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HU3BECTHUA
TOMCKOFO OPJEHA TPYIOBOT'O KPACHOI'O 3HAMEHH MMOJTMUTEXHUYECKOI'O

WHCTUTYTA um. C. M. KUPOBA
Tom 167 - 1967

AHAJIUTHYECKOE OBOCHOBAHHE METOJA ONPEINEJEHHS
3JMEMEHTOB 3AJIEFAHHS TOPHbIX MOPOJA NO
HEOPUEHTUPOBAHHBIM KEPHAM HA CETKE BYJ/Ib®A

B. B. HUKOJIAEB

{[IpencraBaeHa HAYYHBLIM CeMHHapoM Kadeap reoJOTHH M Pa3Be/KH MECTOPOKACHHH
NOJIE3HEIX HCKOMaeMblX, neTporpaguu U MuHepasoruu)

Cnabasi 060CHOBAaHHOCTh W HEPEIKO HH3Kafd TOUYHOCTb CTPYKTYDPHBIX MO-
CTPOEHMI MO MarepHajaM PpasBelovyHOro OypeHHsA B 3HAUMTEJBLHOH Mepe
00OycJOBJIEHBl TeM, UTO T¢OJIOTHUecKas AOKYMEHTAalHs CKBAXKHMH OCYIECTB-
AsIeTCH NMPEHMYLIECTBEHHO 10 HEOPHEHTHPOBAHHOMY KepHY, HCKJAIOYalolieMy
BO3MOXKXHOCTb HEMOCPEJCTBEHHOTO H3MepeHHsl 3JeMeHTOB 3aJjeranusa Hamjaa-
croBandsa. OlLEHHM BO3MOXHOCTbH pelleHUsl 3TOH 3a/Ja4h 0O HEOPHEHTHPO-
BAaHIILIM KepHaM, OTOOpaHHBIM B Pas/JHYHO OPHEHTHPOBAHNBIX HHTEepBajax
CIHOM MJM HECKOJbKHX CKBaXKHH, LA CAy4as OAHOOOPA3HOTO 3aJjeraHu:d
CJOMCTOH TOJILH.

McxoHbIMY JaHHBIMH JIJs1 pelleHHsl 3ajaud ABJAAIOTCSI OPHEHTHPOBKA
ocefl CKBaxXud B TOYKax oTOOpa KePHOB M BHAMMbBle YIJbl MaJeHHs CJ0€B
B KepHaxX (yrJbl MeK/Iy MAOCKOCThIO HAIJIaCTOBAHHA M IIOCKOCTBIO, MEpIieH-
AuKyaspHold k ocu kKepHa). Hcmoabsys dopmyny a4as omnpegesieHHss yria
MexAy maockoctamu [, crp. 212], 3anumem caeAyiOWUil Pl ypaBHEHHN:

+ cosw, = cosacosa, -+ cosfcosP, - cosycosyy,
-+ cos w, == cos @ oS @, -}~ cos B cos P,y + cos ¥ cos 72,

(1)
+ COS W, = COS @ COS &, -+ COS B cos B, -+ COS 7 COS Y,

rae o, §, 1 — yrae., 06pa3oBaHuble HOPMAJbIO K HAMJIACTOBAHHUIO, a i, B,
Ti— OCAMH CKBAXXWH C MOJCKHTEJIbHBIMH HANPaBJICHUAMY KOOPAHMHATHHIX
oced ®; — BHIHMBIE YIVIBI DaJieHUs CJ0eB B KepHax COOTBETCTBYICULHX
CKBaxuI. Jlerko 3aMeTuTh, YTO 3TH YPaBHEHHS ABJSIOTCA HOPMAJIbHBIMH
YPaBHCHUSIMU IJIOCKOCTEH, MEepHeHAHKYJSPHBIX K OCAM CKBAXKUH B TOY-
Kax 0T60pa KepHOB, C NOJASPHBIMH yIJAaMH @;, B;, 7; M [OJSPHBHIMU pac-
CTOAHUAMH - COS 0.

