta of the fermionic states

fIg,I3 (9.9) = f;3,1g (9.9, (52)
as required for the Born approximation [32,33]. Next, the

invariance of Eq. (12) under I1,7-transformation (22) leads
to a symmetry relation for the Born amplitudes

fr,(8.9)
Another symmetry relation
Jr,,(8.9) = fp 1,(-9.-9) (54)

follows from the invariance of Eq. (12) under combined
transformation (23). Note that in Egs. (53) and (54), the
minus signs before the angular variables are due to the fact
that the II,-transformation changes the signs of the y
components of the momenta of the fermions. Finally,
Egs. (50) and (51) tell us that scattering of the fermion
in the background field of the soliton with winding number
n = =£1 is equivalent to the scattering of the antifermion in
the background field of the soliton with the opposite
winding number. We use the superscript [n, +| ([#, =]) to
indicate the scattering of the fermion (antifermion) in the
background field of the soliton with a given winding
number n. It then follows from Egs. (50) and (51) that
the Born amplitudes satisfy the relations

= f13’1/3 (ﬂ - 1.9, T — 19/> (53)

Frr(82.9) = (DB FTIT (90,8), (S5a)
Fir(0.00) = £ 02+ 7.8 7). (55D)
f;r (192, 1) = fr ('924'”71914‘”)- (55¢)

Equation (55a) is a consequence of the fact that the winding
number 7 in the Dirac equation (12) changes the sign under
the C-transformation (A4). Equations (55b) and (55c¢)
follow from the invariance of the Dirac equation (12) under
the P-transformation (20).

We can now ascertain the behavior of the Born ampli-
tudes (IV) for large and small values of the momentum
transfer g. Using the known asymptotic forms of the
modified Bessel functions K (gry) and K, (grg), we obtain
asymptotic forms of the Born amplitudes (50) at large
values of ¢

fil/Z,il/Z ~ 2—1/2”hr(3)/2e—qr0(1 _ eq:i(82—19]))

x sin (|8, — 9,]/2)71/2, (56a)
fx12412~ (=1)*V27hry/?emarogtix(®:)

x sin (|8, — 89,]/2)"/2, (56b)

where the angles 9; and 9, are fixed and 9; # J,. We see
that the Born amplitudes decrease exponentially with an
increase in both the momentum transfer g and the effective
size of the soliton ry.

Next we consider the case of low momentum transfer ¢
and high fixed fermion momentum p. This situation
involves small scattering angles 9=|9 -9, =
2arcsin [¢/(2p)] = g/ p. In this case, the Born amplitudes
take the form

fripa1p ~=2V2xhrip~ 2 (In (qro/2) + 7).,  (57a)
f¢1/2.¢1/2 ~ (_1)){ Vv 2”’“‘017_3/2 (P + i}fQ)’ (57b)

where y is the Euler-Mascheroni constant. It follows from
Eq. (57a) that in the elastic channel (with no change in
isospin), the Born amplitudes diverge logarithmically as
q — 0. Conversely, the inelastic Born amplitudes tend to
constant values in this limit. More importantly, the elastic
Born amplitudes « h2, whereas the inelastic ones « A, as
expected for the usual first Born approximation in which
amplitudes are proportional to a coupling constant. The
reason for this behavior of the elastic Born amplitudes lies
in the spin-isospin structure of plane-wave fermionic states
(A7) entering the Born amplitudes (48), and in the
mechanism of generation of the fermion mass in model (1).

In model (1), fermions gain mass due to spontaneous
breaking of the SU(2) global symmetry. In our dimension-
less notation (3), the fermion mass m, is equal to the
Yukawa coupling constant 4. Next, relativistic invariance
results in the factors (e +m,,)"/? = (e + h)'/? in fermion
wave functions (A7). In turn, these factors and the spin-
isospin structure of Eq. (48) result in the characteristic
factors [e + h — eT!(®=%) (g — h)] in elastic Born ampli-
tudes (50a), (50d), (51a), and (51d), whereas such factors
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are absent from inelastic Born amplitudes (50b), (50c¢),
(51b), and (51c¢). For small scattering angles A9 = 9, — 9,
and large fermion momenta p, these factors take the
form 2h + ipA9. We can see that for scattering angles
A9 < 2hp~!, the term 2h becomes predominant. Hence,
the terms that o 4% also become predominant in elastic
Born amplitudes (50a), (50d), (51a), and (51d) that were
obtained within the framework of the first Born approxi-
mation. It follows that elastic Born amplitudes (50a), (50d),
(51a), and (51d) become inapplicable when the scattering
angle A9 < 2hp~'. This is because the contribution of the
second Born approximation to the scattering amplitudes is
oh?, and is therefore of the same order of magnitude as the
contribution of the A% terms of the first Born approxima-
tion. Note that for large fermion momenta p, the domain of
A9 in which the scattering amplitudes are markedly
different from zero is of the order of (pry)~'. It follows
that under the condition 2Ar, ~ 1, the area A9 <2hp~! in
which the first Born approximation is incorrect may cover a
substantial part of the area A9 < (pry)~' in which the
scattering amplitudes are markedly different from zero, and
may even overlap it completely. It was found that in the case
of solitons with higher winding numbers 7, the characteristic
factor [e + h — eT(%27%) (¢ — h)] also arises in the elastic
first-order Born amplitudes, meaning that these are inap-
plicable when the scattering angle A9 < 2hp~'.
Equations (32), (50), and (51) make it possible to obtain
analytical expressions for the partial amplitudes f 5, 3 (p)in

terms of the Meijer G functions. As p — o, these
expressions tend to the asymptotic forms
fgfi)/z.:tl/z ~V Zﬂhrop_l/2

X [hp~t +272p2rg2 (1 =20 F m))], (58a)
f(j:n;)/z,;l/z ~ <_1>K \% ﬂ/2hp_l/2

x [p7t +273(1 — 4m?) p~3ry?, (58Db)
for fermion scattering, and
fg)/z.ﬂ/z ~—V2rhryp~'/?

x[hpT' +272p72rg2(1=2(c£m))],  (59a)

fin?/z,;l/z ~ (=1)" /= /2hp~ /2

x [p7 +273(1 = 4m?) p~3ry7), (59b)

for antifermion scattering. It follows from Eq. (33) that the

partial amplitudes fg,mgs must satisfy the same symmetry
L

relations as the partial matrix elements SE,mL,
3943

see that the Born partial amplitudes (58) and (59) satisfy
symmetry relations (41), (42), (43), and (44).
Equations (58) and (59) tell us that the leading terms of

and we can

the asymptotic forms of fg,m;} do not depend on m.
.

Furthermore, the leading terms of the elastic (I3 = I4)
partial amplitudes are o h?, whereas those of the inelastic
(I3 # I4) ones are  h. Finally, we recall that the Born
partial amplitudes and corresponding partial elements of
the S-matrix do not satisfy the unitarity condition [32,33].
We can also determlne the asymptotic behavior of the
partial amplitudes £ 1. 3( ) as |m| —» oo. Using known
methods [35] for the calculation of the Fourier coefficients
in the limit of large m, we obtain the corresponding
asymptotic forms of the Born partial amplitudes

f(j:n?/Z,:tlﬁ ~ \/;/Eh”(z)P_l/z[(E + h)|m F x|
—(e=h)|m F x £+ 171, (60a)
P serja ~ (S0 @/ 2hrg p 2 |3 (60b)
for fermion scattering, and
f(in;)/Z.il/Z ~—=\/m/2hr3p~ 2 [(e + h)|m £ F 1]7!
— (e =h)|m % x|71], (61a)
f(ﬁ)/z.qcl/z 1ﬂ\/ 7/2hr P3/2|m|_3, (61b)

for antifermion scattering.

From the analytical expressions for the Born amplitudes
(50) and Eq. (36), we obtain differential scattering cross sec-
tions for the processes /3 — I4 in the Born approximation

do )y 112/dd = 8”P_1h2”3K0(2P”0 sin (9/2))?

x (h* + p*sin (8/2)?), (62a)
doryp11/2/d9 = 8xph?riK,(2prysin (9/2))?
x sin (9/2)>. (62b)

Since the corresponding Born amplitudes in Egs. (50) and
(51) differ only by a phase factor, the Born differential
cross sections for antifermion scattering are the same as
those for fermion scattering. Note that in accordance
with Eq. (57), the elastic differential cross sections
diverge logarithmically according to the leading term
8xh*rip~l(y +1n(pry9/2))?, whereas the inelastic ones
tend to a constant value of 2zh?rjp~"' as 9 — 0 for large
but fixed p. The total cross sectlons of the processes
I3 — I can also be obtained in analytical form
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OL1/241/2 = 8z p~'h*r§
_11
X 2G3,l<4 2’.2 272 )
{p 24\ 00,0,0.-1
- 11
+ ’Gy (4 gl 22 >} 63a
24\*71010.0.,0.0 (63a)
11
Os1/2.41 = 82 ph2riGy, (417 . 0212_1>, (63b)

where G}y are the Meijer G functions, defined according
to Ref. [36]. Finally, using known asymptotic expansions
for the Meijer G functions, we obtain the asymptotics of the
total cross sections (63) for large values of the fermion
momenta p

1
0+1/2.+1/2 = §ﬂ3hzro

x (143212r3)p=2+ 0(p™)), (64a)

ro(p™>+0(p™)) (64b)

Ox1/2.4£1/2 — %”%2
Note that Egs. (62a), (63a), and (64a), which are related to
the elastic channel, include terms with an additional factor
h? in comparison with the usual first Born approximation.

It follows from Egs. (63) and (64) that in the Born
approximation, the total cross section of the fermion
scattering, which is equal to the sum of the elastic (63a)
and inelastic (63b) parts, is finite. Next, it follows from
Eq. (50) that for small scattering angles, the imaginary parts
of the elastic Born amplitudes f /5 11/, have the form
Im[f:tl/z.il/Z]N F mhr%l’_l/z(g —h)(y +1n[pry8/2])8,
and consequently vanish at zero scattering angle. At the

same time, in our case, the optical theorem of the scattering
theory can be written as

71,1, (p 8 =0)1 =3[ L0120, (p) o220, (69

We see that the optical theorem is not valid in the Born
approximation. This is because the optical theorem is a
consequence of the unitarity of the S-matrix, which is
violated in the Born approximation.

V. NUMERICAL RESULTS

The radial wave functions of fermionic scattering states
are solutions to system (24) that satisfy regularity condition
(26). As r — oo, the radial wave functions c;,(r) tend to
their asymptotic forms (34) and (35), which are expressed
in terms of the partial elements of the S-matrix (33). The
components of Eq. (34) that correspond to the “out” isospin
Iy = —1/2 and those of Eq. (35) that corresponds to the

“out” isospin I} = 1/2 contain only outgoing waves, and
this should be clear from the physical background.

Our goal is to find the partial matrix elements SE, m) ( p)
for a range of fermion momenta p, as this will give thé most
complete description of the fermion scattering. To do this,
we numerically solve the system in Eq. (24) under
regularity condition (26) for a set of p within some finite
range. The origin r =0 in the neighborhood of which
regular expansion (26) is valid is the regular singular point
of the system in Eq. (24). Hence, the initial value problem
(IVP) for system (24) cannot be posed at r = 0. To work
around this problem, we shift the point at which the IVP is
posed to a short distance from the origin. The initial values
of the radial wave functions c;,(r) at the shifted initial point
ry are calculated using regular power expansion (26).

A regular solution to the system in Eq. (24) depends on
the two complex parameters b, and c¢(. The linearity of the
system makes it possible to set one of these parameters (for
instance b)) to one. In this way, we stay with the two real
parameters Re[cy] and Im[c]. Consider fermion scattering
that corresponds to the “in” fermionic state with isospin
I3 = 1/2. To obtain the radial wave functions c¢;,(r) that
correspond to this scattering state, we must satisfy the
condition that the radial wave functions ¢;,(r) contain only
the outgoing wave as it is in Eq. (34). It follows from
Eq. (34) that for large r, the real and imaginary parts of
the outgoing radial wave functions ¢, (r) should satisfy
the asymptotic condition, Im[,/prc,(pr+ 6, +7/2)] =
Rel\/prcy(pr+ 6,)], where &, is some phase shift. To
satisfy this condition, we can use the two parameters Re[c]
and Imcy). By varying Re|c,] and keeping Im[c,| fixed,
we can achieve coincidence between the zeros of
Im[\/prep(pr+ 8, +x/2)] and Rel\/prep(pr+6,)].
Next, by varying Im[cy] and keeping Re[cy] fixed, we
can achieve equality of Im[,/prc,(pr+ 6, + 7/2)] and
Re[,/prc,(pr+6,)]. The positions of the zeros of
Im[,/precp(pr+ 6, + x/2)] and Re[\/prc(pr+ 6,)] do
not change under this variation, because linear system (24)
contains only real coefficient functions and thus the
imaginary parts of c;,(r) are « Im[cy|, since iIm[cy] is
the only imaginary parameter of the problem. In turn, linear
scaling cannot change the location of the zeros of
Im[c;,(r)]. When the asymptotic condition is satisfied,
we can assume that the radial wave functions c;,(r)
correspond to the “in” fermionic state with isospin
I; =1/2. Note that the asymptotic condition for the
“in” fermionic state with isospin /3 = —1/2 has a similar
form Im[\/pre; (pr+6) +x/2)] =Rel\/preq (pr+6,)].
The value of r at which the asymptotic condition is satisfied
should be chosen based on the accuracy of asymptotic form
(34) and on the low influence of the background field of the
soliton.