Paccmarpusaa ypaeuenus (1) kax sneMeHThl HEKOTOPOTO psAla, HaH-
AleM BCe COoueTanus ux, B3aTuie no #. [Noayuny CJ cucrtem ypasHeHui ¢ TpeMst

HEU3BECTHLIMH: COSa, COSB3, COSY, ONPEeAESIOMHME OPHEHTHPOBKY HKCKO-
MOTO BEKTOPa (HOPMAJH K HANJAACTORAHHIO), AA# KOTOPOIO C OUYEBM/AHON
HEOOXOMUMOCTBIO JAOJIKHO YJOBAETBCPATHC YCJA0BHE

cos’a + cos?B 4 cos*y = 1 (2)

(ypaBeenune cdepnl eAMHHYHOrO paauyca). Pemienus cocTabaeHHBIX CHCTEM
YPaBHEHHUI, YI0BJETBOPSIOUIHE YyCa0BUI0 (2), OyAyT OTBETOM Ha MOCTaB.JIeH-
11Y10 3a/auy.
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HUccnenoBanre 3agaun, He yMenbliasi OOLIHOCTH, OTPAHHYUM CJydasgsMH
pellleHHsl ee IO TpeM M JABYM HEODHEHTHPOBAaHHBIM KepHaM. Pacnonaras
JlaHHbIMHU 10 TPEM CKBaXMHAM (KepHaM), MOXKKHO COCTaBHTb ILIECTb ypaBHe-
HHI IJIOCKOCTEel, U3 KOTOPbIX MOXKHO ofpasosath 20 cucreM 0 TPH ypaBHe-
BHS B KaxXXJ0f, 3aMeuaeM, YTO B HEKOTOPBIX cucreMax (HMx 12) aBa H3 Tpex
ypaBHEHUil cogepxKaT OZHHAKOBble KO3(pduUHeHTH NpH HeuspecTHHIX. QOue-
BUJIHO, 3TH CHCTEMbl He MOTYT HUMe€Tb peunleHus (IABe napaJse/bHbie MJI0CKO-
CTH TIepecexaloTcsi TpeTbell) W JOMKHBI ObITb HUCKJ/IOUEHbl U3 AaJbHENuero
paccMOTpEeHHSI.

[IpepBeM Ha BpeMs HCCAEJOBAHHE PCLICHUH BOCBMM OCTABUIMXCH CHCTEM
ypaBHEHH#, COOTBETCTBYIOIIUX OOHIEMY pelleHHio 3afauH, U HCCIeAyeM BO3-
MOJKHBIE pellleHHs] OAHOH M3 9THX CHCTeM, HallpuMep:

COS ®; = COS & coSa, -+ cos P cos By -+ cosy cos Ty,
COS ¥, = COS 0. COS &, -}- cos B cos Ba -+ cos 7 ¢os 7z,
COS 3 = COS & COS &y + cos P cos B, - cos 7 cos 73,
cos?a + cos®B + cos®* 7= 1.

(3)

Ha 6a3ze uccaenoBaHus CHCTeMBl TPeX yPaBHEHHH C TpeMsl HEH3BECTHLI-
mu [1, crp. 144] npuxoaHM K BbIBOLY, UTO pelleHHe CHCTMebl (3) ucuepnbl-
BaeTcs ABYMsi CLy4asMHU.

1. Tpu niockocTH HMeKT OAHY OOIIYIO TOYKY, Jexaliyio Ha cdepe.

IT0 BO3MOXKHO, €C/JIH OIpeNeJUTe b CHCTEMbl YPaBHEHHH Tpex NJAOCKO-
CTell OTAHYEH OT Hyasl, TO €CThb

cosa, cosB! cos 71
A =|cosay cosB, cosy,j+ O. (4)
COS a3 COS B3y COS T,

Hepasenctso A = O 03HauaeT, YTO HOPMaJbHbIE BEKTOPH IVIOCKOCTeH He-
KommaaHapubl. KoopanHatel oOuieil TOYKH TpeX IIOCKOCTEH (OHH, pasy-
MeeTCs, YAOBAETBOPSAIOT H YpaBHEHHIO cpepwl, Tak kKak cos?a -+ cos?p -
-4 cos? 1 = 1) onpenesum no dopmyJam