To solve the IVP numerically, we use the IVP
solver provided by the MAPLE package [37]. This solver
finds a numerical solution to the IVP using the Fehlberg
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fourth-fifth order Runge-Kutta method with degree four
interpolant. Having obtained the solution to the IVP, we can
determine the coefficients of the outgoing (o< exp(ipr)) and
ingoing (e exp(—ipr)) parts of the radial wave functions
¢ia(r). To do this, we use the orthonormality property of the

exponential functions f02 7 gKiPT R PT i = D p=1 5, Ky
where «;, = +1. Taking into account the phase and
normalization factors in Eq. (34), we obtain the values
of the partial matrix elements SZ";2 for a given p. To control
the correctness of the numerical solution to the IVP, we use
unitarity condition (40) and the equality of the pairs of ngﬂ;

obtained from the up and down components of the columns
in Eq. (34).

We now turn to a discussion of the numerical results. We
consider only fermion scattering on the elementary (n = 1)

T T T T ]
Re[S{) 11| |
0ol — (S ]
' 0
i — IS{hip-1P
—
0.0
—021 i
041 — Re[s(-ol)/z,l/z] B
0
—— Im[SY9),,2]
— |S§)|)/2,|/z|2
—0.61 1 L L 1
0.001 0.01 0.1 1 10 100
p

topological soliton of the nonlinear O(3) o-model. The
scattering corresponds to the “in” fermionic state with
isospin I3 = 1/2; from Egs. (41), it follows that scattering
with “in” isospin I3 = —1/2 is in essence equivalent to the
case considered here. The size parameter r, and the
Yukawa coupling constant A are the only parameters of
the IVP. In order for the external field approximation to be
valid, the mass of the fermion, which is equal to 4 in
dimensionless units (3), should be much lower than the
mass of the soliton 4z. Hence, we set the parameters 4 and
ro equal to 0.1 and 1, respectively. According to Eq. (45),

the numerical solution corresponding to these values /4 and
ro will also give us information about the partial elements

of the S-matrix for which the parameters satisfy the

condition hry = 0.1 The presence of the inelastic scattering

channel I3 — Iy (I3 # I;) results in S(1 /2) 12 leaving the
unitary circle, and thus the description of the scattering in
terms of a phase shift loses its advantage. In view of this, we

shall describe the partial elements of the S-matrix in terms
of their real and imaginary parts.

It was found that the p-dependences of the partial matrix

elements SE, )1 , Sg,i[l), and Sg\rmllzz) are substantially differ-
3943 3943

ent, and we therefore consider them separately here. For
better visualization of the p-dependences, we show them
on log-linear plots. Figure 1 shows the p-dependences

related to the partial matrix elements Si)l) /21/2" We can see

that all of the curves in Fig. 1 are regular functions of the
fermion momentum p. In particular, they all tend to

nonzero limits as p — 0, and |S(1(})2’1/2 112, |s© 1/2 1l
|Re[S<1(;)2,l/2 —1]], and |Im[S§)l)/2,1/2]| reach their maximal
values at p = 0.

Figures 2—7 show the real parts, imaginary parts, and
squared magnitudes of the partial matrix elements S 5::)/2 1728

functions of the fermion momentum p. The p-dependences
are shown for |m| =2, 3, 4, and 5. We can see that for

|m| > 2, the curves of Re[S{) , »(p) = 1]. Im[S\"}) | ,(p)].

045011

FIG. 1. Dependence of Re[S(l/)2 12 1] [
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FIG. 2. Dependence of Re[S 5 /2>1 /2

— 1] on the fermion mo-
mentum p for |m| =2, 3, 4, and 5.

$7242(P) = 1P, RelS"})5 o (p)], T[S} ()], and
1S),.1/2(p)|? have similar forms. All of them have wide
extrema at moderate values of p, and tend to zero as
p — oo and to constant values as p — 0. The only difference
is that for |m| = 2, 3, and 4, the Re[Si"f)/zﬁl/z(p)] curves have
anode located to the right of the maximum at moderate values
of p.

It follows from Fig. 3 that the imaginary parts of the

elastic partial elements of the S-matrix satisfy the approxi-
mate relation
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FIG. 3. Dependence of Im[Si';'z)_1 /2] on the fermion momentum
p for |m| =2, 3, 4, and 5.

Im(s{), ,(p)] = Im[S 58 (p)]. (66)

Since [Im[S 5'72)’1 l[>[Re[S (172>1 />~ 1], approximate equal-

ity (66) results in the approximate equality of the squared

magnitudes |S§r/"2),]/2 - 1>~ |S(17;11+/12) — 1/, as shown in

Fig. 4. It follows from Egs. (17) and (18) that for n = 1,
the change m — —m + 1 of the grand spin K5 leads only to
the interchange of the absolute values of the orbital angular
momenta |/;;| and |l5;|. It follows from Eq. (26) that the
centrifugal barrier does not change as a whole for the elastic
channel of fermion scattering, and thus the fermion-soliton
interaction is of the same order for the partial elastic

0.006
0.005 |
0.004
0.003
0.002

0.001 L

0.000F 1 |
0.001 0.01 0.1 1 10 100

FIG. 4. Dependence of |S Y}lz),l /o= 1| on the fermion momentum
p for |m| =2, 3, 4, and 5.

T T T T
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0.0000}
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FIG.5. Dependence of Re[S" )/2.1 /2] on the fermion momentum
p for |m| =2, 3, 4, and 5. '

channels with K3 =m and K5 =-—m + 1. This may
explain the close values of the dominant imaginary parts
in Eq. (66).