A A A

Cosa = ——,  cosB=—, cCosy=—,
A A A

TAe
coS 01 c0s B cos 1 C0OS @, COS®; COS T,
A =|coswycosBcosyy|, A, =]|cosa,cosw,cosTs],
COS W3 COS 5 COS {3 COS 03 COS W5 COS T3 5
cOos a; coS B1 Cos ®; (9)

Ay, = |cosa,cosfPycosm,].
COS a3 oS 3 cOS vy
ITIpaMoyroabuble u chepuieckHe KOOPAHHATH CBA3AHBI COOTHOLIEHHAMH
cosa = sin® cosk, cosP =sindsink, cosy = cost,
rae % — yroa nmajenins, a h— a3uMyT HaieHus nopox. Otcioaa,
cos B

=17, sink= .
sin ¥

2. Tpu nJIOCKOCTH TEPeceKawTcs NO OJAHOH NPAMOM, HMelowed O-
HY HWAH ABe 0OllHe TOUKH co cdepoil.
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Takne cayuyaum BO3MOXKHBI, €CJH BCe ONpeNeJHTeH TPeThero Mopsii-
Ka MAaTP4ALbl
COS a; COS Py COS T; COS ©;

COS a3 COS [35 COS Yy COS Wy
COS a3 COS By COS Y3 COS Wy

pPaBHBLI HYJI0, HO, TI0 KpaiiHeil Mepe, OMH H3 MHHODPOB onpeaeautess (4)
OTJIHYEH OT HYJs.

[lTockoabKy ABe M3 Tpex IJOCKOCTell, NMepecekalouluxcs 10 OJHON TIpsi-
MOH, OnpeleNsiIOT NIPOCTPAHCTBEHHOE NMOJIOXKEHHE Noc/eaHel, To cucreMa (3)
B JaHHOM CJy4yae MOKeT ObITb [peJCTaB/ieHa CHCTeMOH ypaBHeHUH cdeph
H IBYX IJIOCKOCTeHd. BhipasuB coso M COSB M3 ypaBHeHUH IVIOCKOCTel U NOJK-
CTaBHB HX 3HAYEHHUS B ypaBHeHHe cdepwl, MOJYYHM KBaJpaTHOEe YypaBHeHHe
C OJAHHM HEH3BECTHBIM COS ". Ecau npu peuleHHd 3TOTO ypaBHEHHUsI AUCKPH-
MHHAHT oOKakerTcst OoJblile HYJ5, TO ypaBHeHHe OyjneT HMeTb [Ba Pasfny-
HBIX JEHCTBHTE/bHBIX KODHS, €CJH AUCKPUMHHAHT OKaiKeTCst PaBHBIM HYJIO,
TO ypaBHeHHe OyIeT HMeTb OJAMH HefCTBUTEeJbHBIA KopeHb. Ciayyau, Korja
JHCKPHMHMHAHT MEHbIIC HYJIA, UCKAIOUEHBl, TaK KaK NPAMOYTOJbHbIE KOOPAH-
HaThl TOYEK BHIPAXKAIOTCA ACHCTBUTCALHBIMHM 4HCAAMH. Takum o6pa3oMm, cH-
creMa (3) MOXeT HMeTb JBY3HAUHOE MJAH €IHHCTBEHHOE DelleHHe.

Pemrenve cucrembl ypaBHenHit cdepsl M JABYX MJOCKOCTeH B 0O0Iem
BH/J€ Mbl He NMPHBOJMM BBUJAY OUEBHHON NPOCTOTH H TPOMO3JIKOCTH BLIUHC-
gennfi. OTMETHM TOJBKO, YTO 3ajaya B pacCMaTPUBAEMOM CJy4yae HMeer
€/IMHCTBEHHOE peIleHMe, eCJH OCH CKBaXKUH KW HOPMaJb K HaMJacTOBaHHIO
KOMILTaHapuel (puc. 1), W JBy3HauHOe — ecslH TOC/EHHe HEKOMILIaHapPHH,
4 OCH CKBa)>XHH KOMIlJIaHAPHHL.

Cayuail, xorza Tpu NJIOCKOCTH He MMEIOT OOIIEH TOukH (ypaBHEHHS He-
COBMECTHbI), Obls1 Obl BO3MOXKEH NpPH YCJAOBHH: eC/u onpenenutens (4) pa-
BEH HYJIO M, MO Kpa#Hell Mepe, ONMH U3 €ro MHHOPOB OTJHUYEH OT HyJd,
€CH NIPH 3TOM OAMH H3 Onpejeawnteseil TpeTbero nopsanka (5) 6bu1 Obl OT-
Jguyed or Hyas. Ilocnelimee HCKaOuUGHO:" ecqu onpeaeautenan (4) pasen
AYJIIO, a8 COS®, ==CO0Sa COSU; -+ COsBCOsB. 4- c0S/ oS ;, TO BCE ONMpPENeTHTENH
TpeTbero nopsijika (5) pasuet Hymo. Cayuail, Korla TpH MJIOCKOCTH COBHA-
JAaloT HJW napaJsuie/ibHbl (ONpenesuTeN b H BCE €ro MMHODBLI PaBHBI HYJMIO),
TaKXKe HeBO3MOXEH, TaK Kak M0 VCJIOBHIO 3a4aud KEPHbl OTOOpaHbl U3 pas-
JIHYHO OPHEHTHPOBAHHbIX HHTEPBAJOB CKBAXKHH.

[Ipogo/mxkum ncciaenoBasue obuiero peweHua sanaud. Conocrasasns
penieHus BOCBMH OCTABLIMXCS CHCTEM ypaBHEHHUIl, 3aMeuaeM, UTQ PelleHHs
COOTBETCTBYIOUIMX Tlap CHCTeM OTJIHYAIOTCS JUIIb 3HAKaMH. Tak, ecan cucre-
Ma (3) HmeerT, HanpuUMep,

cos a; cos B, cos o,

A; =] cos a, cOS By, COS Wy |,
COS a3 coS B, cos o,
TO CHCTeMa
— Cosw; = cosa’ cosa, + cosf’ cospB, + cosy’ cosy,,
— COS Wy = €082’ COSay + cosP’ cos B, - cosq’ cos T,
— COSwy = cosa’ cosay -+ cosB” cosBy -+ cosy’ cosys,
cos?a’ 4 cos?B’ + cos?’y’ =1
HMeeT
cosa; cosP; — cos o,
A, =] cosa, cosP, — cosw,

COS a3 COSP; — Ccosw,
2%, i2



CJieloBaTeNIbHO,  COSY == —C0SY . AHaJOruuHo, cosp=—cosp’, cosa==
==-—cosq’, PelleHuss TakKuXx [ap CHCTeM YpaBHEHHH TeOMeTPHUECKH
ApPeACTaBAAT NPOTHBONOMOXKHBIE BEKTOPbl, OLHO3HAYHO ONpPEAEASIOUIHe
ODHEHTHPOBKY HamvactoBaHud. Ha 3ToM ocHOBaHuM 3ak/aiouacm, 4to 3ajada
[IpH ONpeJe/IeHHbIX COOTHOWEHHAX YIVIOB (UTYPHPYIOLMX B YpaBHEHHAX (3),
MOXKEeT HMeTb OJHO-, ABYX-, TPEX- MJIH YETbIpeX3HauHOe peLICHHE.