We also found that the position of the maximum in
|S§'72)’1 = 1| is approximately determined by the linear
expression

Pmax & 0.64|m —1/2|, (67)

whereas the heights of the maxima decrease monotonically
(approximately o |m|~2) with an increase in |m|. Note that
Eq. (67) is compatible with Eq. (66) since |m —1/2]| is
equal to m — 1/2 for positive m and (—m + 1) — 1/2 for

~001}
~0.02f
~0.03}
70.04:

~0.05}

_0'06; 1 1 1 1 ]
0.001 0.01 0.1 P 1 10 100

FIG. 6. Dependence of Im [SY'I')/Z‘1 /2| on the fermion momentum
p for |m| =2, 3, 4, and 5.
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FIG.7. Dependence of |S<_"1’)/2,1 J2|* on the fermion momentum p
for |m| =2, 3, 4, and 5.

negative m. Eq. (67) can be explained as follows. The

partial matrix elements S(1m2> 1 describe the elastic fermion

scattering in the state with grand spin K53 = m. Eq. (15)
tells us that with an increase in |m|, the main contribution to
K5 comes from the orbital part. Next, it follows from
Egs. (17) and (18) that for n =1, the orbital angular
momenta of the elastic components c¢; and c,; of the
fermion radial wave function are /;; = m — 1 and [,; = m,
respectively. We see that both /;; and /,; depend linearly on
m. In the classical limit, the absolute value of the orbital
angular momentum |/| = bp, where b is an impact param-
eter. In our case, the impact parameter b should be on the
order of the soliton’s size ry. In the momentum represen-
tation, the fermion radial wave function c;, that corre-
sponds to the state with K3 = m should have a maximum in
the neighborhood of the classical value p =|I|/b, in
accordance with Eq. (67).

It follows from Figs. 5-7 that in accordance with
Eq. (44), the inelastic partial matrix elements SY’})/Q.I P
coincide when they have opposite values of m.
Furthermore, similarly to Eq. (67) and for the same reasons,

the position of the maximum of |S%}2 12l is also deter-
mined by the linear expression

Pmax = 1.37|m]. (68)

From a comparison between the p-dependences related
to S(iol) /2.1/2 and those related to Si’ln/‘ii)ﬂ, we can see two
main differences. Firstly, there are no pronounced maxima
for |S§2?13 —61/3.13|2 at nonzero p, since for m =0, the

contribution of the orbital part to the grand spin K5 is not

dominant in comparison with those of the spin and isospin
parts. Secondly, the limiting values of |S§9JI3 - 5,;,,3|2 are
5 3

much greater than those of |S§l";|3>2) -1,
5 3

|> as p — 0.
This is because according to Eq. (18), both /; and [},
vanish when m = 0 and n = 1. It follows that in this case,
the centrifugal barrier is absent for both elastic and inelastic
fermion scattering. This leads to intense interactions
between the fermions and the core of the soliton. In turn,
this results in large squared magnitudes for both the elastic
and inelastic partial elements of the S-matrix.

Using numerical methods, we were also able to ascertain
some other features of the curves shown in Figs. 1-7. In

particular, we ascertained the asymptotic behavior of

S;Zi}(p) as p —

R[S\, , = 1] ~ a(m)p™, (69a)
1m[S{7) 5] ~ p(m)p~!, (69b)
Re[S")), o] ~ 7(m)p~!, (69¢)
Im[S"), | 2] ~ —zhp™", (69d)

where a(m), f/(m), and y(m) are m-dependent constants.
Note that for Im[S(_"f)/z’ 12}, we were able to find the exact

form of the coefficient of the leading asymptotic term. This
is because the Born approximation (58b) perfectly
describes the behavior of Im[SY'f)/z.l 1) for p 2 10. At the
same time, the Born approximatibn (58a) gives only a
qualitative description of Im[S(lr/"z)‘1 Jls it gives the correct
(exp~!) leading asymptotic behavior, but an incorrect factor
before the leading asymptotic term. Note that in Eq. (69a),
the leading asymptotic term is o p~2, while in Egs. (69b)—
(69d), the leading asymptotic terms are oxp~'. This differ-
ence is due to the fact that Im[S%)’l/z], Re[S(_”{)/ZJ/Z], and

Im[S(_"f)/ll /2] tend to zero as p — oo, while Re[sﬁ’"z),l/z]

tends to one in this limit. It can then easily be shown that
asymptotic behavior (69a) follows from the fulfillment of
the unitarity condition |S\)  ,|? + |S"}), | ,I> =1 in the
leading order in inverse powers of p.

It follows from Figs. 1-7 that as p tends to zero, the real

and imaginary parts of the difference Sﬁ,m;} — 0y, 1, tend to
LI :

some constants whose absolute values decrease monoton-
ically with an increase in |m|. Then, Egs. (33) and (37) tell
us that both the elastic and inelastic partial cross sections
(m) — p! |S§/m}3 - 51%,13|2 diverge as p~! when p — 0.
3 3

Iy
Next we turn to the partial matrix elements Sfll/zl /o~ The

dependence of the real and imaginary parts of S(;ll/)zl o on

o
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4 T T ™ T ™ 3

Re[S7)) p-1]

— Im[s‘l?zl,)l/z]

(+1)
|S|/2,1/2—1|2

Re[S") 1/2}

- Im[sﬁl/)z,l/zl

) t |S(_+|l/)2,1/z|2
- wi ol . wi .
10715 10712 1079 107 0.001 1
P

Dependence of Re[S 1721 ) /2

FIG. (81) ce 1]) Im[sl/21/2] \51/21/2\
+
Re[ST) 51 5ls Im[ST) 5], and |S 1/212> on the fermion

momentum p.

the fermion momentum p is shown in Fig. 8. We can see
that the p-dependences in Fig. 8 are in sharp contrast to
those in Figs. 1-7. In particular, the p-dependence of the
elastic partial element S (1721?1 /2 shows pronounced resonance
behavior at extremely low values of p. We were able to
achieve extremely small values of p to reveal two reso-

nance valleys of Re[SE“/LZI’)l s2]- The positions of the extrema

in Re[Sg /2)1 so] coincide with those of the zeros of

Im[ngzl)1 /2] as expected for resonance structures. Note

that Re[SE /2.1/2) (and hence |S 121 /2|) reaches the unitary
boundary of 1 at its maxima. Hence, the elastic partial cross

section 0'5721 )1 /, vanishes at the maxima of Re[S (1 /2)1 5l as

well as the inelastic partial cross section ”(—1 /)2’ 12 Note that

both Re[S 57;)1 /o] and Im[SEJ/rzl?] /2] do not reach the unitary
boundary of —1 at their minima, although these are in close
proximity. This follows from the fact that the inelastic

scattering does not vanish at the minima of Re[S<l721.)1 /o] and

Im[Sijzl‘)1 /|- For a similar reason, Im(S 5;21’)1 /] also does not
quite reach the unitary boundary of 1 at its maxima.
The p-dependences of the real and imaginary parts of the

inelastic partial matrix element S(fl})zl /o also have a

resonance structure at small values of p. Moreover, the

+

positions of the minima (maxima) of Re[S_ /)2 12} coincide

with those of the maxima (minima) of Re[Si . )1 s and

a similar situation holds for the imaginary parts
Im[S(fl})ll 5] and Im[Sg?;.)l s2]- The positions of the zeros

1 1
of Re[S( 1/)2 1/2h Im[S(jl/éJ/z]’ and Im[SgJ/rz,)l/z} also
coincide, since Re[SSJ/rzl.)1 /2] reaches the unitary boundary

of 1 at this point. Note that in Fig. 8, the behavior of the
curves is in accordance with the unitarity condition

|S1/2 1/2|2 + |S 172, 1/2|2 =1

Figure 9 presents the p-dependence of the real and
imaginary parts of the partial matrix elements S(J;ll/)l 12 We
see that in accordance with Eq. (44), the curves of
Re [S<_11/)2 1/») and Im[S( | /)2 12} coincide with the curves
for Re[S( 1/>2 1) and Im[S< 1/)2 12} shown in Fig. 8. In

(=1 (=1

particular, the curves of Re[S”, | »] and Im[S”, /| »] have
the same resonance structure as those of Re[S(_JI};1 /2] and
Im[S(fl})l1 /2], respectively. In Fig. 9, the curves that
correspond to the real and imaginary parts of the elastic
partial matrix element SS;)I /o also show resonancelike

behavior. However, the behavior of these curves differs
from those of the other resonance curves in Figs. 8 and 9. In

particular, the points of the maxima in \S(J;)l /2|2 and
Re[S<1 /2)1 $o] do not coincide, and Im[S(1 /2)1 so] does not

vanish at these points. Hence, it can be said that S§721)1 P
does not show true resonance behavior. Instead, the

resonancelike behavior of § (];21)1 2 is caused by the unitarity
condition |S1/2 1/2| + |S_1/21/2|2 =1 and the true reso-

nance behavior of the inelastic partial element S(__l /)2.1 P of

the S-matrix.
0.20 T T -l . .l =
Re[S(ﬁz]"l n—1
0.15F — (S ]

(1) 2
— ISip12-1

~0.05]

Re[S5)) 1]
Im[sfll/)z.l/zl
(=1) 2
wl wl vl wl
10715 10712 1070 10-¢ 0.001 1
p

—o0.10F

FIG. (9 g Dependence ofRe[Sg/z)l/2 ( 1]) Im[S( sl
Re(S” 1/2, 1/2] Im[S 1/2, 1/2] and [S” 1/21/2|

momentum p.

on the fermlon
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In Figs. 8 and 9, all p-dependencies are shown

on a logarithmic scale. We see that in the resonance

region, the p-dependences of |S(ijtll/)2 | /2—5i1/2.1/2 2,

1 1 .
Re[S(j1 /)2’1 2 = 0x1/21 /2], and Im[S(f1 /)271 /2] have the Breit-

Wigner form on this scale. Also, the positions of resonance
peaks are at extremely low values of the fermion momenta.
Another feature is a periodic structure of the resonances in
Figs. 8 and 9. In particular, the distance between the
resonance peaks is approximately the same on the loga-
rithmic scale. We were able to identify the two resonance

peaks of |SS§1/)21 2 = 0x1/21 /2|* and reach the beginning of
the third one. Therefore, we may suppose the existence of a
sequence of resonances (possibly infinite) condensing to
the zero fermion momentum.

Finally, we compare the numerical results with those
obtained within the framework of the Born approximation.
Figure 10 presents the p-dependences of the imaginary

parts of the inelastic partial matrix elements S(_"f)/m P

obtained both numerically and in the framework of the
Born approximation. We see that for p 2 3, the numerical
and analytical results perfectly match with each other.
Moreover, the area of applicability of the Born approxi-
mation increases with an increase in |m|. This is because
the magnitudes of the fermion’s orbital quantum numbers
also increase in this case, resulting in the extension of the
applicability of the Born approximation [32,33]. In Fig. 11,
we can see the curves, which present the imaginary parts of

the elastic partial matrix elements S(lr/"Q).1 /o obtained by
numerical methods and those obtained in the Born

0.00 e
~ \\\ \~\\‘\\
i \\‘\ \\ \\\ \\\ ]
—00:2F N\ N N 4
. \ Y, \ &
L \ \ N . 4
\ \ \
\ \ N
L . \ “ j
~0.04 \ \ . ]
L \ \ i
\‘ \
F \\ \\\ . o
—-0.06 \ = B
L v 4
\
\
F \\ e |m| _ 5 o
/ =
~0.08} k b
L A — |m| =4/
i AR Imi = 3]
/
-0.10 i ,,l \\\ y |m| =2 ]
Imf = 1]
|- '/ o
—0.12F.-"" —— m=0 |
| 1 1 1 1 1
0.1 05 1.0 50 10.0 50.0 100.0

FIG. 10. Dependence of Im[S<_"l’)/2A1 /2] on p obtained numeri-
cally (solid lines) is compared with that obtained analytically
within the framework of the Born approximation (dashed lines)
for m| =0, 1,2, 3,4, and 5. For m = 0, the presented results are

multiplied by the scale factor 1/5.