He nostopss Bcel Jioruueckod Uenu MpeabiiylIuX paccyxIeHHH, ompe-
JleJIMM BO3MOXKHOE YHCJIO PelleHHH 3azayd no ABYM KepHaM. B maxHOM ciay-
yae, OYEBH/HO, MOXKHO COCTaBHTb YeThipe ypaBHEHHUs IIOCKOCTell, nepneHau-
KYyJAPHBIX K OCAM CKBAa)KMH, a M3 HUX 4YeTbipe nmapbl ypaBHeHui. Kaxknpas
fiapa TakUX YpaBHEHUH, B3ATas C ypaBHeHHeM (2), o6pasyeT CHCTEMYy Tpex
YP4BHEHHMH C TpeMs HEM3BeCTHBLIMM. PelleHusi ABYX H3 YeThBIpeX cUCTeM Oy-
AYT OTJIHYaATbCS OT peUleHWH ABYX APYTHX Jullb 3Hakamu. Kaxnas u3 3Tux
JIBYX CHCTeM, KakK GblI0 JOKa3aHOo (cAaydaH 2). MOKeT WMeTb OJHO- HJAH JABY-
aHauHoe peluenne. CienoBaTenbHO, 3ajaua MO ONpPeleJeHHIO 3J1eMEHTOB
2eJIeTaHusd MOPOJ 110 ABYM M TPeM KepHaM (BTopad rpynma CAydaeB) MOXKeET
UMEeTb OJHO-, ABYX-, TPE€X- HJ/IM YETHIPEX3HAUHOe PeLICHHE.
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Puc. 1. Teomerpuueckass ¢opma cBsisu Mex Ay
OPHEHTHDPOBKOH CKBAXKHH, BHAMMBIME yriaMu maje-
HHSL CI0EB B KePHAX H 3/MeMEHTaMu 3aJIeranHa rop-

HLIX AGPOIL,

OcH CKBaXXHH (KEpPHOB) Kak BEKTOPbI NMpHBeAeHbI
K ofutemy nauany (u306paKeHbl WTPHX-NYHKTHPHBI-
MH Juuasmu) ; C, Cy, Cz — TOYKH nepeceueHus: X
€ BepxHell mosiycdepoil; wi, w2, ®3 — OCTpLE BHIH-
Mbie yrJibl NajeHHsi CI0EB B KEPHAX COOTBETCTBYIO-
IWHX  CKBaXHH, pi, Pa. pP3— MOJAPHBIC DPACCTOSIHHA
NIOCKOCTEH, MHEPNEHAHKYISAPHBIX K CCAM CKBamUH
(p i=+coswi). Touka H—noa0c HANAACTOBAHMSL.

MHOrO3Ha4HOCTb DeIIeHHS 3a1a4¥ B psje CIVYAeB MOXKET OKA3aTbes
(opManbHOH YAaCTHYHO MIH NOAHOCTbIO. POpMa/bHAs MHOTOSHAUHOCTb pe-
nieHHs OOYC/IOBJeHA TeM, YTO B KePHaxX H3MepsIoTCs BCeraa OCTpble BHAH-
Mbie YOIbI nafeHust caoeB. Ham uyacTo HeusBecTHO, uMeeM M Mbl AeJ0
C HOPMaJ/ILHBIM HJ/IH ONPOKUHYTHIM 3a/IeTaHHEM IOPOA H B KAKOH MOcJenoBa-
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TeNbHOCTH KaX/as CKBa)KMHa [epeceKkaeT ¢JOW (B HAaNPaBJEHUH OT KPOBJU
K NOYBEe MJIK B oOpaTHOM HanpaBsJeHuH). Ec/aH NpeacTaBHTCs BO3MOMKHBIM
MOJIyYRTh OTBEeTH! Ha 3TH BONPOCH], GOpPMa/bHYI0 MHOTO3HAUHOCTh PelIeHis
sajauyn (HO He MHOrO3HAuYHOCTh BooOmle B 0fIieM c/ayyae) MOXHO HC-
KJTIOUHTD.