T T

m=5 4
~0.05} m=4 |
[ m=3 |]
m=2 |
-0.10 m=1 ||
[ m=0 |]
1 1 1

50.0 100.0

FIG. 11. Dependence of Im[S (1'72)41 /2] on p obtained numerically
(solid lines) is compared with that obtained analytically within
the framework of the Born approximation (dashed lines) for
m=0,1,2, 3, 4, and 5.

approximation. The curves are presented only for m > 0
because their behavior has a similar character for m < 0.
Unlike Fig. 10, the solid and dashed curves that correspond
to the same value of m do not coincide with each other even
for large values of the fermion momentum. We see that the
elastic fermion scattering cannot be correctly described
within the framework of the first Born approximation, in
accordance with the conclusions of Sec. IV.

VI. CONCLUSION

In the present paper, fermion scattering in the back-
ground fields of the topological solitons of the nonlinear
0O(3) o-model has been investigated both analytically and
numerically. In particular, we have ascertained the asymp-
totic behavior of the fermion wave functions for both large
and small values of the radial variable r. The symmetry
properties of the partial elements of the S-matrix under
discrete transformations of the Dirac Hamiltonian have
been determined. In the framework of the first Born
approximation, a complete analytical investigation of
fermion scattering in the background field of the elemen-
tary topological soliton with winding number n = 1 has
been carried out. In particular, the Born amplitudes, differ-
ential cross sections, and total cross sections of fermion
scattering have been obtained in analytical form. The
asymptotic behavior of the partial Born amplitudes has
been investigated for extreme values of the fermion
momentum, momentum transfer, and grand spin.

We have also performed a numerical study of fermion
scattering in the background field of the elementary
topological solition of the nonlinear O(3) o-model. In
particular, we have obtained the p-dependences of the
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partial elements S, , of the S-matrix for |m| <5, and have

(m)
N8
ascertained their main features. In particular, we found that
s
behavior at small values of the fermion momentum.

The nonlinear O(3) o-model has no potential term, and
we therefore discuss the influence of a potential term on the
soliton properties and the fermion scattering. Derrick’s
theorem [7] tells us that in the case of (2 + 1)-dimensional
scalar field models, static solitons can exist only if the term
of higher order in the field derivatives is added to the
Lagrangian together with the potential term. The baby
Skyrme model [9,10] is obtained by the addition of a
potential term and a fourth-order term in the field deriv-
atives (the Skyrme term) to the Lagrangian (1) of the
nonlinear O(3) o-model, and therefore we consider the
baby Skyrmion and the s-model’s soliton. The presence of
the potential and Skyrme terms in the baby Skyrme model
leads to significant differences in the properties of these
two solitons. Firstly, the asymptotic behavior of their fields
differs substantially. At large distances, the scalar fields of
the o-model’s soliton approach the vacuum ¢, =
(0,0,—1) according to the power law ¢ — ¢y, ~ 77",
whereas those of the baby Skyrmion approach it according
to the exponential law ¢ — ¢b,,c ~ r~'/% exp(—mr), where
m is the mass parameter of the potential term. Hence, the
asymptotic behavior of the scalar fields is of the long-range
type for the o-model’s soliton and the short-range type for
the baby Skyrmion. Secondly, the spatial size of the o-
model’s soliton is not fixed due to the presence of the
arbitrary scale parameter r in Eq. (8), whereas the spatial
size of the baby Skyrmion is fixed and fully determined by
the parameters of the baby Skyrme model.

These differences lead to differences in the fermion-
soliton scattering. In particular, it follows from the theory of
scattering [32,33] that the short-range exponential asymp-
totics of the scalar fields of the baby Skyrmion leads to the
finite elastic differential cross section at zero-scattering
angle. Furthermore, due to the fixed size of the baby
Skyrmion, the fermion scattering does not depend on an
arbitrary scale parameter, unlike the case of the 6-model’s
soliton. At the same time, some properties of the fermion-
soliton scattering remain the same. In particular, the general
formulas of partial expansion (32)—(35) and symmetry
properties (41)—(44) remain unchanged because the
o-model’s soliton and the baby Skyrmion are described
by the same ansatz (7).

In three-dimensional space, a two-dimensional soliton
can be considered as an object extended in one spatial
dimension. The one-dimensional extended objects that
correspond to two-dimensional vortex solutions of gauge
models can play an important role in cosmology [38]. In
particular, the interaction of these objects (called cosmic
strings) with fermions results in the fermionic supercurrent
flowing along the cosmic string [39]. The fermionic

the partial elements S, ,” of the S-matrix show resonance

superconductivity of the cosmic string is due to the
presence of the bound fermionic state (fermionic zero
mode) in the background field of the corresponding two-
dimensional vortex. In addition, the two-dimensional
vortex also has unbound fermionic states, which can be
used to describe the fermion scattering on the cosmic string.
It can be assumed that the fermion scattering on cosmic
strings shares some common features with the fermion
scattering studied in this paper. In particular, a resonance
scattering is also possible at small-fermion momenta. As in
the previous case, the resonance scattering of fermions on
cosmic strings is only possible in the absence of the
centrifugal barrier, i.e., only for the lower fermion partial
waves. It follows that cosmic strings interact intensively
with slow-moving fermions. The scattering of fermions on
a cosmic string leads to a transfer of the momentum and (if
the backreaction of fermions on the cosmic string is taken
into account) the energy. Hence, we can suppose that a
sufficiently dense and cold fermionic gas can influence the
dynamics of a slow-moving cosmic string.

ACKNOWLEDGMENTS

This work was supported by the Russian Science
Foundation, Grant No. 19-11-00005.

APPENDIX A: FREE FERMIONS

Let the isovector scalar field ¢p be a constant field that
takes the value (0,0, —1). This situation corresponds to the
vacuum state in the topologically trivial sector (n = 0) or
distant regions in the topologically nontrivial sectors
(n # 0). In this case, the Dirac equation (6) is written as

iy @10, w — hl ® 73y = 0, (A1)
or in the Hamiltonian form
oy
|— = Hyy, A2
l ot oY (A2)
where the free Hamiltonian
Hy = o @ I(=id}) + hf @ 75. (A3)

The Dirac equation (A1) is invariant under the C, P, and
I, T transformations,

w(tx) = wo(t,x) =iy'@Iy*(r,x),  (A4)
w(t,x) =y’ (t,x) = '@ Iy(r,—x),  (AS5)
w(t.x) =yl (1 x) =y*(~t,x1,-x;).  (A6)

The Hamiltonian (A3) commutes with the operator of grand
spin (15), which is reduced to the operator of the usual
angular momentum in the topologically trivial background

045011-16



FERMION SCATTERING ON TOPOLOGICAL SOLITONS IN THE ...

PHYS. REV. D 104, 045011 (2021)

vacuum field ¢,,. = (0,0, —1). It also commutes with the
isospin generator /3 = 73/2 and the momentum operator
p = —iV. It therefore follows that the free fermionic states
can be characterized either by the momentum p and the
third isospin component /5 (plane waves) or by the grand
spin K3 and the third isospin component /3 (cylindri-
cal waves).

In the compact matrix form, the plane-wave fermionic
states y,;, with positive and negative energies can be
written as

1 ve+h 0\ _
Wi = —— e, (ATa)
V2e \ive—he® 0
1 0 —ive—he .
Wp-1)2 = —== < vezne )3_"”, (A7b)
' Vv2e \ 0 ve+h
1 —ive—he % 0 .
l//_p = ( IV E e v >esz, (A7C)
' V2e ve+h 0
1 0 vV h )
Wop-1/2 = == < . , )e””‘, (A7d)
' V2e \0 ive— he

where p = (e,p), px = et — p-x, and 6, is the azimuthal
angle of the momentum p. Note that the negative energy
wave functions are C conjugates of the positive energy
wave functions, w_,; = (y,;,)¢ =01 ® Iy, ;. The
wave functions y ., ;. and their amplitudes u. , ; defined
by the formula w,,; = (2¢)™"%uy,; e¥P* satisfy the
normalization conditions

- Px P
Wip,lﬂﬂu ® ]h//j:p,l3 = <1’:’?y) = (I,V) (Ag)

ey, (priee 0\ 5
Ypm1/2 = e~
p(;;h)JIZI (pr)ei1210 0 T
0 - /P(;;h)Jllz(pr>eillz6' -
l//p.m,—l/Z = e_w[ ~
0 P(;ﬂ;h) I, (pr) ilnt n

~

~

and

UsprUipy, = (—1)1/2#32}151’3,13’ ipru_pr, =0.  (A9)

It follows that the wave functions w,,; have the
normalization

_ h
[ e v x)x = (1) 2

X 51%,135(2)(P -p'). (Al0)

where it is understood that in Eqgs. (A8)-(A10), the
summation is performed over the spin and isospin indices
of the corresponding wave functions and amplitudes.

Let us consider the cylinder-wave fermionic states
W, m1, that possess definite values of the grand spin K3
and the isospin /5. For free fermions, the matrix A in
Eq. (24) takes the form

b 0 e+h 0
PP ¥ 0 ek (A1)
W —evn 0 oo
0 -e-h 0 ==

where the orbital quantum numbers [/;, are defined in
Eq. (18). We see that system (24) can be split into two
independent subsystems that correspond to the two isospin
states ==1/2. These two subsystems can be solved analyti-
cally, and their positive energy regular solutions are

%sin [pr— =21, —1)/4]e™? 0

el (Al2a)
\/%sin[pr—ﬂ(Zlm+3)/4]e”2'9 0
0 \/52sin[pr—a(2l, + 3)/4]e™=0 A

e, (Al2b)

0 % sin [pr — (2l — 1)/4]e'2?

where p = |p| and J,(pr) are the Bessel functions of the first kind. The negative energy regular solutions are obtained from
Eq. (A12) by means of C conjugation (A4). Wave functions (A12) satisfy the normalization condition

/‘//;’,m’,lg(r’ O pon.1,(r, 0)rdrd6 = 226, ,,6r, 1,6(p — p').

(A13)

Unlike wave functions (A7), wave functions (A12) have definite parity under P-transformation (AS)

045011-17



A.YU. LOGINOV

PHYS. REV. D 104, 045011 (2021)

Wg,m.h (t’ X) = 70 ® ]h//p.m,13 (t’ _X)

= (_l)m_nh_%l//p.m.h (t’ X) <A14)

and are invariant under IT,7-transformation (A6).

The plane-wave fermionic states y, ;. can be expanded
in terms of the cylinder-wave fermionic states , ,, ;.. To do
this, we use the well-known expansion of the plane wave in
terms of cylinder waves

Py — eiprcos(ﬂ) _ Z i”’]m(pr)eim(’. (AIS)

i=—00

Egs. (A7), (A12), and (A15) give us the expansion

(e8]
I//(.&‘.;7,()).13 = Z apfm,l‘gl//p,m,ly (A16)
m=—oo
where the expansion coefficients
ap,m,13 — inz—];(n+1)p—1/2 (A17)

and all components of the (2 + 1)-dimensional momentum
of the plane-wave state are explicitly shown on the left-
hand side of Eq. (A16). Note that Eq. (A17) is valid only
for the positive energy fermionic states. To obtain the
expansion coefficients for the negative energy fermionic
states, we must take the complex conjugate of the right-
hand side of Eq. (A17).

APPENDIX B: RESONANCES OF PARTIAL
AMPLITUDES AT SMALL FERMION MOMENTA

Let us ascertain the cause of occurrence of the resonance
peaks in the partial channel with grand spin m = 1. It
follows from Egs. (18), (26), and (34) that the characteristic
feature of this partial channel is the absence of both the
kinematic suppression factor (& — /)!/? and the centrifugal
barrier for the ¢;; component of the radial wave function
cio(r). As a result, the ¢;; component is much larger than
the other three components of ¢;,(r). Using this fact, we
can find an approximate solution to system (24) for small
values of p. To do this, we perform two iterations. At the
first iteration, we suppose that c;;(r) is a constant a, and
find ¢1,(r), ¢21(r), and ¢y, (r) neglecting all terms except
centrifugal and those that proportional to a. At the second
iteration, we substitute ¢1,(7), ¢, (r), and ¢4, (r) into the
differential equation for c¢y;(r) and integrate this equation.
As aresult, we obtain the approximate iterative solution for
the radial wave function c¢;,(r)

01
en(r) :1—;{12—3p2r2—hr%(6+h)
x (2> =3In[(r* + r3)ry?]

X (2+In[r5(r* + rg)r™)

—6Liy[73(r + r2)~'])}. (Bla)
cuar) = far = laghrife+ Ay
xIn[(r? + rd)ry?], (B1b)
ca1(r) = =27'ag(e = h)r — aghrgr!
X In [(r2+l’%)r62], (BIC)
exn(r) = aphro(rr2In[( + r})r5?) = 1) (BIQ)

where a, and f, are constants, and Li, is the dilogarithm
function.