Paccmorpum Takoil mpumep (puc. 1). HM3BectHo, uTo 3aseranue nopon
HopMaJabHOe H cKBaxKuHa ()| nepecekaeT CJOW B HampaBJeHHH OT KPOBJIH
k mouse. CkBaxuHa Cz mepecekaer C/IOH B OGPATHOH [OC/AEA0BATENLHOCTH,
YTO MOXKHO YCTaHOBHTb 110 NMPH3HAKaM HOPMAJbHOTO W ONPOKHHYTOTQ 3aJe-
raHust ¢J10eB B KepHaX WM Ha OCHOBAHHH CONOCTABJEHHS Pa3pe3oB IO CKBa-
xKuuam. B xepnax cksaxun C; n C; 3aMepeHbl OCTPble BUAMMbIE YIJIBI Na-
JIeHHsl CJ10eB, paBHble COOTBETCTBEHHC o) M w3, Ha puc. 1 Bugno, uto 3axaya
(hopManpHO HMeeT TpeXxaHauHoe pemenHne (toukd H, H; u H; Ha coepe),

a HeACTBHTEIbHBIM peuIeHHeM €€ SABJASeTCHId TOouKa H, TO €¢CTb pelICHHE Cli-
CTEMbI

+ cosw, = cose cos«, + cosBcosB, -+ cosycos T,
— COS wy == COS & COS &; -+ COs 3 cos Py - cOS 1 COS 73,
cos a® - cos*B + cos? 7 = L.

OueBHAHO, J/IST UCKIIOUeHHS (OpPMaJdbHON MHOTO3HAYHOCTH pelleHHs
3aAaun HEOOXOAMMO COCTABUTb U PEIIUTb TaKYI0 CHCTEMY, rie B YPaBHEHHSX
maockocTell cB0oGOAHBIE uJdeHbl ObLIM OBl B3ATHl C COOTBETCTBYIOMIMMH 3HA-
kamu, [lpaBuno pjas onpeliesieHHst 3TUX 3HAKOB MOXHO cOpMyJaupoBaTh
TaK: MJAOCKOCTH, TEepPHeHIUKYJsAPHble K OCAM CKBaXKHH, NePeCeKalolHX CJI0H
B HanpaBJeHWH OT KPOBJM K IOYBE, NOJKHBI HMETh TMOJOKHTENbHOE TOJASp-
HOe pPACCTOsHME, a TIJIOCKOCTH, NepHeHAHKYJ/SPHble K OCSIM CKBAXHH, Hepe-
CEKalOUIHX CJIoH B 00paTHOMH Toc/efoBaTeNbHOCTH, — OTPHLIaTeIbHOe TI0Jsp-
HOe pacCTOstHHUE.

Peinenrde cHCTeMbl (MJH CHCTEM) YpaBHEHHMH, COCTaBJAEHHOH MO KOH-
KpPeTHBIM HCXOAHBIM JaHHBIM, MOXeT ObiTb MOJYYEHO TPaHUeCKUM NyTeM.
FeoMerpuuecknii CMbICA YypaBHEHH[ fIC€H 43 MNpPeABbIAYLIETO H3J0KeHHs.
Ipadmuecxoe pemieHne 3Toft CUCTEMB! CBOAUTCS K HaXOMXKJAEHHIO MOJIOCA Ha-
IIACTOBAHHUSI TOPHBIX MOPOA Kak OOMIell TOUKH OKPYXKHOCTeH, SBJASIOUIHXCH
JIRHUSIMH TepeceueHusi MJOCKOCTEll C MOJNAPHBIMH yraaMu ¢;, B, Y: W 1O-
JSIPHBIMH PAaCCTOSIHUSIMH —COS® ; C BepxHell noaycgepodl €IHHHYHOTO pa-
guyca. Heob6xonumble NOCTPOECHHS M ONpejeJieHHe 3J€MEHTOB 3ajleraHus
HOpPOA JIETKO MOTYT OBIThb BHIITOJHEHLE B cTepeorpaduyeckoil NPoeKuuy ¢ 1o-
MOINDBIO ceTKH Byabpa.
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