At small r, the components of the radial wave function
can be written as

e (r) = ag —272agp?r? + O(r*), (B2a)

cia(r) = (Bo =27 Yaghro(e + h))r+ O(r}),  (B2b)
e (r) = =27 ay(e + h)r + O(r?), (B2c)

e (r) = =27 aghry'r? + O(r*), (B2d)

in accordance with Eq. (26). It was found that in a wide area
of r, the components of the radial wave function satisfy the
conditions

leni] = ap(1 = 13.67%), (B3a)
|c12] £ 0.8a97%, (B3b)
21| £ 0.8ag7, (B3c)
lex| < agr. (B3d)

where the parameter 7 = hr,. We see that under the
condition 7 < 1, the absolute value of the ¢;; component
is much larger than those of the other three components of
the radial wave function.

When the distance from the core of the soliton is
sufficiently large, we can neglect the fermion-soliton
interaction. In this case, the general solution to system
(24) is written as

cii(r) ~ Cilo(pr) + G Yo (pr), (B4a)
e—h
e+h

(C3Ji(pr) + CyY (pr)),  (B4b)

cp(r) ~—
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o (r) ~— E;Z(lel(l”’)‘f'czﬂ(lﬂ))v (B4c)
2 (r) ~ C3Jy(pr) + CyY,(pr), (B4d)

where C;—C, are constant coefficients, J, and Y, are the
Bessel and Neumann functions of corresponding orders,
respectively. Using standard methods from the theory of
scattering [32,33], we obtain the expressions for the partial
elements of the S-matrix in terms of the coefficients C;—Cj,

+ny G —iG

Sipip = C,+iC,’ (B5a)
(+1) 2p Cs

S = B5b
SVEZ e —hCy 4Gy (B3b)

To express the coefficients C;—C, in terms of physical
parameters, we join solutions (B1) and (B4) at r = «ry,
where « is a positive coefficient greater than one. The
resulting expressions for C;—C, are too lengthy to be
presented here. Expanding these expressions in p, holding
lower-order terms, and substituting the resulting expres-
sions in Eq. (B5), we obtain the partial matrix elements

(+1) A+ 77 'TIn[pry] +il/2

S = , B6
V2127 A 4 27 'Cln [pry) — il/2 (B6)
and
(+1) —lTF
S = B7
-1/2,1/2 A+ ﬂ_lrll'l [pro] _ ZF/Z ( )
where
1
A=1+« —812((127/—|—7r2)1<2 + %)
1
+ §T2{2K2 In [4(k* + 1)x7?]
+ {40+ D+ 27 + 1)4) + 2}
x In[k? + 1]} + 22(k* + 1)Liy[(x* + 1)71], (B8)
[ =2z2((2 + 1) In [ + 1] = &), (B9)

and y is the Euler-Mascheroni constant.
Using Egs. (B6), (B7), and (33), we obtain the expres-
sions for the squared magnitudes of the partial amplitudes

(+1) (+1) .
Fipapand f2 5

1y 2 _ 2 (/2
2 . (BI0
1f1)21 )0l zp (A+ 7~ 'Tln [pry))? + ([/2)? (B10)
and

(+1) 2 1 r,r
- , (Bl11
Farial = g a e T e+ 2 Y
where
I, =77T. (B12)

We can see that the squared magnitudes of the partial
amplitudes f (1721,)1 P and f (j})zl /20 considered as functions of
the logarithmic variable z~'T'ln[pry], show resonance
behavior of the Breit-Wigner type with total decay width
equal to I'. It follows that on the logarithmic scale, the
. +1 +1
squared magnitudes |S§,3, 13) - dy, 1Ll* =27p| fﬁg. 13)|2 are of
the symmetric Breit-Wigner form in the resonance region,
as it is in Fig. 8. At the same time, the resonance peaks of
|S§,+;3 — 8.1, have a strongly asymmetric form in the
e 3

linear scale. In particular, the resonance peaks have maxima
at Poax = 15" exp (—wA/T) and reach half of the maxima at
p+12 = ry' exp (—A/T £+ 7/2). The asymmetry of the
resonance peaks is reflected in the relations

P+1)2 _ Pmax

=exp (7/2) ~4.81048, (B13a)
Pmax P-1)2
and
Pmax TP-12 oy (—1/2) ~ 020788, (B13b)
P+1/2 = Pmax

The position of the maxima of the resonance peaks depends
exponentially on the ratio A/T", which, in turn, depends on
the parameters z and «. This results in extremely low values
of prax When 7 <0.1 and 1 <k < 10? in accordance with
Figs. 8 and 9.

The existence of the resonance peaks and their loga-
rithmic character are due to the term In [pry] in Egs. (B6)
and (B7). In turn, this term results from the leading term
of the expansion of the Neumann function Y((pr) in
the neighborhood of zero; Yo(pr) =2z"'(y —In(2) +
In[pr]) + O((pr)*In[pr]). Only the Neumann function
Yo(pr) has the leading asymptotic behavior o In[pr] as
pr — 0, whereas the other Neumann functions Y. (pr)
(pr)~" in this limit. Therefore, the Neumann functions
Y,-o(pr) cannot lead to resonance peaks of the logarith-
mic type.

It follows from Eq. (B6) that the squared magnitude of

S<1721 >1 P is equal to one. Therefore, the unitarity condition

|S§721.)1/2|2 + |S(—+1}>2,1/2|2 =1 is not satisfied in the used
approach. Eq. (B7) tells us that the squared magnitude of
S(j})z] / does not exceed the value of 47> = (2/r,)*, which

is equal to 0.04 for the values of 4 and r, used in Sec. V.
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It follows that the violation of the unitarity is small when
the parameter 7 = hr, is much smaller than one.

The partial matrix elements (B6) and (B7) have a simple
pole located at p o =iry' exp(—nA/T) =ipy,x. According
to the theory of scattering [32,33], a pole of an elastic partial
element of the S-matrix located at a positive imaginary
momentum corresponds to a bound state. In our case,
however, the presence of the pole is only an artifact of the
used approach. Indeed, this pole exists for arbitrary small

values of 4 and r(, which is impossible for bound states. We
also failed to find fermion bound states in the partial channels
with m = +1 using numerical methods.

The obvious drawback of the used approach is that it is
unable to explain the periodic structure of the resonance
peaks in Figs. 8 and 9. This approach, however, can explain
the location of the resonance peaks at extremely low
fermion momenta and the Breit-Wigner form of these
peaks on the logarithmic scale.
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